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Introduction

This book originated from a graduate course given during the Spring of 2005 at the
University of Milan. Our goal was to present an extension of the original Bochner
technique describing a selection of results recently obtained by the authors, in non-
compact settings where in addition one didn’t assume that the relevant curvature
operators satisfied signum conditions. To make the course accessible to a wider
audience it was decided to introduce many of the more advanced analytical and
geometrical tools along the way.

The initial project has grown past the original plan, and we now aim at
treating in a unified and detailed way a variety of problems whose common thread
is the validity of Weitzenbock formulae.

As is well illustrated in the elegant work by H.H. Wu, [165], typically, one
is given a Riemannian (Hermitian) vector bundle F with compatible fiber metric
and considers a geometric Laplacian L on E which is related to the connection
(Bochner) Laplacian —¢r(D*D) via a fiber bundle endomorphism 9 which is in
turn related to the curvature of the base manifold M. Because of this relationship,
the space of L-harmonic sections of F reflects the geometric properties of M.

To illustrate the method, let us consider the original Bochner argument to es-
timate the first real Betti number b (M) of a closed oriented Riemannian manifold
(M, (,)).

By the Hodge-de Rham theory, b'(M) equals the dimension of the space of
harmonic 1-forms H! (M). A formula of Weitzenbock, independently rediscovered
by Bochner, states that for every harmonic 1-form w,

1
§A lw|® = |Dw|? + Ric (w¥,w?), (0.1)

where A and Ric are the Laplace—Beltrami operator (with the sign convention
+d?/dz?) and the Ricci curvature of M, respectively, D denotes the extension
to 1-forms of the Levi-Civita connection, and w# is the vector field dual to w,
defined by (w#, X) = w(X) for all vector fields X. In particular |w|? satisfies the
differential inequality

Alwl* = g(x) |w* > 0,
where g(x)/2 is the lowest eigenvalue of the Ricci tensor at x. Thus, if Ric > 0,
then |w| is subharmonic. Since M is closed, we easily conclude that |w| =const.
This can be done using two different viewpoints, (i) the L> and (ii) the LP<°°
one. As for (i), note that the smooth function |w| attains its maximum at some
point and, therefore, by the Hopf maximum principle we conclude that |w| =const.
In case (ii) we use the divergence theorem to deduce

0:/ div (|w|2V|w|2>:/ ‘V|w|2’2+/ |w|2A|w|22/ ‘vwfzo.
M M M M
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This again implies |w| =const.

Now, since Ric > 0, using this information in formula (0.1) shows that w is
parallel, i.e., Dw = 0. As a consequence, w is completely determined by its value at
a given point, say p € M. The evaluation map ¢, : H' (M) — A! (T;M) defined
by

ep (W) = wp

is an injective homomorphism, proving that, in general,
bY (M) = dimH* (M) < m.
Note that (0.1) yields
0 = Ric (wf,wf) at p.

Therefore, if Ric (p) > 0, we get w, = 0 which, in turn, implies w = 0. This shows
that, when Ric is positive somewhere,

bY (M) = dim H* (M) = 0.

The example suggests that one can generalize the investigation in several
directions. One can relax the assumption on the signum of the coefficient ¢(x),
consider complete non-compact manifolds, or both.

Maintaining compacteness, one can sometimes allow negative values of ¢(z)
using versions of the generalized maximum principle, according to which if ¢ > 0
satisfies

AY —q(z)y =0, (0.2)
and M supports a solution ¢ > 0 of

Ap —q(x)p <0, (0.3)

then the ratio u = /¢ is constant. Combining (0.2) and (0.3) shows that
satisfies (0.2) with equality sign. In particular, according to (0.1), ¥ = |w|2 satisfies
(0.2), and therefore, if M supports a function ¢ satisfying (0.3), we conclude, once
again, that w is parallel, thus extending the original Bochner vanishing result to
this situation.

It is worth noting that the existence of a function ¢ satisfying (0.3) is related
to spectral properties of the operator —A + ¢ (z), and that the conclusion of the
generalized maximum principle is obtained by combining (0.2) and (0.3) to show
that the quotient u satisfies a differential inequality without zero-order terms; see
Section 2.5 in [133].

In the non-compact setting the relevant function may fail to be bounded, and
even if it is bounded, it may not attain its supremum. In the latter case, one may
use a version of the maximum principle at infinity introduced by H. Omori, [124]
and generalized by S.T. Yau, [167], and S.Y Cheng and Yau, [34], elaborating ideas
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of L.V. Ahlfors. An account and further generalizations of this technique, which
however works under the assumption that ¢(z) is non-negative, may be found in
[131].

Here we consider the case where the manifold is not compact and the func-
tion encoding the geometric problem is not necessarily bounded, but is assumed
to satisfy suitable L? integrability conditions, and the coefficient ¢(x) in the dif-
ferential (in)equality which describes the geometric problem is not assumed to be
non-negative.

Referring to the previous example, the space of harmonic 1-forms in L? de-
scribes the L? co-homology of a complete manifold, and under suitable assump-
tions it has a topological content sensitive to the structure at infinity of the man-
ifold. It turns out to be a bi-Lipschitz invariant, and, for co-compact coverings, it
is in fact a rough isometry invariant.

As in the compact case described above, one replaces the condition that
the coefficient ¢(x) is pointwise positive, with the assumption that there exists a
function ¢ satisfying (0.3) on M or at least outside a compact set. Again, one uses
a Weitzenbock-type formula to show that the geometric function ¢ = |w| satisfies
a differential inequality of the form (0.2).

Combining (0.2) and (0.3) and using the integrability assumption, one con-
cludes that either v vanishes and therefore the space L>*H!(M) of L2-harmonic
1-forms is trivial or that L?*H! (M) is finite-dimensional.

The method extends to the case of LP-harmonic k-forms, even with values in a
fibre bundle, and in particular to harmonic maps with L? energy density, provided
we consider an appropriate multiple of ¢(x) in (0.3), and restrict the integrability
coefficient p to a suitable range. Harmonic maps in turn yield information, as in
the compact case, on the topological structure of the underlying domain manifold.

This relationship becomes even more stringent in the case where the domain
manifold carries a Kahlerian structure. Indeed, for complex manifolds, the splitting
in types allows to consider, besides harmonic maps, also pluriharmonic and holo-
morphic maps. If, in addition, the manifold is Kéhler, the relevant Weitzenbock
identity for pluriharmonic functions (which in the L? energy case coincides with
a harmonic function with L? energy) takes on a form which reflects the stronger
rigidity of the geometry and allows us to obtain stronger conclusions. Thus, on the
one hand one can enlarge the allowed range of the integrability coefficient p, and
on the other hand one may deduce structure theorems which have no analogue in
the purely Riemannian case.

The extension to the non-compact case introduces several additional technical
difficulties, which require specific methods and tools. The description of these is
in fact a substantial part of the book, and while most, but not all, of the results
are well known, in many instances our approach is somewhat original. Further, in
some cases, one needs results in a form which is not easily found, if at all, in the
literature.

When we feel that these ancillary parts are important enough, or the ap-
proach sufficiently different from the mainstream treatment, a fairly detailed
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description is given. Thus we provide, for instance, a rather comprehensive treat-
ment of comparison methods in Riemannian geometry or of the spectral theory
of Schrédinger operators on manifolds. In other situations, the relevant tools are
introduced when needed. For instance this is the case of the Poincaré inequalities
or of the Moser iteration procedure.

The material is organized as follows.

In Chapter 1, after a quick review of harmonic maps between Riemannian
manifolds, where in particular we describe the Weitzenbock formula and derive a
sharp version of Kato’s inequality, we introduce the basic facts on the geometry
of complex manifolds, and Hermitian bundles, concentrating on the Kéahler case.
Our approach is inspired by work of S.S. Chern, and is based on analyzing the
Riemannian counterpart of the Kéahler structure.

The same line of arguments allows us to extend a result of J.H. Sampson,
[143], concerning the pluriharmonicity of a harmonic map from a compact Kéhler
manifold into a Riemannian target with negative Hermitian curvature to the case
of a non-compact domain. This in turn yields a sharp version of a result of P. Li,
[96], for pluriharmonic real-valued functions. The chapter ends with a derivation
of Weitzenbdck-type formulas for pluriharmonic and holomorphic maps.

Chapter 2 is devoted to a detailed description of comparison theorems in
Riemannian Geometry under curvature conditions, both pointwise and integral,
which will be extensively used throughout the book. We begin with general com-
parison results for the Laplacian and the Hessian of the distance function. The
approach, which is indebted to P. Petersen’s treatment, [128], is analytic in that
it only uses comparison results for ODEs avoiding the use of Jacobi fields, and it
is not limited to the case where the bound on the relevant curvature is a constant,
but is given in terms of a suitable function G of the distance from a reference point.
Some effort is also made to describe explicit bounds in a number of geometrically
significant situations, namely when G(r) = —B(1 +r2)®/2, or when G(t) satisfies
the integrability condition ¢G(t) € L'([0,+00)) considered, among others, by U.
Abresch, [1], and by S.H. Zhu, [171].

These estimates are then applied to obtain volume comparisons. Even though
the method works both for upper and lower estimates, we concentrate on upper
bounds, which hold under less stringent assumptions on the manifold, and in par-
ticular depend on lower bounds for the Ricci curvature alone, and do not require
topological restrictions. We also describe volume estimates under integral Ricci
curvature conditions which extend previous work of S. Gallot, [57], and, more
recently, by Petersen and G. Wei, [129]. We then describe remarkable lower esti-
mates for the volume of large balls on manifolds with almost non-negative Ricci
curvature obtained by P. Li and R. Schoen, [95] and Li and M. Ramachandran,
(98], elaborating on ideas of J. Cheeger M. Gromov and M. Taylor, [33]. These es-
timates in particular imply that such manifolds have infinite volume. We conclude
the chapter with a version of the monotonicity formula for minimal submanifolds
valid for the volume of intrinsic (as opposed to extrinsic) balls in bi-lipschitz har-
monic immersions.
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Chapter 3 begins with a quick review of spectral theory of self-adjoint opera-
tors on Hilbert spaces modelled after E.B. Davies’ monograph, [41]. In particular,
we define the essential spectrum and index of a (semibounded) operator, and apply
the minimax principle to describe some of their properties and their mutual rela-
tionships. We then concentrate on the spectral theory of Schrédinger operators on
manifolds, in terms of which many of the crucial assumptions of our geometrical
results are formulated.

After having defined Schrédinger operators on domains and on the whole
manifold, we describe variants of classical results by D. Fisher-Colbrie, [53], and
Fisher-Colbrie and Schoen, [54], which relate the non-negativity of the bottom of
the spectrum of a Schrodinger operator L on a domain € to the existence of a
positive solution of the differential inequality Ly < 0 on 2.

Since, as already mentioned above, the existence of such a solution is the
assumption on which the analytic results depend, this relationship allows us to
interpret such hypothesis as a spectral condition on the relevant Schrodinger op-
erator. This is indeed a classical and natural feature in minimal surfaces theory
where the stability, and the finiteness of the index of a minimal surface, amount
to the fact that the stability operator —A — |II|? has non-negative spectrum, re-
spectively finite Morse index.

In describing these relationships we give an account of the links between
essential spectrum, bottom of the spectrum, and index of a Schrédinger operator
L on a manifold, and that of its restriction to (internal or external) domains. With
a somewhat different approach and arguments, our presentation follows the lines
of a paper by P. Berard, M.P. do Carmo and W. Santos, [13].

Chapter 4 and Chapter 5 are the analytic heart of the book. In Chapter 4 we
prove a Liouville-type theorem for LP solutions u of divergence-type differential
inequalities of the form

udiv(goVu) >0,

where ¢ is a suitable positive function. An effort is made to state and prove the
result under the minimal regularity assumptions that will be needed for geometric
applications. As a consequence we deduce the main result of the chapter, namely
a vanishing theorem for non-negative solutions of the Bochner-type differential
inequality

YAY 4 a(x)? + A|VyY|? > 0. (0.4)

Assuming the existence of a positive solution of the inequality
Ap + Ha(z)p <0, (0.5)

for a suitable constant H, one proceeds similarly to what we described above, and
shows that an appropriate combination u of the function i and ¢ satisfies the
hypotheses of the Liouville-type theorem.

In Chapter 6 the analytic setting is similar, one considers vector spaces of
LP-sections whose lengths satisfy the differential inequality (0.4) and proves that
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such spaces are finite-dimensional under the assumption that a solution ¢ to the
differential inequality (0.5) exists in the complement of a compact set K in M.
The idea of the proof is to show that there exists a constant C' depending only
on the geometry of the manifold in a neighborhood of K such that the dimension
of every finite-dimensional subspace is bounded by C. The proof is based on a
version of a lemma by Li, and uses a technique of Li and J. Wang, [104] and [105],
combined with the technique of the coupling of the solutions ) and ¢ which allows
us to deal with LP sections with p not necessarily equal to 2. The proof requires
a number of technical results which are described in detailed, in some cases new,
direct proofs.

Chapter 6 to 9 are devoted to applications in different geometric contexts.
In Chapter 6 we specialize the vanishing results to the case of harmonic maps
with finite L? energy, and derive results on the constancy of convergent harmonic
maps, and a Schwarz-type lemma for harmonic maps of bounded dilation. We then
describe topological results by Schoen and Yau, [146], concerning the fundamental
group of manifolds of non-negative Ricci curvature and of stable minimal hypersur-
faces immersed in non-positively curved ambient spaces. While the main argument
is the same as Schoen and Yau’s, the use of our vanishing theorem allows us to
relax their assumption that the Ricci curvature of the manifold is non-negative.
The chapter ends by generalizing to non-compact settings the finiteness theorems
of L. Lemaire, [93], for harmonic maps of bounded dilation into a negatively curved
manifold, on the assumption that the domain manifold has a finitely generated
fundamental group.

In Chapter 7 we use the techniques developed above to describe the topology
at infinity of a Riemannian manifold M, and more specifically the number of
unbounded connected components of the complement of a compact domain D in
M, namely the ends of M with respect to D.

The number of ends of a manifold will in turn play a crucial role in the
structure results for Kéhler manifolds, and in the derivation of metric rigidity in
the Riemannian setting (see Chapters 8 and 9, respectively).

The chapter begins with an account of the theory relating the topology at in-
finity and suitable classes of harmonic functions on the manifold as developed by Li
and L.F. Tam and collaborators. At the basis of this theory is the fact that, via the
maximum principle, the parabolicity /non-parabolicity of an end is intimately con-
nected with the existence of a proper harmonic function on the end (the so-called
Evans—Selberg potential of the end), or, in the non-parabolic case, of a bounded
harmonic function on the end with finite Dirichlet integral. Combining these facts
with the analytic results of the previous chapters in particular, we obtain that the
manifold has only one, or at most finitely many non-parabolic ends, depending on
spectral assumptions on the operator L = —A — a(z), where —a(z) is the smallest
eigenvalue of the Ricci tensor at x. To complete the picture, following H.-D. Cao,
Y. Shen, S. Zhu, [25], and Li and Wang, [104], one shows that when the mani-
fold supports an L!-Sobolev inequality, then all ends are non-parabolic. This in
particular applies to submanifolds of Cartan-Hadamard manifolds, provided that
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the second fundamental form is small in a suitable integral norm. In the chapter,
using a gluing technique of T. Napier and Ramachandran, [117], we also provide
the details of a construction sketched by Li and Ramachandran, [98] of harmonic
functions with controlled L? energy growth that will be used in the structure the-
orems for Kéhler manifolds. The last two sections of the chapter contain further
applications of these techniques to problems concerning line bundles over Kéahler
manifolds, and to the reduction of codimension of harmonic immersions with less
than quadratic p-energy growth.

In Chapter 8 we concentrate on the Kéhler setting. We begin by provid-
ing a detailed description of a result of Li and Yau, [107], on the constancy of
holomorphic maps with values in a Hermitian manifold with suitably negative
holomorphic bisectional curvature. We then describe two variations of the result,
where the conclusion is obtained under different assumptions: in the first, using
Poisson equation techniques, an integral growth condition on the Ricci tensor is re-
placed by a volume growth condition, while in the second one assumes a pointwise
lower bound on the Ricci curvature which is not necessarily integrable, together
with some spectral assumptions on a variant of the operator L. We then apply this
in the proof of the existence of pluri-subharmonic exhaustions due to Li and Ra-
machandran, [98], which is crucial in obtaining the important structure theorem
of Napier and Ramachandran, [117], and Li and Ramachandran, [98].

The unifying element of Chapter 9 is the validity of a Poincaré—Sobolev in-
equality. In the first section, we give a detailed proof of a warped product splitting
theorem of Li and Wang, [104]. There are two main ingredients in the proof. The
first is to prove that the metric splitting holds provided the manifold supports a
non-constant harmonic function u for which the Bochner inequality with a sharp
constant in the refined Kato’s inequality is in fact an equality. The second ingredi-
ent consists of energy estimates for a suitable harmonic function u on M obtained
by means of an exhaustion procedure. This is the point where the Poincaré—Sobolev
inequality plays a crucial role. Finally, one uses the analytic techniques of Chap-
ter 4 to show that u is the sought-for function which realizes equality in the
Bochner inequality. In the second section we begin by showing that whenever M
supports an L? Poincaré-Sobolev-type inequality, then a non-negative L solution
1 of the differential inequality (0.4),

YA + a(z)y® + A|VY|? >0,

must vanish provided a suitable integral norm of the potential a(z) is small
compared to the Sobolev constant. This compares with the vanishing result of
Chapter 4 which holds under the assumption that the bottom of the spectrum
of —A + Ha(zx) is non-negative. Actually, in view of the geometric applications
that follow, we consider the case where M supports an inhomogeneous Sobolev
inequality.

We then show how to recover the results on the topology at infinity for
submanifolds of Cartan-Hadamard manifolds of Chapter 7. In fact, using directly
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the Sobolev inequality allows us to obtain quantitative improvements. Further
applications are given to characterizations of space forms which extend in various
directions a characterization of the sphere among conformally flat manifolds with
constant scalar curvature of S. Goldberg, [61].

The book ends with two appendices. The first is devoted to the unique con-
tinuation property for solutions of elliptic partial differential systems on manifolds,
which plays an essential role in the finite-dimensionality result of Chapter 5. Apart
from some minor modifications, our presentation follows the line of J. Kazdan’s
paper [87].

In the second appendix we review some basic facts concerning the LP co-
homology of complete non-compact manifolds. We begin by describing the basic
definitions of the LP de Rham complex and discussing some simple, but significant
examples. We then collect some classical results like the Hodge, de Rham, Kodaira
decomposition, and briefly consider the role of L? harmonic forms. Finally, we il-
lustrate some of the relationships between LP cohomology and the geometry and
the topology of the underlying manifold both for p = 2 and p # 2. In particular
we present (with no proofs) the Whitney-type approach developed by J. Dodziuk,
[43] and V.M. Gol’dshtein, V.I. Kuz’minov, I.A. Shvedov, [63] and [64], where the
topological content of the LP de Rham cohomology is emphasized by relating it
to a suitable, global simplicial theory on the underlying triangulated manifold.

The authors are grateful to G. Carron for a careful reading of the manuscript
and several useful comments. It is also a pleasure to thank Dr. Thomas Hempfling
of Birkh&user for his extreme efficiency and helpfulness during the various stages
of the production of this book.



Chapter 1

Harmonic, pluriharmonic, holomorphic
maps and basic Hermitian and
Kahlerian geometry

1.1 The general setting

The aim of the chapter is to review some basic facts of Riemannian and complex
geometry, in order to compute, for instance, some Bochner-type formulas that we
shall need in the sequel. In doing so, we do not aim at giving a detailed treatment
of the subject, but only to set down notation and relevant results, illustrating some
of the computational techniques involved in the proofs.

Let (M, (,)) and (N,(,)) be (real) smooth manifolds of (real) dimensions
m and n respectively, endowed with the Riemannian metrics (,) and (,) and let
f+ M — N be a smooth map. The energy density e(f) : M — R is the non-
negative function defined on M as follows. Let df € T’ (T*M ® f‘lTN) be the
differential of f and set

1
e(f) (@) = 5l fI°
where |df| denotes the Hilbert-Schmidt norm of the differential map. In local
coordinates {xz} and {y*} respectively on M and N, e(f) is expressed by

L, i 0f*0f° 1

e(f) = 5407 Z 5 (ag = 51000 ().

Here f® =yo f and (,)" represents the inverse of the matrix coefficient (1)ij =
(9/0x',0/0x7).

If Q C M is a compact domain we use the canonical measure

dVol( y = /det (,),; dz' Ao A dz™

associated to (,) to define the energy of f|, : (2,(,)) = (N,(,)) by

EQ (f)Z/Qe(f)dV01<7>.

Definition 1.1. A smooth map f : (M, (,)) — (N,(,)) is said to be harmonic if,
for each compact domain 2 C M, it is a stationary point of the energy functional
Eq : C*(M,N) — R with respect to variations preserving f on 9.



2 Chapter 1. Basic Hermitian and Kéhlerian geometry

A vector field X along f, that is, a section of the bundle f~'TN — M
determines a variation f; of f by setting

[t (x) = expy ) t X

If X has support in a compact domain €2 C M, then

dt

Eo(f,) = — /M (7 (f) (), X,)dVol,

t=0

where the Euler-Lagrange operator, called the tension field of f, is given by
T (f) = tI‘< 7)Ddf,

Ddf € T (T*M @ T*M @ f~'TN) being the (generalized) second fundamental
tensor of the map f. As a consequence, 7 (f) € I' (f7'TN) and f is harmonic if
and only if

7(f)=0o0n M.
In local coordinates
- 62f'7 afY afaafﬁ
Yo 17 _ Mpk ZJ N1y A
THT=4 (33310131 X ok © Fap oz’ 333j>

where MT and VT are the Christoffel symbols of the Levi-Civita connections on M
and N, respectively. Thus, the harmonicity condition is represented by a system
of non-linear elliptic equations.

Observe that, when f: (M, (,)) — (N,(,)) is an isometric immersion, that
is, f*(,) = (,), then 7(f) = mH, with H the mean curvature vector field of
the immersion. It is well known that the equation H = 0 is the Euler-Lagrange
equation of the volume functional

VQ (f) = /QdVOl( )

Q C M a compact domain. Thus, an isometric immersion is minimal if and only
if it is harmonic.

For later use, we show how to compute the tension field of f :‘(M, (,)) —
(N, (,)) with the moving frame formalism. Towards this aim, let {6’} and {e;},
1 = 1,...,m, be local ortho-normal co-frame, and dual frame, on M with cor-
responding Levi—Civita connection forms {93} Similarly, let {w®},{ca}, {wg},
1< a,f,... <n describe, locally, the Riemannian structure of (N, (,)). Then

*wa _ flaez

so that ‘
df = f{0"' @ eq
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and computing the covariant derivatives
(i) f50) =dff = 700 + flwg, (i) £ =1}
in such a way that . '
Ddf = f50" @ ¢ @ e,

and

T(f) = fo;ea.

In what follows we shall also use the next Bochner—Weitzenbick-type formula
for harmonic maps. Since we shall prove analogous formulas in Kéhlerian geometry
we omit here its derivation. See, e.g., [47].

Theorem 1.2. Let f : (M, (,)) — (N,(,)) be a smooth map. Then
SALE = DA gy (D7 (7)) + 3 (4 (MRic (e )7) o (o)
— > (MRiem (df (e;) , df (e;)) df (e5) ,df (e:))

.3

with {e;} as above and MRic, NRiem respectively the Ricci tensor of M and the
Riemannian curvature tensor of N. In particular, if f is harmonic,

S0 ldf = | Ddf* + Z (ar ( MRic(es,)*) df (i)

= > ( MRiem (df (e:) , df (e))) df (e) . df (€3)) -
,J
Futher, assuming that f is a harmonic function the formula specializes to
Bochner’s formula

%A|Vf|2 — [Hess f|? + Ric (V/, V/). (1.1)

Weitzenbock formulae will be repeatedly used in the sequel. Here we give a
sharp estimate from below of the term | Ddf|?. This type of estimate goes under the
name of refined Kato inequalities. Their relevance will be clarified by their analytic
consequences. For a more general and abstract treatment, we refer to work by T.
Branson, [21], and by D.M.J. Calderbank, P. Gauduchon, and M. Herzlich, [24].

Proposition 1.3. Let f : M — N be a harmonic map between Riemannian mani-
folds of dimensions dim M = m and dim N = n. Then

1
(m—1)

pointwise on the open, dense subset Q@ = {x € M : |df| (z) # 0} and weakly on all
of M.

\Ddf|* — |V |df|* > IV |df||?
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Remark 1.4. The dimension n of the target manifold plays no role.

Proof. 1t suffices to consider the pointwise inequality on €. Let {f?} and { g}
be the coefficients of the (local expressions of the) differential and of the Hessian
of f, respectively. Then

dfl = > (f)?

a,t

z{z fjff}ez
V|df| = —=2

so that

and we have

FE)
[Ddf* = |V laf* = 37 (75)" - W (12)

a,t
For a =1,...,n, define
M® = (f&) € My, (R), y* = (f*)" € R™.

Note that each matrix M is traceless, by harmonicity of f, and symmetric. Then

(1.2) reads
2

MQO(
ZI"I

where ||M|> = tr (MM?") and |y| denotes the R™-norm of y. We have to show
that

|Df|* — |V |df ||* ZHMQII

2 2

My My
« 1 o

S m D) Syl

«

> lare?

This inequality is an immediate consequence of the next simple algebraic lemma.
|

Lemma 1.5. Fora=1,...,n, let M® € M,, (R) be a symmetric matriz satisfying
trace (M®) = 0. Then, for every y',...,y" € R™ with > |yo‘|2 #0,
(a7

2 2

1
[M)" = = > =
za: Slyer T (m=1) S |ye)?

[e3

(1.3)



1.1. The general setting 5

Moreover, suppose the equality holds. If y* # 0, then either M = 0 or y® is an
eigenvector of M< corresponding to an eigenvalue p® of multiplicity 1. Further-
more, the orthogonal complement (yo‘f‘ 1s the eigenspace of M< corresponding to
the eigenvalue —p®/ (m — 1) of multiplicity (m — 1).

Proof. First, we consider thecasea = 1. Let Ay <--- <Ay <0< A1 <+ < Ay
be the eigenvalues of M. Without loss of generality we may assume that A, > |A1].
We are thus reduced to proving that

SN (1 + L) A2
= m—1

To this end we note that, since M is traceless,
m—1
_ Z)\j = Am (1.4)
j=1

and therefore, from Schwarz’s inequality,

m—1

A, < (m—=1) > N (1.5)

This implies
m m—1 1
2 _ 42 2 2
1= Jj=

as desired. Suppose now that M # 0, so that \,, > 0, and assume that equality
holds in (1.3) for some vector y # 0. Let C € O (m) be such that CMC* = D =
diag (M, ..., Am) and set w = (wy, ..., Wy ) = Cy. Thus

1 ) ) 1 w; \° 1 )
_— < S = _ s — < R .
(1+m—1>/\m_zi:/\l <1+m—1>2</\l|w|) _<1+m_1>/\m

i

(1.6)

It follows that the equality holds in (1.5) which in turn forces, according to (1.4)
and (the equality case in) Schwarz’s inequality,

M= =XAp 1=t Ap=—(m—1pu,

for some p < 0. On the other hand, (1.6) gives

m—1 ’U_)2 ’LU2
£\ +>\$,<—m_1):0
; w2 fwf?

proving that w € span{(0,...,0,1)"} and therefore it is an eigenvector of D belong-
ing to the multiplicity 1 eigenvalue \,,. It follows that y = C'w is an eigenvector
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of M belonging to the multiplicity 1 eigenvalue \,, = — (m — 1) . Obviously, y*
is the eigenspace corresponding to the multiplicity (m — 1) eigenvalue p.
Now let o be any positive integer. We note that

MY|? > AN —a—
za:” - Z| of? ZH >yl

« «

Applying the first part of the proof we get, for every a« =1,...,n,

m—1
IMEy®| <y ——— 1M ly*] (L.7)

which in turn, used in the above, gives

[z (Z mTl|Ma|||ya|)
Z” 2|a| =2 I > lyef

«

«@
2 2
 mo SIS i
> MY||” — - = == M
2 MM = ot 2 1M
(6%

Whence, rearranging and simplifying yields (1.3). To complete the proof, note that
the equality in (1.3) forces equality in (1.7) and therefore the first part of the proof
applies to M®. O

1.2 The complex case

We now turn our attention to the complex case.

Definition 1.6. An almost complex manifold (M, J) is a (real) manifold together
with a (smooth) tensor field J € T'(T*M ® TM) of endomorphisms of TM such
that

J? = —id, (1.8)

for every p € M.

Note that (1.8) implies dim T, M = 2s.

Let TMC denote the complexified tangent bundle of M whose fibers are
C ®r T,M, p € M. Here, dimc (C®r TpM) = 2s. The smooth field J can be
pointwise extended C-linearly to T;CM so that, again, it satisfies (1.8). It follows
that J, has eigenvalues 2 and — and

T,M¢ = T,M ¢ 7, MO (1.9)
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where T, M (1,0) and T,M 0.1) are the eigenspaces of the eigenvalues 7 and —u,
respectively, Furthermore, v’ € TpM(l’O) and v’ € TpM(O’l) if and only if there
exist u,w € T, M such that

v =u—idyu, v =w+ilw.
The above decomposition induces a dual decomposition
C_ 1,0 0,1
TrM© =T MO0 & T, (1.10)
Note that (1.9) and (1.10) hold at the bundle level. Similar decompositions are
induced on tensor products and in particular on the Grassmann bundle
NPT ME = Y AGDTME,
i+j=k

As we have just seen, the existence of J as in Definition 1.6 induces restric-
tions on M and, for instance, one can, according to the previous discussion, easily
prove that an almost complex manifold (M, J) is even-dimensional and orientable.
However, these conditions are not sufficient to guarantee the existence of J. In-

deed, C. Ehreshmann and H. Hopf (see [154] page 217) have shown that S* cannot
be given an almost complex structure J.

Definition 1.7. An almost Hermitian manifold (M, (,),J) is an almost complex
manifold (M,J) with a Riemannian metric (,) with respect to which J is an
isometry, that is, for every p € M and every v,w € T, M,

(Jpv, Jpw) = (v, w) .
In what follows, we extend (,) complex-bilinearly to T, M.

Definition 1.8. The Kéahler form of an almost Hermitian manifold (M, (,),J) is
the (1, 1)-form defined by
K(X,Y) = (X,JY)

for each X,Y € TMFC.

Note that diC € A3T*MC can be split into types according to the decompo-
sition in (1.10).

Definition 1.9. An almost Hermitian manifold (M, (,),J) is said to be (1,2)-
symplectic if

dk*% = 0.
Similarly, if
dKk =0
or
K =0
where § = — * dx is the co-differential acting on 2-forms (see Appendix B), the

almost Hermitian manifold is said to be symplectic and co-symplectic, respectively.
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Definition 1.10. Let (M, (,),J) be a (symplectic) almost Hermitian manifold. If
the almost complex structure J is induced by a complex structure on M, that is,
J is the multiplication by 2 in the charts of a holomorphic atlas, then (M, (,),J)
is called a ( Kdhler) Hermitian manifold.

Note that there are manifolds which cannot be given a Kahlerian structure,
for instance the Hopf and Calabi-Eckmann manifolds; see [35] page 69.

Given an almost complex manifold (M, J) the Nijenhuis tensor N is the
tensor field of type (1,2) given by

N(X,Y)=2{[JX,JY] - [X,Y] - J[X,JY] - JJX,Y]}

for each vector field X,Y € I'(T'M), and where [, | denotes the Lie bracket.

By the Newlander-Nirenberg theorem, [118], an almost complex structure
J is induced by a complex structure if and only if the Nijenhuis tensor vanishes
identically.

At the cotangent bundle level, this is expressed by

dw =0 mod (1,0)-forms

for each form w of type (1,0). In other words the ideal generated by the (1,0)-
forms is a differential ideal. Note that if dimg M = 2 this is always true (the result
is due to Korn and Lichtenstein). In a way similar to that of the definition of the
Kihler form, we introduce the Ricci form R, that is, for every X, Y € TMC,

R (X,Y) = Ric (JX,Y).

Clearly, R is a (1,1) form and the Kéahler manifold (M, (,),Jy) is said to be

Kahler—FEinstein in case ,
R=—-2S(@)K

4m

with S (x) the scalar curvature.

Let f:(M,{,),Ju) — (N,(,),Jn) be a smooth map between almost Her-
mitian manifolds. Then, df can be linearly extended to the complexified differential
df® : TM® — TNC. According to the decomposition

TN® =7TN®O ¢ TNOD

we can write

df® = df 0 4 b,

Definition 1.11. A map f: (M, (,),Ju) — (N, (,),Jn) between almost Hermi-
tian manifolds is holomorphic if and only if

Jyodf =df oJy.
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This is immediately seen to be equivalent to the fact that df* carries (1,0)
vectors into (1,0) vectors or the pull-back of (1,0) forms, under the complex linear
extension (f(c)*, are (1,0) forms or, finally, to the fact that df(®-!) = 0.

On the other hand, f is said to be anti-holomorphic if

Jn odf = —df o Jy.

The basic relation between (anti-)holomorphic maps and harmonic maps is given
by the following local result due to A. Lichnerowicz, [108].

Proposition 1.12. Let (M,(,),JJyp) and (N,(,),Jn) be almost Hermitian man-
ifolds. If M is co-symplectic and N is (1,2)-symplectic, then any (anti-)holo-
morphic map f: M — N is harmonic.

Note that, if M is symplectic, then it is also co-symplectic. We should also
remark that some condition on M is necessary for a (anti-)holomorphic map to
be harmonic, as an example of A. Grey shows. See [48], page 58.

We now consider the case where (M, (,), Jas) is an almost Hermitian mani-
fold and (N, (,)) is Riemannian. Given a map f : M — N we can split its general-
ized second fundamental tensor Ddf according to types in T* M @T* M @ f~1TN.
We have

Ddf® = Ddf >0 + DafY 4 Ddf02

where DdfC is the complex linear extension of Ddf.

Definition 1.13. The map f : (M, (,),Jm) — (N, (,)) is said to be pluriharmonic,
or (1,1)-geodesic, if Ddf(1:D) = 0.

When N = R, then Ddf (™1 is a Hermitian form referred to as the Levi form
of f.

Definition 1.14. We say that the function f : (M, (,),JJy) — R is plurisubhar-
monic if all eigenvalues of its Levi form are non-negative.

Note that any pluriharmonic map is harmonic and, if the almost Hermitian
manifolds (M, (,), Jar) and (N, (,), Jn) are also (1,2)-symplectic, then any (anti-
Yholomorphic map f: M — N is pluriharmonic.

Thus, the notion of pluriharmonic map lies between those of harmonic and
(anti-)holomorphic maps.

In case (M, (,), Jar) is almost Hermitian and (1, 2)-symplectic, and (N, (,))
is Riemannian, J. Rawnsley, [136], has given the following characterization.

Theorem 1.15. A map f: (M, {,),Ja) — (N, (,)) is pluriharmonic if and only if
its restriction to every complex curve in M is harmonic.

Note that, from this it follows that if (M, (,), Jas) is Kéhler, then the notion
of pluriharmonic map does not depend on the choice of the Kéhler metric (,) on
M.
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We also note that, if (M, (,),JJy) and (N, (,), Jn) are Kéhler and f : M —
N is an isometry, then we can express holomorphicity of f via the system

I1(X,Y) + 11 (Jy X, JpyY) =0,
I1(X,Y) + JNIL(X, JpY) =0

for all X,Y vector fields on M, where we have used the more familiar notation
IT for Ddf in the isometric case. Clearly, the first equation is nothing but the
definition of a pluriharmonic map.

The notion of a pluriharmonic map has appeared in the literature in the
context of the work of Y.T. Siu, [152], who used it as a bridge from harmonicity
to (anti-)holomorphicity in the analysis of the strong rigidity of compact Kéhler
manifolds. Since then, it has been used in a variety of geometrical problems and
it will be used below with the aim of providing extra geometric information.

1.3 Hermitian bundles

Later on we shall also be interested in vector bundles of rank ¢ on a base manifold
M. This means that we have a map

n:E—-M

such that the following conditions are satisfied:
(i) for each z € M, 7! (z) is a real (or complex) vector space of dimension g.
(ii) E is locally a product, that is, for each € M, there exists an open neigh-
borhood U of x and a bijection
o UxV =7 1)

with V any fixed real (or complex) vector space of dimension ¢ satisfying the
condition

mo oy (x,v) =,

for each v € V.

(iii) For any two of the above neighborhoods Uy, Us such that Uy NUs # B, there
is a map
guau, 1 U1 NUz — Gly (R) (or Gl (C))

such that, for x € U; N Us, and for each v,w € V|
Uy (.13,1}) = YU, (x,w)

if and only if
U = gu U, ({E) w.
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Clearly, E can be given a (unique) topology and differentiable structure such
that each (7=1 (U), ;") of (i) is a local chart. The functions gy,u, are called
transition functions of the bundle and they satisfy

guu (z) =id € Gly (R), for each x € U,
g U, 90U, = id € Gly (R), for each x € Uy NUs,
JUrU»9UUs GUst, = id € Glg (R),  for each . € Uy N U2 N Us.

It is well known that the transition functions relative to a covering of M completely
determine the bundle.

A section of m: E — M is amap s : M — FE such that 7o s = idp;. The set
I' (E) of smooth sections of E is a vector space over R (or C)

A connection on E is a map
D:T(E)—-TT"MQ®E)

such that the following conditions are satisfied for each s,¢ € T'(F), and for each
feC> (M) (f either real- or complex-valued):

(D1) D (s+t)=Ds+ Dt,

(D2) D(fs)=fDs+df ®s.
Letting X € T'(T'M), Dxs is the derivative of s in the direction of X. Note that
Dxs €T (E).

It does make sense to define the curvature transformation

K (X,Y):T(E) — T (E)

where X, Y € T'(T'M) are any two vector fields of M, by setting

K (X, Y) S = DnyS - DyDXs - D[X’y]S.

A Riemannian vector bundle is a smooth vector bundle with a fibre metric
h and a compatible connection D, that is, if s and ¢ are sections of 7 : E — M,
then, for each vector field X € T' (T M),

Xh(s,t)=h(Dxs,t)+ h(s,Dxt).

We will be mainly concerned with Hermitian bundles, that is, E is a Hermi-
tian manifold with a connection, the Hermitian connection, which is compatible
with the metric and uniquely determined by the next requirement (see, [35]).
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Let ¢ = dimg 7! (z) = 2p be the real dimension of the fibres and let {e,},
1 < a,b,... < p, be a unitary (1,0)-type local frame of sections of E. Thus,
indicating with {u®} the dual (1,0) forms, we have

h=>Y u*®p
a

Then, the Hermitian connection on E is the unique connection whose connection
forms pff are determined by the requirements

(i) g+ il = 0,
’ (1.11)
(i) dp® = —pg A p® + ¢,
where the (* are forms of (2,0)-type, and ~ denotes complex conjugation. The
curvature forms M;' are then defined by the second structure equations
dpy, = —pe A pg + My,
which are of type (1,1) and satisfy
M+ M? =0.

Having set
My = Ap qu® N i

the metric of the bundle is said to be Hermitian—Einstein if
> Apz = A}
c

for some constant A € C. Note that the matrix

(Z Agcc)
c a,b

is called the mean curvature and

scaly () = Z Al 2

(in a unitary frame) is called the scalar curvature of the Hermitian bundle 7 :
E— M.
1.4 Complex geometry via moving frames

In what follows we shall always deal with the case where (M, (,), Jar) is Kéhler,
while (N, (,)) or (N,(,),Jn), the target manifolds of maps, will be Riemannian
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or Kéhlerian. Later on we shall also consider the case where (N, (,),Jy) is Her-
mitian. The situation, from our point of view, will be very similar to the Kéhler
case S0, since in the Hermitian case the formalism is definitively heavier, we will
not bother to provide details in derivation of the appropriate differential inequali-
ties needed in some proofs of theorems in later chapters. We formalize the Kahler
structure with a particular emphasis on its Riemannian counterpart and to do
so we will use the method of moving frame. Thus, let (M, (,), Jar) be a Kéhler
manifold with s = dim¢ M so that m = 2s = dimg M. We fix the index convention
1<4,j,k... <s. The Kahler structure of M is naturally described by a unitary
coframe {7} of (1,0)-type, 1-forms giving the metric

<,>=Z¢j®¢j

and the corresponding Kéahler connection forms {go;} characterized by the prop-
erty
i =
pj+¢; =0
and by the structure equations

de’ = —@i/\gpk. (1.12)

Note that, comparing with (1.11), we are now requiring that the (2, 0)-forms (* are
identically zero. This can be seen to be equivalent to diC = 0, i.e., to the condition
that the complex manifold is Kéhler (see Definition 1.9).

The Kahler curvature forms {@fc} are determined by the second structure
equations

dej, = —¢] App + . (1.13)
and satisfy the symmetry relations
o] + ok =0. (1.14)
The coefficients H]@kt of the Hermitian curvature tensor are determined by
q)é. = H}ktgpk A @t (1.15)

and condition (1.14) becomes equivalent to

H _;'kt = Hi‘]tk-
Differentiating (1.12) we obtain the first complex Bianchi identities, that is,
P APF =0

while differentiating (1.13) we obtain the second complex Bianchi identities which
we write in the form , ' '
d®] + B N ), — @f AP}, =0.
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We also recall that the Kéhler form I and the Ricci form R are respectively given
by

k=33 ¢ N,
J
1 . i
R = ) ZHikt@k A @Y
i
so that (M, (,), JJy) is Kéhler—Einstein if and only if
, s
Hy = —36
zi: ikt Sm. kt

with s the scalar curvature. In order to detect the underlying Riemannian structure
we set

@ =07 419" (1.16)
o = 0] +10,1, (1.17)
ol =01, ¢, =0 (1.18)

Then, the 67,0°%7 give an orthonormal coframe for the metric (,) whose corre-
sponding Levi-Civita connection forms are determined by (1.17), (1.18) and the
usual skew symmetry conditions

oy + 6, =0,

where, from now on, we shall adhere also to the further index convention 1 <
a,b, ... < m. Analogously, setting

oF = Of +105, (1.19)
k s+k j s+

oF = @Sjrrj, e, =-0.", (1.20)
0=0;)+06’, (1.21)

the ©¢’s defined in (1.19), (1.20), (1.21) coincide with the corresponding curvature
forms. Thus, letting Ry, be the coeflicients of the Riemannian curvature tensor
(obeying the usual symmetries), for which

1
Of = 5 Rt A 6" (1.22)

form (1.20), we obtain the Kéhler symmetry relations

ko _ +k j _ s+7
Rjab - R::—i—j ab? Ri—&-k ab — _Rkalg’ (123)

We use (1.15) and (1.19), (1.22) to relate Hermitian and Riemannian curvatures.
We obtain

2 1 i s+i ¢ : s+1i
H;‘ktzﬁ( e+ R t)+§( ik S+t+Rj,jt). (1.24)
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Extending C-linearly the ((4,0)-version of the) Riemannian curvature tensor we
obtain
Rapea* ®6° ©0°® 07 = R0’ @ ¢ @ 0" @ ¢' + Rz @ ¢ @ " © ¢
+R P ¢ 00 Q¢ + Ry 7' 0 ¢! 0" 9 F

where

Bijm = Rijis Riji = R (1.25)
Rim = —Bgr = —Rym, R = B (1.26)

the remaining coefficients, for instance Rz, being null. From (1.25), (1.26) and
(1.24) we deduce .
Hiy = Ryg. (1.27)

Recalling the first (Riemannian) Bianchi identities
Rieq + Rigy + Ripe = 0,
with the aid of (1.23) we obtain

+‘ _ . _ .
E R]S s:-k k= RICS+i s+j = RlCij.
k

Hence, tracing (1.24) twice we obtain that the scalar curvature s is given by

Furthermore
RiCs_H' ji= —RiCi s+j = —RiCS+j i = —RiCj s+i (1.28)

in particular, for each fixed i = 1,..., s,
RiCS_H‘ i = 0.

Finally, the “Ricci curvature” of the Kéhler manifold has components given by
the Hermitian matrix

- 1. (N
R” = ZH;]C]C = §Rlcij + §Rlcs+i - (1.29)
k
From (1.27) and (1.28) we deduce
RiCS+ij = Z ( ijkk zjkk) ’

k
RiCij = Z ( ijkk + Rzgkk)
k
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In particular
ZH}kk = Riﬁk = sz,
k

and the Ricci form can be expressed as
1 E k A=l
R == i Rﬁg& A @ .

Note that an orthogonal transformation U, of T, MC is unitary if and only if it
commutes with J, (see, e.g., [88], p. 116), and we may therefore diagonalize the
Hermitian matrix ng with a (1, 0)-basis of the form Ey = ey —1J.ex = e — 1€+,
where {e, ex1s} is the orthonormal basis of T, M dual to {#%,6°T¢}. If A\, are the
corresponding eigenvalues of ng, then

1/, .
Rkj = A\p0pj = §(R1ij + ZRle+sj)
which implies that
Rickj = 2)\k5kj and RiCk+Sj =0 Vk},j.

Further, since Ricp4sj+s = Ricg; = 2,0k, we conclude that 2); is an eigenvalue
of Ric. This shows that, if o

2R;u't’ > —plul?
holds for every u € C™, then inequality

Ric; jv'v? > —p|v|?
holds for every v € R™. Since the reverse implication is obviously true, we conclude
that two conditions are in fact equivalent.

Let {e,} be the dual frame to {#%}. For each i,k =1,..., s, we consider the
holomorphic 2-planes II and IT spanned by e;,Je; = esyq, and ex, Jer = esik,
respectively. Then the holomorphic bisectional curvature of IT and IT is defined by

i 1
ikk — ZRi s+i k stk
where, in this case, there is no summation over repeated indices. In particular, if
IT = II we obtain the holomorphic sectional curvature of the 2-plane II, namely,

H}; = %Ri sti i st = iSeCt (IT)
where, as above, there is no summation over repeated indices, and where Sect (II)
is the (Riemannian) sectional curvature of II.
We say that the holomorphic bisectional curvature of M is bounded above

by a function k (z) if, for all (1,0) vectors ¢ = ¢¥Ey, n =0/ E;, at z, we have
1 H}klfi?ﬂkﬁl <k
& =
2y e St
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1.5 Weitzenbock-type formulas

We shall now derive some Weitzenbock-type formulas. First, we consider the case
where (M, (,), Jar) is a Kéhler manifold, (N, (,)) is a Riemannian manifold, and
we derive a Weitzenbock formula for pluriharmonic maps f : M — N. Since it
is difficult to find the formula in the literature, we will provide a rather detailed
derivation. We fix the index convention 1 < ¢,5.k,... < s = 2m = dim¢ M,
1< a,0,7,... <n = dimg N. For the manifold M we keep the notation previ-
ously introduced, while for N we let {w®}, {wg‘} , {Qg} be respectively a (local)
orthonormal coframe, the relative Levi—Civita connection forms and the curvature
forms. For f: M — N we set

frut = FP g+ FO (1.30)
so that A A
df = (Ffo' + FP9') ®eq
with {4} the frame dual to {w®}. We observe that
Fo = F2. (1.31)

We take exterior differentiation of (1.30) and we use the structure equations on
M and N to get

(aFe = Fogh + Flwg) A¢* + (a2 - Fogl + Flwg ) AT =0,

By Cartan’s lemma, there exist F}7, F{;, F%, F% with the properties

F& = FY, Fyy = F, Fy=Fs (1.32)
and such that
dFY — FPoh + Ffw§ = Fg ot + FAP, (1.33)
dFg — FP}, + Flwg = Fao' + Fap'. (1.34)
Note that, from (1.31) we obtain
Fg=F, Fr=F2. (1.35)

We observe that, comparing with the underlying Riemannian structure on M and
using the notation previously introduced, we have

1

Fi =5 (i —fS) s (1.36)
1 7

Flgf:Z(f](;t—fg+ks+t)_Z(fg+kt+fkas+t)v (1-37)
1 7

F]?f:Z(fl%+fg+ks+t)_Z(fsa+kt_flgs+t)' (1-38)
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In particular,
DAf® = Fa¢" @ ¢' @ca+ 2F50" P @ o + 7" 07 @ ea
and it follows that f is pluriharmonic if and only if
Fy=0=F

and from (1.38) we double check, in this setting, that a pluriharmonic map is, in
particular, harmonic. Indeed, the harmonicity of f is equivalent to

Y Fg=o0
k

Note that
T(f)=4> Flea.
k

Next, we take exterior differentiation of (1.33) and we use the structure equations
to get

(aF& — Fagl — Bl + Fows ) A ¢!
+ (4R - Faol — Fwl + Flwg) A9
1 ; 1
= —EFio‘H}dtsﬁl AP+ §Fk’5 NRiem%‘,Y&w7 Al

We define

J
F2 ol + F@

Fgy' + F# = dF — Fiop — Fiyr + thwg,
=l J —J
i %) —dF%—F%(pk—F%got +kawg.

ktl
Using (1.30) and the above equations we deduce the commutation relations

gy = Fg, — FPF)R) NRiem§, 5,

_ By md Np: a
F/?ZZ_FI?TZ_FICF;FZ Rlemma,
1 . 1
o _ o a 171 3 B ) Np: o
Fk%l_ klf_§ inlt_§Fk (FgFl —FgFl’Y> Rlemﬁév.

Similarly, we set

1 @ = 7 ! 4
l 7 = — F25, — F2o
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Exterior differentiation of (1.34) and use of the structure equations yield the com-
mutation relations

« « 5 .
P = P — F2F)F “Riem§,s,

ktl klt
a _ pa By pd Nps @
Fktl Fklt F_F_ F— Rlemﬁwg,

1
_ B Y 106 517\ Np:
Fl?tl F]?lt — QFO‘H}C” + §FE (FT Fy — FT F, ) Rlemgéw.

From (1.35) we also deduce
Fu = Fog oy = Fags Fo = Fows o = Fra
and from (1.32) we get

F(Jt _F(Jt FO& _F(Jt,

ktl tkl’ ktl tkl’
— « @ _.
Fktl - tk:lﬂ Fktl Ftkl’
a _ pa a _ o
Fktl Ftkl’ Fktl Ftkl

‘We shall now use the above preliminaries to perform some computations. It is
apparent that any time a harmonic map f : (M, (,), Ja) — (N, (,)) from a Kéhler
manifold to a Riemannian manifold is indeed pluriharmonic, we gain information
of both geometrical and analytical flavor. Theorem 1.20 below gives a result in
this direction. First we recall the following definition due to J.H. Sampson, [143].

Definition 1.16. A Riemannian manifold (N, (,)) is said to have non-positive Her-
mitian curvature if o

NRiem g, suvPuivd <0 (1.39)
for arbitrary complex vectors v and v.
Remark 1.17. Note that the left-hand side of (1.39) is indeed real.

Remark 1.18. If (V,(,)) has constant, non-positive sectional curvature, then it
has non-positive Hermitian curvature. Other examples are provided, for instance,
by the following result of Sampson, [143].

Theorem 1.19. Let (N, (,)) be a Riemannian symmetric space whose irreducible
local factors are all of the non-compact or Euclidean type. Then (N, (,)) has non-
positive Hermitian curvature.

We are now in a position to state the following theorem that extends a result
of Sampson, [143] to the non-compact setting.

Theorem 1.20. Let (M, (,),JJar) be a complete Kihler manifold and (N,(,)) a
Riemannian manifold of non-positive Hermitian curvature. Then any harmonic
map f: M — N with energy density satisfying

(f . arl) 1 (4e0) (1.40)

is pluriharmonic.
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Remark 1.21. As will become clear from the proof below, the harmonicity of f can
be replaced by the weaker requirement that D7 (f) = 0, namely, f has parallel
tension field.

Remark 1.22. We remark that if f is assumed to be isometric, the conclusion of
the theorem follows without additional hypotheses on the energy density from the
assumption that M is Kdhler and that N has non-positive (or even positive but
suitably pinched) Hermitian curvature. See [52], and earlier work by [40]

Proof. For the local geometries of M and N we use the notation introduced above.

Furthermore, we let
1 .
L = E (et - l€s+t)

be the dual (1,0)-frame of the ©* ’s. We define the vector field

W = Z FPFeE

k,t,o

and we note that it is globally defined. With the aid of the formulas determined
above and the commutation relations we obtain

1 5 N
diviv = 3" {F,;F,ft + FRFe — FRFP IR N Rlemgwg} .
k,t,o

Note that

Dr(f)=o<:>Zng:o Vo, k

and the latter is implied by harmonicity. Furthermore, (1.31) with non-positive
Hermitian curvature gives

FEF FYF) NRiem§ 5 < 0.

Using the divergence theorem it follows that

/BT ‘Ddf(l,l)’2 < i/aBr (W,Vr). (1.41)

Recalling the definition of W we have

/aB,, (W,Vr) < {/aB,, IdeZ}% {/8& ’Ddf(kl)r}%, (1.42)

Putting together (1.41) and (1.42) and squaring we finally get

ver < ([ wr)re (1.43)
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where we have set )
10 = [ |par)
B,

and, by the co-area formula,
2
fy/ (7’) = / ’Ddf(l’l)‘ .
OB,

Next, we reason by contradiction and we suppose Ddf(1:1) #£ 0. It follows that
there exists R > 0 sufficiently large such that ~ () > 0, for every r > R. Fix such
an 7. From (1.43) we then derive

-1 -1 " dt
V)02

and letting r — 400 we contradict (1.40). O

We will be interested in the following consequence that improves on a result
by Li, [96], and that we state as

Corollary 1.23. Let (M,(,),Jy) be a complete Kahler manifold. Then any har-
monic function u with energy satisfying

([, 7) v

We now derive a Weitzenbock-type formula for the energy density of a pluri-
harmonic map from a Kéhler domain into a Riemannian target.

Theorem 1.24. Let (M, (,),Ja) be a Kdhler manifold, let (N, (,)) be a Rieman-
nian manifold, and let f : M — N be a pluriharmonic map. Then

s pluriharmonic.

AldfP =16 FiFg — 16 FPF/FIF) ( VRiemagys + VRiemygas)

a,k,t k,t
(1.44)
+16 Y RpFeFy.
a,k,l
Proof. With the above notation, we let
apa _ L2
u:kz:Fk Fg=2ldfl’ (1.45)

In order to compute Au, we use the formulas
du = uyp" + uzpt
dus — uupft = uypl + U’tia' (1.46)
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Then
Au=4) uy;. (1.47)
¢
Differentiating (1.45) we obtain
w =Y FEFG+ Y FRFR. (1.48)
ok a,k

Next, we perform (1.46) and we use the structural equations to arrive at

ug= Y {FGFS + FOFS, + FOFS + FRFe) . (1.49)
a,k,t

Thus, according to (1.47), (1.49) and the commutation relations, we get

Au=4> FiFE—4) F,?FBF”’F‘S ( "Riemagys + Y Riem,gas)
a,k,t a,k,t
+2) {FeFHpy, + AFS Y + AFS Fy

ttk + 4FQF tk}
a,k,t

Note that, since f is pluriharmonic, the last three terms on the RHS of the above
vanish and, furthermore,
F& =Fg,. (1.50)

Finally, using (1.29), we see that
Z Hij, = ZHllctt. = MRicy, +1 MRice x = 2Rz,
t t

proving the validity of (1.44). O
As an easy consequence we obtain the following corollary.

Corollary 1.25. Let (M, (,), JM) be a Kdhler manifold with Ricci curvature sat-
isfying
MRIC > —p ($) )

and let (N, (, )) be a Riemannian manifold with non-positive Hermitian curvature.
Then, for any pluriharmonic map [ : M — N the following inequality holds:

A A Jdf? = [ 1P| 20 () | (151)

Proof. According to (1.45), |df|* =4« F2 2 = 4u. Using (1.48) and recalling

that Fg = F_,? and F% = F_& we obtain

|ut|2<4Z|Fk| Z'Fkt|2 |df|? Z|Fkt|2
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whence, using (1.50), we conclude that

2 N
(VIarP| =43l < 1611 Y Fe T

a,k,t

Inserting this inequality and the curvature assumptions into (1.44) completes the
proof. O

We note for future use the following

Proposition 1.26. Let (M, (,),Ja) be a Kdhler manifold with Ricci curvature
satisfying
MRic > —p(z).

Let f: M — R be a pluriharmonic function which is bounded from below, and let
C > —infy f. Then w = |Vlog(f + C)|* satisfies

wAw + 2p (z) w? > 2w + V| .

Proof. We may assume that f is positive on M and define

w=|Viog fI? = 'VféP.
Using (1.51), we compute
wAw > w <6w2 —2pw + %W - % <Vf,V|Vf|2>> .
Next,
Vul” = |V|fo|2|2 - 4'?§C|2 (VL VIVEE) + 4'?“ V£
and substituting we obtain
wAw + 2p () w? > 2w + |Vuw|? . O

In a similar way, we get a Weitzenbock formula for a holomorphic map f :
M — N between Kéhler manifolds (M, (,), JJy) and (N, (, ), Jn). We fix the index

convention
1<4,5,k,... <sp =dime M,
1<a,0,y,... < sy =dimg N.

For the manifold M we fix the local unitary coframe and related connection and
curvature forms

©" 05, D5,
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while, for N, we fix the analogous coframing
w*, wg, 3.
We also set {G,} for the dual frame of {w®} and let
Of = K§ 50" AT
Since f : M — N is holomorphic, we have
*w* = By, (1.52)

so that
df = B8o' @ G

Hence 1
u=ldf* =) BB;.
a,t

Differentiating (1.51) and using the structure equations on M and N, we obtain
(aB? - Byl + Blwg) A’ =0,
We set '
Bk = dBY — BS ! + BJw§.

Differentiating this latter and using once more the structure equations, we obtain

. . ; -0 —
(4B — Byuwl = Bl + Biws ) A" = (ByH)y, — BYBIB/Kg,s) 7' A 6.

ij

We define , ,
Bi¢' + BS; @' = dBg, — Byl — BE ol + Bhws,

so that, from the above we deduce

B§, =0,
j =06
BS; = BYH}, — B)B]B,K§. .

Next, we compute the Laplacian of u. We observe that
du = " + uEEk

with, according to the previous formulas,

=a
Uk = E Bi Bik'
a,t
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Hence, with the aid of the above calculations,
ure ' + Pt = duy, — urpy,
with

wg = BBy, + B, Bz

By the definition of the Laplacian on the Kéhler manifold M, we have

Au:42ukE
_42( B, + B; BM>

a,i,k
—43 ByB +4Y BiBH), -4 B B’B)B/K§,s.
a,ik a,ik a,t,k

We have thus obtained the following

Theorem 1.27. Let (M, {(,),Jm), (N,(,),Jn) be Kdhler manifolds and let f :
M — N be a holomorphic map. Then

Aldf? =165 B§B +16 Y. R;BIBY —16 S By B'BJB/Kg.5. (1.53)
a,ik a,ik a,ik

Remark 1.28. As we mentioned at the beginning of Section 1.4, the Weitzenbock
formula of Theorem 1.27 holds in the more general situation where (N, (,), Jn) is
only Hermitian. However, the computations due to Y.C. Lu, [111], require a little
more care, due to the presence of torsion terms in the first structural equations of
N. Accordingly, one can deduce the following result that shall be used in Chapter 8

Corollary 1.29. Let (M, (,},Jar) and (N, (,),Jn) be, respectively, a Kahler and a
Hermitian manifold. Let f : M — N be a holomorphic map. Assume

MRic> —p (x)

and suppose that N has holomorphic bisectional curvature bounded above by k (z2).
Then

\df [ Aldf[* > |V]df12[* = 2p () |df|* — 2k (f () |df|°. (1.54)

Proof. With the notation introduced above, we have
1
|de2 ZB@ i and 2|Vul* = Jugur,
k

—a B
where uy = Za,i B§.B; and uz = uy. Therefore

IV|df|?)? = 642“’6“%

<64ZBO‘ ZB szk_|df| {1623 szk}

a,i,k a,i,k
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Inserting this inequality into (1.52) and using the curvature assumptions completes
the proof. O



Chapter 2

Comparison Results

In this section we describe some comparison results for the Hessian and the Lapla-
cian of the distance function and for the volume of geodesic balls under curvature
conditions. In some cases, the results we are going to describe improve on classical
results.

2.1 Hessian and Laplacian comparison

We begin by showing that a lower (resp. upper) bound on the radial sectional
curvature of the form

Sectrqq > —G(r(x)) (resp. Sectrqq < —G(r(z))) (2.1)

implies an upper estimate for the Hessian, Hessr, of the distance function r(z) of
the type

Hess (r) < ((,)—dredr) (2.2)
for some appropriate function h. By taking traces, we will then obtain corre-
sponding estimates for the Laplacian Ar. As we will see, an upper estimate for Ar
requires only a lower bound for the radial Ricci curvature, while a lower estimate
requires an upper bound for the radial sectional curvature.

To obtain these results we use an “analytic” approach inspired by P. Petersen,
[128] avoiding, in this way, the “geometrical” Laplacian comparison theorem of
R. Greene and H.H. Wu, [66].

We will need the following Sturm comparison result:

Lemma 2.1. Let G be a continuous function on [0,+00) and let ¢, ¢ € C*([0,0))
with ¢, " € AC((0,400)) be solutions of the problems

@' —Gp <0 a.e in(0,00), P’ =Gy >0 a.e. in (0, 00),
¢(0) =0, ¥(0) =0, ¥'(0) > 0.
If ¢(r) > 0 for r € (0,T) and ' (0) > ¢'(0), then ¥(r) >0 in (0,T) and
% < %’ and Y >¢ on (0,7). (2.3)
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Proof. Since ¢’(0) > 0, ¢ > 0 in a neighborhood of 0. We observe in passing that
if G is assumed to be non-negative, then integrating the differential inequality
satisfied by ¥ we have

v =0+ [ " G(s)yp(s) ds,

so that v’ is positive in the interval where ¥ > 0, and we conclude that, in fact,
¥ >0 on (0, +00).

In the general case where no assumption is made on the signum of G, we let
B =sup{t:¢ >0in (0,t)} and 7 = min{8, T}, so that ¢ and 1 are both positive
in (0, 7). The function ¥’'¢ — ¢’ is continuous on [0, +00) vanishes in r = 0, and
satisfies

(W'¢—¢) =" — " >0,

a.e. in (0, 7). Thus ¢'¢ —1p¢’ > 0 on [0, 7), and dividing through by ¢ we deduce
that

%’ > % in (0, 7).
Integrating between € and r (0 < € < r < 7) yields
(e)
o) < Z5w0)
and since
p(e) _ ¢'(0)

S T

we conclude that in fact
¢(r) <(r) in [0,7).

Since ¢ > 0 in (0,7) by assumption, this in turn forces 7 = T, for otherwise,
7= < T, and we would have, ¢(3) > 0, while by continuity, 1(3) = 0, which is
a contradiction. |

Using the above Sturm comparison result, we deduce a comparison result for
solutions of Riccati (in)equalities of the form

¢ +¢*°=G (=G, <G)

on (0,T) with appropriate asymptotic behavior as » — 0+4. Note in this respect
that the substitution g = ¢'/¢ transforms the Riccati inequality into the second-
order linear inequality

9" =Gg (= Gy, <Gy)

and conversely.
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Corollary 2.2. Let G be a continuous function on [0,400) and let g; € AC(0,T;)
be solutions of the Riccati differential inequalities

93 93
g+~ —aG<0 g+ —aG>0
a a
a.e. in (0,T;) satisfying the asymptotic condition
gilt) = T+0(1) as t =04,
for some o> 0. Then Ty < Ty and ¢g1(t) < ga2(t) in (0,T1).

Proof. Since §; = o 'g; satisfies the conditions in the statement with o = 1,
without loss of generality we may assume that oo = 1.

Observe that the function g;(s) — % is bounded and integrable in a neighbor-
hood of s = 0, and let ¢; € C'([0,T})) be the positive function on [0,7};) defined

by t
¢i(t) = texp{/o (gi(s) — %) dS}

Then ¢;(0) =0, ¢; > 0 on (0,T;), ¢, € AC(0,T;)) and straightforward computa-
tions show that

Pi(t) = gibi(t), ¢5(0) =1

and

! <G¢yon (0,T1), ¢5 > Gps on (0,Ty).
An application of Lemma 2.1 shows that 77 < Ty and g1 = i—i < i—é = go on
(0,T1), as required. O

After this preparation we are ready to state our comparison result for the
Hessian.

Theorem 2.3. Let (M, (,)) be a complete manifold of dimension m. Having fized
a reference point o € M, let v (x) = distps (x,0), and let D, = M \ cut(o) be the
domain of the normal geodesic coordinates centered at o. Given a smooth even
function G on R, let h be the solution of the Cauchy problem

W' — Gh =0,
h(0)=0, 1/ (0)=1,

and let I = [0,r9) C [0,400) be the maximal interval where h is positive. If the
radial sectional curvature of M satisfies

Sectraq > —G (r (z))  on Byy(0) (2.4)

on B, (o), then
!

Hess (r) < % {(,)—dr®dr} (2.5)
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on (D, \ {0}) N By, (0), in the sense of quadratic forms. On the other hand, if
Sectreg < —G (r(z))  on Byy(o), (2.6)

then W
Hess (1) > E{<’> —dr®@dr}. (2.7)

Proof. We essentially follow the direct approach by P. Petersen, [128], thus avoid-
ing the classical use of Jacobi fields.

Observe first of all that Hess (r)(Vr, X) = 0 for every X € T, M, and z €
D, \ {o}. Indeed, let v be the geodesic parametrized by arc length issuing from
o with v(s,) = z, then + is an integral curve of Vr, namely, ¥(s) = Vr(y(s)) so
that DVTVT({E) = D,),(So)’.}/ =0.

Next, since Hess (r) is symmetric, T, M has an orthonormal basis consisting
of eigenvectors of Hess (r). Denoting by Apnax(x) and A, (2), respectively, the
greatest and smallest eigenvalues of the Hess (r) in the orthogonal complement of
Vr(z), the theorem amounts to showing that on (D, \ {o}) N By, (0),

!

(i) if (2.4) holds, then A\jqq(x) < %(r(m)),
h/

(ii) if (2.6) holds, then Apip(z) > E(r(m))

Let x € D, \ {0}, and let again  be the minimizing geodesic joining o to x.
We claim that, if (2.4) holds, then the Lipschitz function A, satisfies

dis (Amax © %) + (Amax © 7)2 <G forae. s>0, (2.8)

)\maxov=%+0(1),ass—>0+. ’
Similarly, if (2.6) holds, then the Lipschitz function A, satisfies

% (Amin ©7) + (Amin © 7)2 >G forae. s>0, (2.9)

/\minov:%+0(1),ass—>0+. ’

Since ¢ = h'/h satisfies

& + ¢ =Gon (0,15), s) = % +0(s) as 5 — O+,

the required conclusion follows at once from Corollary 2.2. It remains to prove that
Amaz and A, satisfy the required differential inequalities. To this end, given a
smooth real function u, denote by hess (u) the (1,1) symmetric tensor field defined
by

hess (u) (X) = DxVu,

so that
Hess (u) (X,Y) = (hess (u) (X),Y).
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By definition of covariant derivative in TM™* @ T M,
Dx (hess(u))(Y) = Dx [hess(u)(Y)] — hess(u)(DxY),

so that, recalling the definition of the curvature tensor, we deduce the Ricci com-
mutation rule

Dx (hess(u))(Y) — Dy (hess(u))(X) = R(X,Y)Vu.

Now, choose u = r (z), X = Vr, and let  be the minimizing geodesic joining o to
x € D, \ {o}. For every unit vector Y € T,, M such that Y L 4(s,), define a vector
field Y L4, by parallel translation along ~. Since, as noted above, hess (r)(Vr) =0
we compute

Di (1) [hess (r)(Y)] = Dy, (hess (r))(Y) + hess (r) (D z0)Y)
— Dig(yy(hess (1) (V)
= Dy (hess (r))(Vr) + R(Vr,Y)Vr
= Dy hess (r)(Vr)] — hess (r)(Dy Vr) — R(Y,Vr)Vr
= —hess (r)(hess (r)(Y)) — R(Y,Vr)Vr,
that is,
Dy ,y[hess (r)(Y')] + hess (r)(hess (7)(Y)) — R(Y, Vr)Vr.
Since Y is parallel,

< (hess (7)(¥),¥) = (Dsfhess (r) ()], ),

and we conclude that

d .
75 (Hess (1) (7) (YY) + (hess (r)(v)(Y), hess (r) (v)(Y)) = —Sect, (Y A 5).
(2.10)
Now assume that Sect,q.q > —G (r (x)). Note that, for any unit vector field X L Vr,
Hess (1) (X, X) < Amax-
Thus, if Y is chosen so that, at s,

Hess (7) (7) (YY) = Amax (7 (50)) ,

then the function
Hess (1) (7) (YY) — Amax 0

attains its maximum at s = sg and, if at this point A, is differentiable, then its
derivative vanishes:

d d
7 . Hess (r) () (Y,Y) — o . Amax 077 = 0.
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Whence, using (2.10), we obtain, at g,

d
— (Amax © ) + (Amax © 7)2 <G,

ds

which is the desired inequality stated in (2.8). The asymptotic behavior of Apax 07y
near s = 0T follows from the fact that

Hess (r) = %((,)—dr@dr)—f—o(l), r—0t,

as one can verify by a standard computation in normal coordinates at o € M. The
argument in the case where Sect,,q < —G is completely similar. O

As mentioned above, by taking traces in Theorem 2.3 we immediately obtain
corresponding estimates for Ar. In particular, if Sect,qq < —G(r(z)) it follows
that (r(x)

h(r(z

Ar(z) > (m —1)———=

h(r(x))
on (D,\{0})NBy,(0). Clearly the corresponding upper estimate holds if we assume
instead that the radial sectional curvature is bounded below by —G. In this case
however, the conclusion holds under the weaker assumption that the radial Ricci
curvature is bounded from below by —(m—1)G(r(z)). Indeed we have the following
Laplacian comparison theorem,

Theorem 2.4. Maintaining the notation of the previous theorem, assume that the
radial Ricci curvature of M satisfy

Ricag, ) (Vr,Vr) > —(m — 1)G(r) (2.11)

for some function G € C°([0,+00)), and let h € C?([0,+00)) be a solution of the
problem

n" — Gh > 0,
{h(O) =0, W(0)=1. (2.12)
Then the inequality
Ar(z) < (m — 1)M (2.13)

h(r(x))
holds pointwise on M \ (cut(o) U {o}), and weakly on all of M.

Proof. Let [0,79) C [0,+00) be the maximal interval where h is positive. Note that
comparing h with the solution of the differential equation associated to (2.12) and
using the remark at the beginning of the proof of Lemma 2.1 shows that if G is
non-negative, then r, = +oo.

As in the proof of Theorem 2.3, let D, = M \ cut(o) be the maximal star-
shaped domain of the normal coordinates at o. Fix any = € D, N (B, (0) \ {o})
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and let v : [0,]] — M be the minimizing geodesic from o to = parametrized by
arc-length. Set

o(s) = (Ar)ox(s), s € (0,1].
We claim that ¢ satisfies
) p(s) = m=L 4 o(l), ass— 0%,
(2.14)
i) ¢+ ﬁgﬂ <(m-1)G, on (0,{].
Indeed (2.14) i) follows from the well-known fact that
m—1
r
As for (2.14) ii), note that by tracing in (2.10) we deduce that
d
ﬁ(Ar 09) 4 [Hessr|*(y) = —Ric(Vr, Vr)(v).

Ar = +o(1), asr— 0%,

Using the elementary inequality

which in turn follows easily from the Cauchy—Schwarz inequality, we deduce that

(Ar 0 )?
m—1

4

dt(Ar o)+

< —Ric(Vr, Vr)(v). (2.15)

Inequality (2.14) ii) follows from the assumption on Ric. Arguing as in the proof
of Theorem 2.3 shows that (2.13) holds pointwise on D, N (B, (0) \ {0}).
Note now that a computation in polar geodesic coordinates shows that

1 0/gl(t,0)
g(t,0) Ot

Aroq(t) =

where 8 = +/(0) and ¢(r,0) is the determinant of the metric in geodesic polar
coordinates. Thus (2.13) can be rewritten in the form

1 8\/g(t,9)<(m_1)h’(t)
g(t,0) ot h(t)

whence, integrating and using the asymptotic behavior of h and /g as t — 0+,
show that for every unit length 6 € T,M,

Vyg(t, 8) < h(t) Yt < min{r,, c(9)}

where ¢(f) denotes the distance of o from cut(o) along the geodesic 7y. Since
g(t,0) > 0 if (¢,0) belongs to the domain of the geodesic polar coordinates,
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while, if r, < 400, then h(r,) = 0, we deduce that for all § ¢(f) < r,, and
therefore D, C B, (0).

Thus (2.13) holds pointwise on M \ ({0} U cut(0)), and it remains to prove
that the inequality holds weakly on all of M. This is guaranteed by the following
lemma. g

Lemma 2.5. Set D, = M\cut(o) and suppose that
Ar < a(r) pointwise on Q\ {o} (2.16)

Jor some o € C°((0,400)). Let v € C%(R) be non-negative and set u(x) = v(r(z))
on M. Suppose either
i)o' <0 or ii)v >0. (2.17)

Then we respectively have
i) Au > 0"(r) +a(r)v' (r); i) Au <0"(r) + a(r)v'(r) (2.18)

weakly on M.

Proof. Let E, be the maximal star-shaped domain on which exp, is a diffeomor-
phism onto its image, so that D, = exp(E,) and we have cut(o) = 0 (exp, (E,)).
Since E, is a star-shaped domain, we can exhaust E, by a family {E}'} of relatively
compact, star-shaped domains with smooth boundary. We set Q™ = exp,(E?) so
that

Q" c Q" and U, Q" = D,.

The fact that each E} is star-shaped implies

or n
E > 0, on 8(2 (219)

where v,, denotes the outward unit normal to 9Q2"™. Now, we assume the validity
of (2.17) i). Since r € C*°(Q™\ {o0}), computing we get

Au > v" + a(r)v’  pointwise on Q"\ {o}. (2.20)

Let 0 < ¢ € C§°(M). We claim that, ¥n,

/ uAcpZ/ W+ alr)v)e+e,

with €, — 0 as n — 4o00. Since M = QU cut(o) and cut(o) has measure 0,
inequality (2.18) i) will follow by letting n — +oc. To prove the claim we fix § > 0
small and we apply the second Green formula on 9"\ Bs(0) to obtain

Ju de
ulAp = / pAu — / o — U 2.21
/Q"\B(;(o) Qn\Bjs(0) é)Q"U@Bg(o)( vy 3Vn> ( )
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where v, is the outward unit normal to Q™ U dBs(0). We note that, according to
(2.17) i) and (2.19),

ou or
— = — < )
o = v'(r) o0 0 on 909Q,

Using this, (2.20) and (2.21), we obtain

/ uA(pz/ W +a(r)v) e +en+1Is

_ e
o= /Qn al/n
[ Oy 8u]

I:/ uAp — (v + a(r)v’ —/ LA
R G C Ty N

Clearly, Is — 0 as § — 0. On the other hand, since ¢ € C§°(M) and cut(o) has
measure 0, using the divergence and Lebesgue theorems we see that, as n — 400,

En = / div (uVe) — /Qdiv(quo) = /M div(uVe) = 0.

This proves the claim and the validity of (2.18) i).
The case of (2.17) ii) and (2.18) ii) can be dealt with in a similar way. O

with

Remark 2.6. We note that, for the above proofs to work, it is not necessary that
(2.11) holds on the entire M. Indeed, for instance, if (2.11) is valid on Br(0), then
(2.13) holds on Bg(0)\ ({o} U cut(0)) and weakly on Br(0).

We also remark that in the course of the proof we have shown that if the
solution A of (2.12) vanishes at r,, then D, C B, (o) and therefore M C B, (o).
This easily yields the classical Bonnet-Myers theorem, stating that if Ric > (m —
1)B2, then M is compact with diameter at most /7/B.

Remark 2.7. We note for future use that a modification of the above argument
shows that on M \ {0} the singular part of the distribution Ar is negative, and
therefore it is the opposite of a positive measure concentrated on the cut locus.
Indeed, let ¢ be a smooth, non-negative test function with support contained in
M\ {o}. Arguing as above we may write

(¢, Ar) = / rA¢ = lim( PATr +/ r{(Vo,v) — o(Vr, V>)
M n > Jan aqn aan

As n — 400, the first term on the right-hand side tends to fE ¢Ar, and, as noted
in the above proof, the second term tends to zero. Thus the limit of the third term
exists, and we have

(r, Ag) — /E SAr = (P, (AT)sing) = — lim d{(Vrv),

n onn

and since (Vr,v) > 0, the limit is non-negative, as claimed.
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In order to apply Theorem 2.4 one needs to find solutions of (2.12). We begin
with the following fairly general result.

Lemma 2.8. Suppose that G is a positive C* function on [0,+00) such that

/

f

Then, there exists D > 0 sufficiently large that the function h defined by

h(r) {eDfJ Gs)ds _ 1} (2.23)

1
- D\/G(0)
is a solution of (2.12).
Proof. Indeed, it is a simple matter to check that if & is as in the statement, then
h(0) =0, A'(0) =1 and furthermore
G G’ 1
h/l _ G h >_ - . f _ D L

= /G0) [[o,lfoo) 2632 D]

so that, by (2.22), (2.12) holds provided D > 0 is sufficiently large. O

Remark 2.9. Assumption (2.22) implies G(r)'/? ¢ L'(400). It is then a simple
matter to check that

h(r) { 1 as r — 0, (2.24)

h(r) D G(r)Y/? asr — +oo.
Remark 2.10. When we can find an explicit solution of the problem

"_ _
{ h"—h G=0, onl0,+00), (2.25)

h(0) =0, K(0) = 1,
then (2.13) yields a better estimate. For instance if G(r) = B?, B > 0,
h(r) = B~'sinh (Br)
satisfies (2.25) and we obtain
Ar < (m —1)Bcoth(Br) weakly on M (2.26)

and pointwise on M\ ({0} U cut(0)). This estimate will be repeatedly used in the
sequel.

We next describe some upper and lower estimates for h’'/h and for h obtained
in [20] for the case where G has the form G(r) = B2(1 +12)%/2 for some constants
B >0 and a > —2. We begin with upper bounds.
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Proposition 2.11. Assume h is a solution of

" _B2 1 2\a/2p
{h (14 1r2)>/2p =0, (2.27)

h(0)=0 R'(0)=1
where B >0 and o > —2. Set

B ifa > —2,
B — {HW fo_ o (2.28)
SSTEE .

Then

!/

E(T) < B'r/2(1 4+ 0(1)) as r — +00. (2.29)
Moreover there exists a constant C' such that, when r > 1,

2B’
exp <2_'_—a(1 + 7,,)1+a/2) ZfOé Z 0,

/
h(r) < C § /ey <22f THQ/Q) i —2<a<0, (2.30)
«

rB’ if a=—-2.

Proof. The case where o > 0 was already treated in [134]. It is a simple matter to
check that the function ¥ defined by

¢(r) = B~'sinh (;F—BQ [(1 +r)tte/2 1D

satisfies o /1) > B2(1+12)?/2,4)(0) = 0 and +'(0) = 1. The estimates (2.29) and
(2.30) follow at once.

Next assume that —2 < a < 0. Denoting by I,, the modified Bessel function
of order v, it may be verified that the function defined by

2B
_ 1/2 P L 14a/2
w(’r)_r IH_LQ (2+()4T )7

is a positive C! solution on [0, +00) of the (singular) differential equation
w// _ BQ’I“aw

satisfying 1(0) = 0 ([91], page 106). Since 7 > (1 + 2)®/2, the argument above
shows that h'/h < ¢’ /1. Using the recurrence relation

1
Il/ = 5 (Il/—‘rl + Iy—l)
and the asymptotic representation
67'
I(r) = (14 0(1)) as r — 400

\V2rr
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([91], page 110 and page 123, respectively), it is not hard to show that
/
%(r) = Bro/? - %r‘l +0 (T_Q_O‘/Q) as r — 400

and (2.29) follows. Since we also have ¢'(0) = C where C' = C, p is a positive con-
stant depending on o and B, we have h < C~14 and (2.30) is again a consequence
of the asymptotic representation of I,,.

Finally, if @« = —2, we consider the function defined by

w(r) =17
A simple computation shows that
w/l/w Z B2(1 + 7'2)_1
holds provided § = [1 + V14 432] /2, showing that (2.29) holds. The validity of
(2.30) is then established by integrating h'/h over [1,r]. O
Next we consider lower bounds. To illustrate the method, assume that h” =
G(r)h and that G(r) is non-increasing. Then
h"(r) = G(r)h(r) > G(R)h(r) Vrelo,R].

Thus, the comparison argument used in the proof of Lemma 2.1 applied to the
function ¢(r) = G(R)~'/?sinh (G(R)'/?r) implies that

h/
= (r) > G(R)/? tanh (G(R)/r)

Suppose now that G(r) has the form G(r) = B%(1 + r2)®/2. The condition
that G(r) be decreasing requires that we restrict ourselves to the case where —2 <
a <0.

The case where oo = 0 is trivial since then G(r) is constant, and we have the
equality h(r) = B~! sinh(Br).

If —2 < a < 0, the argument above shows that

3 2\a/4 a/4 a9

EzB(lJrr) > Br [1+Zr } r> 1,
where the last inequality follows by expanding the function (14 7~2)*/4. Integrat-
ing over [R,r], R > 1, we obtain

h(r) > h(R) exp (B /R A1 a/(432)]) ds

> Cexp (%Tlﬂxh) .
«@
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Finally, if o« = —2, we consider the function ¢(r) = (147)5", with B as in (2.28).
Then " =4 2

d)—(r):B(B_l)Z B .

o) (1+7r)? 1412
Thus (h'¢ — h¢') (r) > 0, r > 0, and since (h'¢ — h¢')(0) = 1, we conclude that

h/
) 2 B+

and then integrating )
h(r) > C(1+1)".

The above considerations prove the following

Proposition 2.12. Let h be the solution of (2.27) with —2 < a <0, and let B’ be
defined as in (2.28). Then

h/
() > B'r?(1+0(1))  as r — +oo, (2.31)
and there exists a constant C' such that when r > 1

2B’
exp (H—ar1+“/2) if —2<a<0,

rB if a=-2.

h(r) > C (2.32)

We conclude this section by considering the case where G is a non-negative
non-increasing function satisfying the condition

/ "G dt < +oo. (2.33)
0

According to a terminology introduced by U. Abresch [1] for the sectional curva-
ture, if a manifold (M, (, )) satisfies

Sect(x) > —G(r(z)) resp. Ric(Vr,Vr) > —(m—1)G(r(x))

with G as above, then one says that M has asymptotically non-negative sectional,
resp. Ricci, curvature. Note that under these assumption, G decays faster than
quadratically at infinity, and in particular, condition (2.22) does not hold. This
case is dealt with in the following lemma (see also [125], Lemma 1, and [171],
Lemma 2.1).

Lemma 2.13. Assume that h € C%([0,400) is the solution of the problem

h" — G(r)h = 0,
{h(o) =1, K(0) =1, (2:34)
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where G is a continuous non-negative function on [0, +00). Let ¢ be defined by the

formula
w(r):/ efOSuG(u)duds'
0

Then we have the estimates

S| =

(i) 1<h(r) <y (r) (i) - < %/ < % and (iii) r < h(r) <o(r).  (2.35)

In particular, if

/0 TG db = by < oo, (2.36)
then, for every r >0,
L<H(r)<e and r<h(r)<ebor (2.37)
Proof. Since the function ¢(t) = ¢ satisfies

¢" = G(r)¢ <0,
9(0) =1, ¢'(0) =1,

applying Lemma 2.1 we easily obtain the left-hand side inequalities in (2.35)
(ii) and (iii), which in turn imply (i).
The upper bounds are proved in a similar way. Indeed, since

w(r) < ’refOr sG(s) ds’

a straightforward computation shows that the function 1 satisfies

P =G(r)y 20,
¥(0) =1, ¢'(0) =1,

and therefore we obtain the right-hand side inequalities in (2.35). It is clear that
if (2.36) holds, then (2.35) yields (2.37) O

2.2 Volume comparison and volume growth

The following result is a somewhat generalized version of what is known in the lit-
erature as the Bishop-Gromov volume comparison theorem. In fact, on manifolds
with Ricci curvature bounded from below, R. Bishop proved an upper estimate
for the volume of balls not intersecting the cut locus of their centers, in terms
of the volumes of corresponding balls in space-forms, [10]. Later, M. Gromov ex-
tended the estimate including the cut locus and improved the result by showing a
monotonicity behavior.
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Theorem 2.14. Let (M, (,)) be a complete, m-dimensional Riemannian manifold
satisfying
Ric(x) > —(m—1)G(r(x)) on M (2.38)

for some non-negative function G € C°([0,4+o0)), where r(z) = dist (x,0) is
the distance from a fived reference origin o € M. Let h(t) € C? ([0, +00)) be the
non-negative solution of the problem

W' (t) — G (t)h(t) =0,
{ h (0))= 0 R (0)=1. (2.39)

Then, for almost every R > 1, the function

10B
R— %ﬁff) is non-increasing (2.40)
and
voldBpg (0) < ¢ph(R)™ " (2.41)

where ¢, 1s the volume of the unit sphere in R™. Moreover,

volBp, (0)

SR @™ at

R~ (2.42)

is a non-increasing function on (0, +00).
Proof. In case o is a pole of M one simply integrates the radial vector field
X = h(r(z))"™vr

on concentric balls Bg (0), and uses the divergence and the Laplacian compari-

son theorems. However, in general, objects are non-smooth and inequalities are

intended in the sense of distributions. Therefore, we have to take some extra care.
The Laplacian comparison theorem asserts that

Ar(z) <(m-—1) % (2.43)

pointwise on the open, star-shaped, full-measured set M \ cut (0) and weakly on
all of M. Thus, for every 0 < ¢ € Lip. (M),

W (r (@)
— [ (Vr, V) < (m—1 / S ) (2.44
[ v '] Ber@) :
For any ¢ > 0, consider the radial cut-off function

¢ (2) = pe (r (@) h(r(z)) " (2.45)
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where p. is the piecewise linear function

0 iftelo,r),
Lroifte(rr+e),
p-()=4 1 iftelr+eR—e), (2.46)
B=t ifte[R—¢,R),
0 ift € [R,00).

Note that

Ve = {—XR;’R + X (- 1) 7}; ((:((j)))) pg} h(r(z)) " o,

for a.e. x € M, where x;, is the characteristic function of the annulus By (o) \
B; (0) . Therefore, using ¢ into (2.44) and simplifying, we get

1 —m 1 —m
! / h(rz) " < L / h(r(z) "L
€ JBr(0)\Br-c(0) € JB,1-(0)\B,(0)

Using the co-area formula we deduce that

R—¢ €

1 " —m+1 1 e —m+1
- volOBy (0) h (1) < - volOB; (o) h (t)

and, letting € \ 0,

volOBg, (0) < vold B, (0)
h(R)m—l — h(?")"l_l
for a.e. 0 < r < R. Letting » — 0, and recalling that h(r) ~ r and vol0B, ~

™™ as r — 0, we conclude that, for a.e. R > 0,

(2.47)

voldBg (0) < ¢ph (R)m_1 , a.e. R > 0.

To prove the second statement, we note that it was observed by M. Gromov, see
[33], that for general real-valued functions f () >0, g (t) > 0,

£ Iy f

is decreasing, then ¢ — OT is decreasing.
g(t) N

Indeed, since f/g is decreasing, if 0 < r < R,

/Orf/TRg=/Org§/ngz%/OTQ/TRQZ/OTQ/TR%:/OTQ/TRL

whence

[ofo=[s[av[a[ o= os[o[1=[a["s

if t—
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In particular, applying this observation to (2.47) and using the co-area formula

we deduce that
volB,. (0)

as required to conclude the proof. O

is decreasing,

The following straightforward consequence of Theorem 2.14 is useful in ap-
plications.

Corollary 2.15. Let (M, (,)) be a complete, m-dimensional manifold satisfying
(2.38) for some non-negative function G (t) € C° ([0, 00)).

(i) Having fized xo € M and 0 < R < r (x0), define

H-'sinh (Ht) if H >0,
snyg (1) = { ; (H1) zﬁH Zo (2.48)
with
H? = max G (r(x)) = max G (t). (2.49)
Bg(zo) [r(z0)—R,r(20)+R]

Then, the function
volBg (xo)

fOR sng ()™ " dt

R—

is non-increasing on [0, R).
(ii) If G (t) is non-decreasing, then, for every xo € M, the function
volBg (xo)

[ b ()™ " dt

is mon-increasing on (0,+00). Here, hy, is the solution of the problem
B (t) — Gy, (B) b (t) =0,
h(0)=0hr"(0)=1,

where Gy, (t) = G (t + 1 (x0)) .

Remark 2.16. Using the first part of the statement, J. Cheeger, M. Gromov and
M. Taylor, [33], were able to deduce sharp volume growth estimates under point-
inhomogeneous curvature conditions. See Theorem 2.26 and Corollary 2.27 below.
See also Remark 2.23.

Proof. Part (i) is just a local version of Theorem 2.14. As for part (ii) , let G (t)
be non-decreasing. Fix xzg € M, set r,, = dist (xg,x), and observe that, by the
triangle inequality,

Ric (2) > — (m — 1) G (r (&) > — (m — 1) Gay (v, ().

Therefore, the assumptions of Theorem 2.14 are met with respect to the origin
P ]
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In the previous section, we made several choices of the lower Ricci bound
G (t) in such a way that the solutions g (¢) of the corresponding problem (2.39)
can be explicitly estimated. In view of Theorem 2.14, these estimates can now be
applied to get upper volume bounds. We limit ourselves to “polynomial situations”
(see Proposition 2.11 and Lemma 2.13 above).

Corollary 2.17. Let (M,{(,)) be a complete, m-dimensional manifold satisfying
Ric(z) > —(m—1)G (r (z)) on M

for some non-negative function G € C° ([0, +00)), where r (x) = dist (z,0) is the
distance from a fized reference origin o € M.

(i) Assume G (t) = B? (1+ tz)fl, with B > 0. Then, for every R >1r >>1,

(m—1)B'+1
volBg (0) <C R 7 voldB, (o) < Cr(m=DE"
volB,. (0) r

where
1++14+4B2
2

B =
and C > 0 is a suitable constant.

(ii) Assume f0+oo tG (t)dt = by < +00. Then, for every R>r > 1,

VOIBR (0) ( 71)b R m 1 _
RN < elm o [ 2 108, <cm (m—1)bo,.m~—1
volB, (0) = e " , voldB, (0) < cpe r ,

where, as in (2.41), ¢, is the (m — 1)-volume of the unit sphere in R™.

The volume estimates described above depend on uniform bounds on the
Ricci curvature. We next consider a situation in which the Ricci curvature satisfies
some LP-integrability conditions, and describe upper bounds for the volume growth
of balls obtained by P. Petersen and G. Wei in [129], who consider the slightly less
general case where the function G below is a non-negative constant and M is
compact. Previous related results have been obtained by S. Gallot, [57], Li and
Yau, [107] and D. Yang, [166].

As above, we assume that G is non-negative and continuous on [0, +00) and
that h (t) € C? ([0, +00)) is the non-negative solution of the problem

{ W () = G (1) h (1)

=0,
h(0) =0 R (0) = L.

Letting r(z) be the distance function from the reference point o, we also define

b(z) = max{0, Ar(z) — (m — 1) Z((:((f))))} (2.50)
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in the domain D, of the normal coordinates at o, and 0 on the cut locus, and let
p(x) = max{0, —Ric(Vr,Vr) — (m — 1)G(r(x))}, (2.51)

so that if p = 0, that is Ric(Vr, Vr) > —(m — 1)G(r(x)), then, by the Laplacian
comparison theorem, 1(x) = 0. For ease of notation, in the course of the arguments
that follow we will denote by

Ag(r) = cpmh(r)™ ' and Vg(r) = cm /OT h(t)™ at (2.52)

the measures of the sphere and of the ball of radius r centered at the pole in the m-
dimensional model manifold Mg with radial Ricci curvature equal to —(m — 1)G,
that is the manifold that is diffeomorphic to R™ and whose metric is given, in
geodesic polar coordinates by

<7>G = dr? + h(?")Q( R )Sm—l.

We begin with the following lemma, which is a minor modification of Lemma
2.1 in [129].

Lemma 2.18. Maintaining the notation introduced above, for every fized p > 1/2
we have

ivolBR(o) < emRAG(R) (VolBR>171/2p(/ ¢2p>l/2p
dR Vg(R) ~ Va(R)'*+1/2» \Vg(R) Br

Proof. According to Remark 2.7, for every non-negative Lipschitz function ¢ com-
pactly supported in M \ {o} we have

_/M<Vr, V) = (¢, Ar) :/E QAT + (0, (AT) sing) S/ oAT,

o E,

(2.53)

where D, is the domain of the normal geodesic coordinates at o. Applying this
inequality to the function ¢, (z) = pe (r (z)) h(r(x)) =™ where p. is the Lipschitz
cut-off function defined in (2.46), arguing as in the proof of Theorem 2.14, and
using the fact that h is non-decreasing, and the definition of ¥, we deduce that
forae. 0<r <R,

voldBr  vol9B, N A (m 1) (@)
A6(R) Al </BR\B,,.}‘( (@) A= (m = D3]

<hiry [

Using Holder inequality and the definition of Ag we obtain

Ac(r)voldBr — Ac(R)vol @B, < cmAc(R) / ¥(x)
BR\B,,.

B 1/2
< enAa(R)(vol Br) '~ ( / v?) "
Br



46 Chapter 2. Comparison Results

Therefore, applying the co-area formula, and using the above inequality we obtain

d (VOIBR) _ Va(R)vol0Br — Ag(R)vol Br

dR\Vg(R) Ve (R)?

R

— V&(R)? / (Ac(r)vol 0Bk — Ac(R)vol 9B,) dr
0
f 1-1/2p 1/2p

< VG(R)_Q/ cmAc(R)(vol Bg) (/ w2p> dr
0 Br

_ cmRAG(R) (VOIBR)1*1/2P(/ w2p>1/2p

Vo (R)HH1720 \ Vg () o
as required. 0

As noted before the statement of the lemma, if the Ricci tensor satisfies the
inequality Ric(Vr, Vr) > —(m — 1)G(r(x)), then ¢ = 0, and we recover the fact
that the function

vol B,.(0)
AG (7’)

VA i

is a decreasing function of r.
The following lemma (see Lemma 2.2 in [129]) allows to estimate the 2p-norm
of 1 over Bp in terms of the p-norm of p.

Lemma 2.19. For every p > m/2 there exists a constant C = C(m,p) such that
for every R,

w2p <C pr
BR BR

with p(x) as defined in (2.51).

Proof. Integrating in polar geodesic coordinates we have

min{R,c(0)}
/ f= / d6 / F(0)w(t0)dt
Br Ssm—1 0

where w is the volume density with respect to Lebesgue measure dtdf, and c(0) is
the distance from o to the cut locus along the ray ¢t — 6. It follows that it suffices
to prove that for every 6§ € S™~1,

min{R,c(0)} min{R,c(0)}
/ VP (0)w(t0)dt < C / PP (£0)(£0) d. (2.54)
0 0

An easy computation which uses (2.15) yields

y< - (Ar)i — Ric(Vr, Vr) — (m — 1){%" - (%)2}

m —

0 h
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Thus, recalling the definitions of ¥ and p, we deduce that the locally Lipschitz
function 1 satisfies the differential inequality

2 h/
L P L
m—1 h

on the set where p > 0 and a.e. on (0, +00). Multiplying through by ¥??~2w and
integrating, we obtain

r 1 r r h/ r
/ PP 4 —— / PP +2 / W < / P lw. (2.55)
0 m—1Jg o h 0

On the other hand, integrating by parts, and recalling that w=10w/dt = Ar <
¥+ (m — 1) and that 9 (t0) = 0 if t > ¢(0), yield

=1 Arw

[ o = L u ) -

2p—1

!/

' Zp—1 m— h—w
/Ow @+ (m-1)7)

> -
- 2p-—1

Substituting this into (2.55), and using Holder inequality we obtain

G m1) ) v ) [
S/O pwz’)’lw
. ( /0’“ ppw>1/p ( /0 prﬁ())(pfl)/p

and, since the coefficient of the first integral on the left-hand side is positive, by
the assumption on p, while the second summand is non-negative, rearranging and
simplifying we conclude that (2.54) holds with

Clm.p) = (ﬁ - 2p1— 1>_p' =

We are now ready to state the announced volume comparison theorem under
LP Ricci curvature assumptions.

Theorem 2.20. Keeping the notation introduced above, if p > m/2, then for every

0<r<R,
vol Br(0) volB /
- dt , 2.56

where

£t = %(/B pp>1/2p. (2.57)
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Moreover f is integrable in r =0 and

V(éf&( (1 _/ Ut dt ) (2.58)
and
®
Voﬁ?g; ) < (1+% O f(t)dt>2p .
Proof. Set
y(r) = ;f(g )

According to (2.53) in Lemma 2.18, Lemma 2.19 and (2.57) we have

y'(t) < f(t)y(e) =12,
y(t) ~last— 0+, y(t) >0 ift >0,

whence, integrating between r and R we obtain

R
Y(R)2P — y(r) /2 < % / f(tydt,

that is, (2.56). Since

Ag(t) ~ emt™ 1 and / PP =0@E") as t — 0,
By

f is integrable in ¢t = 0, and letting » — 0 we obtain (2.58).
On the other hand, according to (2.53) and Lemma 2.19,

vol0Br _ vol Br cmR / 1/2p svol Bp\1—1/2p
< D
o < vem Uy (em)

and the conclusion follows inserting (2.58). O
Corollary 2.21. Keeping the notation introduced above, we have:
(i) Let G =0, so that h(t) =t, Ag(t) = cput™ tand

p = max{0, —Ric(Vr, Vr)} = Ric_.
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(1) If Ric_ € LP(M) for some p > m/2, then there exist constants C1 and
Cs, depending only on m and p, such that

2p
vol By < S [1-+ O Ric_| i, B/ T R™

and

2p
voldBg < e [1 + CollRic_|[}22 ) Rl—m/zp] -

(2) (cf. [107], Corollary 1.2) If
/ Ric? =o(RY) as t— oo, (2.60)
Br

for some p > m/2 and v > 0, then
vol Bg = o(R*™) as R — +oo0,

and
voldBRr = o( R as R — 4o0.

(ii) Let G = H? >0 be constant, so that h(t) = H~'sinh Ht, and

Cm i
Volt) ~ g s o oo,

If p € LP(M) for some p > m/2, then there exist constants C3 and Cy
depending only on p, m and H such that

2
vol Br < (1+ Csllpll iian) Ve (R),

and

voldBr < (1+ Cillpllh o) " Ac(R),

Proof. Assume that G = 0 and that Ric_ € LP. Then we may estimate

emtAa(t) Cp\ /2P /2 ,—m/2
f(t):W(/Blecp) <C||RIC ||LP(Mt m/2p

and (i) (1) follows at once from (2.58) and (2.59). Similarly, if (2.60) holds, then
ft) = O(t(vfm)/zn) as  t— 400,

and (i) (2) follows as before from (2.58) and (2.59). Finally, if G = H? > 0 and
p € LP(M), we may estimate

F(t) < Cllpll Potar max{1, £}V () =1/

and since the right-hand side is integrable on [0, +00), the required conclusion
follows once again from (2.58) and (2.59). O
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The Bishop-Gromov comparison theorem enables one to get an upper es-
timate of the volumes of geodesic balls, assuming a lower control on the Ricci
tensor. However, there are special situations where lower volume estimates can be
deduced from the same curvature conditions. To see this, let us first consider the
next important consequences of Theorem 2.14, as was pointed out in [33].

Corollary 2.22. Let (M,(,)) and h be as in Theorem 2.14.
(i) For every r1 <rg <73,
volB,, (0) — volB,a2 (0) < volB,, (0)

[ ()™ dt TRt

(2.61)

(ii) Assume that the lower Ricci curvature bound is a constant function G (t) =
H?>0. Let x,y € M, set d = dist (x,y) and take r + R < d. Then

Jo snu )™ dt

volBg ()
;jg snp (0™ dt

<volB, (y), (2.62)

where sny is defined in (2.48).

Remark 2.23. As will be clear from the proof, property (2.61) can be localized
according to the first part of Corollary 2.22. In this situation, condition (2.61)
becomes: for every 1 <1y <r3 < R,
volB,., (z¢) — volB,, (xg) < volB,., (zo)
f:: sng (0" dt =yt sna )" 't

with H defined in (2.49).
Proof. We first consider case (i) . A repeated use of Theorem 2.14 gives

1B, "2 —
volB,, (0) — volB,, (0) = volB,, (0)—VO_2(0> / h(t)"™ " dt

Orz h(t)nz—l dt

< volB,, (0) — —fT:(;Ll(B;in( Edt / “h )" tat

_ TVOlBrg;n ; / h m 1dt
oo h dt

VOIBH() m—1
fo”h()mldt/ hey™ i,

proving (2.61).
We now consider case (ii) . The desired inequality easily follows from (2.61).
Indeed, observe that
Br () C Brtd (y) \ Ba-r () -
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Therefore, recalling that d — R > r and using (2.61), we conclude that

volBg () < volByyr (y) — volBa—r (y)

d+R 1B
< / sy (t)m_1 dt— VolPr (nzle .
d—R Jo snm ()™ dt

O

Now, by way of example, assume that (M, (,)) is a complete manifold of
non-negative Ricci curvature. Using (2.62) of Corollary 2.22 with H = 0, so that
sng (t) =t,and radiid=s—1,r =s—2, and R = 1, we obtain

(s—2) wvolBy () > Cs,

volB; (y) > m

for every s >> 1 and for some constant C' > 0. Namely, a complete manifold of
non-negative Ricci curvature has at least a linear volume growth. This result was
originally due to E. Calabi and S.T. Yau. Similar conclusions can be reached in
a slightly more general situation. The starting point is that, in the above Ricci

curvature assumption,
volBg (z) < <R> "

volB, (z) — \'r

for every x € M, R > r > 0. Thus, in particular, (M, (,)) enjoys the doubling
property. This means that, for some (hence any) o > 1, there is a constant D, > 1,
such that

volBag () < DyvolBg (x)

regardless of x € M and R > 0. We recall the following characterization of mani-
folds enjoying the doubling property.

Lemma 2.24. A complete manifold (M, (,)) has the doubling property if and only if
for some (hence any) o > 1 there exists a constant Do, > 1 such that the following
holds. Let A C M be a bounded set. Then, for every ball B, (x) centered at x € A
and of radius r satisfying

r < 0z (A) = sup dist (z,y),
yeA

we have

vol(4) _ (69@ (A)) o (2.63)

volB, (z) —

In particular, for every 0 < r < R we have

volBg(z) <D R o8 Do
volB, (z) = “\'r '
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Proof. We only need to show that if M has the doubling property, then the prop-
erty holds. Assume therefore that (M, (,)) satisfies the doubling property with
constants a, D, > 1. Fix B, () as in the statement and consider j € N satisfying

dz (A)

al™t < Saj.

Note that
AcC Béw(A) (.13) C Brai (1}) .
Therefore, using the doubling property,
vol (A) < volB,,; (r) < DivolB, ().

To conclude, note that

log,, Da
Dgt—l _ (aj—l)loga Dq < <5x (A)> ) 0O
r

Direct use of this Lemma gives a (quantitative) volume growth result which
is true regardless of any monotonicity property.

Proposition 2.25. Let (M, {,)) be a complete manifold with the doubling property
and let x € M. Then, there exist explicit constants C = C (z,a) > 0 and k =
k (D, ) > 0 such that, for every R > 1,

volBg (z) > CRF. (2.64)

Proof. Fix x € M and, for every j, choose y; € 0B i-1,, (). Then, we have the
2

inclusions
Baj (1,‘) \Baj—l (J)) D Baj_gj—l (yj); Baj+32aj—1 (y]) D Baj—l (.13)
Using Lemma 2.24, we deduce

volB,i (z) — volByi-1 () > volB i _.i-1 (y;)
2

i =1 \ 108q Da
1 Qv Qv . . .
200 () B )

a—1 log,, Do
> D! (a - 3> volBgi-1 ().

Therefore
volB,i (z) > EvolB,i-1 (z),

log,, Da

a—1 o

EF=1 _ > 1.
* <a2+3a>

where we have set
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Iterating this inequality j-times gives
volB,; (x) > EivolB; (z),
and choosing k = log, £ > 0 we finally obtain

k volBy ()

- (2.65)

volB,; (z) > a/*volB; (z) = (/1)
Now, for any given R > 1, let j satisfy o/ < R < o/T!. From (2.65) we conclude
the validity of (2.64) with C = volBy (z) /a*. O

The last result of the section is the following impressive volume growth prop-
erty of complete manifolds with almost non-negative Ricci curvature (in the sense
specified in (2.66), (2.67) see also Corollary 2.27 below). It is a contribution of
P. Li and R. Schoen, [95], and P. Li and M. Ramachandran, [98]. Its proof relies
heavily on the work by Cheeger-Gromov-Taylor [33].

Theorem 2.26. For every m > 2 there exists a constant € = ¢ (m) > 0 such that
the following holds. Let (M, (,)) be a complete manifold satisfying

Ric> —(m—1)G(r(x)) on M (2.66)

where G (t) € C° ([0, +00)) is a positive function such that

2
G(t) = i—Q fort >> 1, (2.67)

and r (x) = dist (z, 0), for some reference origin o € M. Then, for every d > 1,

vol (Br(x) (m)) — 400, as r(z) — +00. (2.68)

d

Proof. We divide the quite involved proof in several steps.

First Step. Fix
2

0<¢é<, > ——>1.
Ife = e (m,&, B) > 0is sufficiently small, then the following holds: For every x € M
choose a geodesic v parametrized by arc length which realizes the distance between
0=+(0) and z = 7 (r (z)). Define a set of values tg < t; < --- <t <r(x) by

i—1
to=0;  ti=(F+1)) & (2.69)
Jj=0

tr being the largest value so that t;, < r (). Define x; = v (t;) . Then, if k is large
enough,

Bm k(1-¢)
ﬁm) volB; (o), (2.70)

volBgr (zx) > C1 (W
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for some constant C = C () > 0.
Indeed, observe that {z;} form a set of points along « with the property that

(i) r(@)=ti=@+1)@B-1)""(-1),
(i) dist (24, 2ip1) = tiy1 — ti = B + BT, (2.71)
(iii)  dist (zg,2) = 7 (2) — tg < tpyr — tr = BF + gFHL

Thus, the geodesic balls {Bﬁi (331)} are disjoint and their closures cover the set
~ ([O, ty + ﬁk)). Furthermore

Bﬁi—l (xi,l) C Bgi+257‘,—1 ({El) \ Bgi ((El) . (272)
Setting
Hf= max G(r(y),
Bgiopi—1(®i)

from Corollary 2.22 (i) and (2.72), we deduce that

volBgi (z;) > T; {volBgi yapi-1 (x;) — volBgi (2;) }
> TiVOlBﬁi—l (zi-1)

where

Bi
/ H; ' sinh™ ' (H;t) dt
0

T; = (ﬁi+2ﬁ7ﬂ—l)
/ H; tsinh™ ! (Hyt) dt
/@i
i, (2.73)
/ sinh™ !¢ dt
_ 0
(Bi+25i—1)Hi .
/ sinh™ 1 ¢ dt
B H;
Iterating this inequality we conclude that
k
volBgr () > HTi volBy (0) . (2.74)
i=1

The validity of (2.70) will follow once we show that, for every i, hence k, large

enough, ” e

Note that, according to (2.66) and (2.67), for sufficiently large i > ig = ig (8, m),
we have
Ric > —(m — 1)H? on Bgi opi—1 (2;)



2.2. Volume comparison and volume growth 55

with G
9 —

H; = — e .

dist (O, 3351-4_2@,1 (le)) €2ﬁ171 _ ﬁ -1

In particular, for every i > i,

(ﬁi + Qﬁiil) H; = 54(ﬁ ;E)(ﬁﬁl— 2 <A,
Gt
where ) )
A:AWJ@:g%igé;l. (2.76)
Bio—1

Let 0 < d =6 (m,,€) < 1 be defined by the equation

BRI R (R i

1+6 B '
The definition is consistent because our assumption that 5 > 2/ (21/ mo_ 1) guar-
antees that the right-hand side is < 1. If ¢ = £ (m, d) > 0 is chosen small enough,

we can approximate
t <sinht <t(1+J) on [0,e4]

which in turn, used in (2.73), gives

| 1 m—1 (61Hz)m
> (135) GG

-+

N
S \1+9 B+2)" —pm
proving (2.75).

Second Step. There exists a constant 0 < « = « () < 1 such that, for r (x) >> 1,
hence k >> 1,

vol (Bar(z) (@) = volBgr (z4) - (2.77)
To see this, first observe that, by the triangle inequality,
Bdist(a:k,a:)+ﬁk (J)) ) Bﬁk ($k> . (278)

On the other hand, = and zj, lie on the minimizing geodesic « from o to x, so that

dist (z, @) + 6~ dist (xg,2) + *
r(z)  dist (zg, ) + 7 (2k)

Since, by (2.71) (i), 7 (zx) > 8*, the function

t+ 3"
L N
t+r(zg)
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is monotone increasing. Whence, using (2.71) (iii),

dist (zg, 7) + B* st (xp,2) + 3*
r (z) dist (zp, ) + 7 (21)
26k+ﬁk+1
T Bk 4 gRL 4 %
_ 2+ 0
1+8+ 55 (157"

Note that
240 240

lim =
bt 14 B+ SEL(1—pF) 145+ 5H
Therefore, up to choosing k (hence r (z)) large enough, say k > ko = ko (8) > 0,
we have

dist (zg, ) + B*
r(x)
Tﬁ <1
T ph)

<o

with

T+ B+
It follows that
Bar(a:) (.13) ) Bdist(avk7:c)+ﬁk (J))
which in turn, combined with (2.78), proves (2.77).

Third Step. Let d > 1 be fixed. There exists a constant Cy = Cs (e, d, €) > 0 such
that, for r (z) >> 1,

vOlB ) (z) = Covol (Bur(z) (2)) - (2.79)

Indeed, suppose d > 1/a, for otherwise there would be nothing to prove. Note
that, for every y € By, () (),

Ric(y) > —(m —1) ———
provided 7 (x) >> 1. Therefore, by Corollary 2.15 with H = ¢/r (z) (1 — a) we

deduce

volB v () I0=ay . 1m—1
TR ) Jo ™ (D dt
vol (Barz) () T sinh™ (¢) dt

Fourth Step. Putting together (2.70), (2.77) and (2.79) gives

g™ k(1-¢)
Frr) e

volB @ (z) > Cs (
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with C3 = C1Cs > 0. Since, by our choice of 5 > 2/ (21/m — 1),

pgm )
o | > L
<(ﬂ +2)7 - pm
the validity of (2.68) follows by letting r (), hence k, tend to +oc. O

We point out the following consequence of the above proof.

Corollary 2.27. Suppose we are given
2
(21/m _ 1)

Then, there exists ¢ = € (m,§,3) > 0 sufficiently small such that the follow-
ing holds. Let (M, (,)) be a complete manifold satisfying the curvature conditions
(2.66) and (2.67) above. Then

m > 2, 0<eE<, 8 > > 1, d>1.

volB ) () > Cr (x)log"E, as r(x) — +oo,
d

6m (1-¢)
E:<w+2W—ﬂm) >

and C = C(m, 3,§,d) > 0 is a suitable constant.
Proof. Let x € M be such that r (x) >> 1. Recall that, by definitions of k& and
{t;} in the First Step, we have

E+1 _
tm&=(ﬁ+1yﬁl 1)2r@%

where

Therefore )
k >loggr (x) +logg <%> -1

On the other hand, in the Fourth Step we obtained, for r (z) >> 1,

gm k(1-¢)
VOlBr(a,) ($) 2 C3 <m> VOlBl (O) .

It follows that
volB ) (z) > CE"8s (@)
d

where we have set
gm (1—5){10g(%)—1}
(B+2)" — 6’”)

B ﬂm (1-¢)
E‘<W+mm—mJ ' -

C = CgVOlBl (O) (

and
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2.3 A monotonicity formula for volumes

In the previous sections we obtained volume growth estimates under curvature
conditions. In the present section we replace the curvature conditions with the
assumption that the manifold M is isometrically immersed in an appropriate am-
bient space N.

In this context, we recall that if M is an m-dimensional manifold minimally
immersed into R™, denoting by B% (p) the Euclidean ball of radius R centered at
p € R™, then the monotonicity formula states that

vol (M N BR" (x,))
Rm

is a non-decreasing function of R (see, e.g., [38]), and therefore

vol (M N BY" (,)) > ¢ R™,

where ¢,, is the volume of the unit sphere in R™. Such estimates have proven to be
important in a number of applications, including the regularity theory of harmonic
maps. A variation of the argument shows that similar monotonicity formulas hold
replacing the “exterior ball” BR"(z,) with the intrinsic ball Br(p), p € M. As a
matter of fact, we have the following slightly more general result concerning the
volume growth of manifolds which admit a bi-Lipschitz, harmonic immersion into
a Cartan—Hadamard space. Before stating the theorem, we recall that a geodesic
ball Bév(q) in N is said to be regular if it does not intersect the cut locus of ¢, and,
having denoted by k& an upper bound for the sectional curvature of N on Bév (9),

one has Vkp < 7/2.

Theorem 2.28. Let (M, (,)) be a complete, non-compact Riemannian manifold of
dimension dim M = m, immersed into a complete manifold (N, (,)) via f: M —
N. Assume that either N is Cartan—Hadamard, or that f (M) is contained in a
reqular geodesic ball. Furthermore, suppose that the immersion f is harmonic and
bi-Lipschitz so that there exist positive constants A and B such that

A(X, X) < (df(X).df(X)) < B(X. X) (2.80)

for every X € TM. Fiz an origin o € M and denote p (y) = distn (y, f (0)). Next,
set
k= sup "Sect
f(M)

and define sny, to be the unique solution of the Cauchy problem

SIl]C + k sni =0,
sny (0) = 0; sny, (0) = 1.

Set also
eny, (t) = sng (¢) .
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Then, there exists a constant By,

=1 if f is isometric,
By { < vmB otherwise, (2.81)
such that f (vof)
cng (po
Ba(o) (2.82)

mA
{snk (\/ER) } B1vE
is a non-decreasing function. In particular, in case N is Cartan—Hadamard, for
every R > Rg > 0 it holds that

mA
1VB if k=
volBp (0) > C R® BA » if k=0,
sinh#1vF " (y/=kBR) tanh (V—kBR) ifk <0,

for a suitable constant C = C (Ro, k, A, B,m) > 0.

(2.83)

Proof. Consider the function
F(2) = ing o po f ()
where we have set ,
ing (t) = / sny, (s) ds.
0

The chain rule for the Hessian yields

MAF () = NHess (ing 0 p) (df (i), df (e:)) + d (in 0 p) (7 (f))

=1

where {e;} is any local orthonormal frame filed in (M, (,)). Since f is harmonic,
we have

and therefore
MAF (z) = NHess (in 0 p) (df (e:) , df (e:)) - (2.84)
i=1

Note that, by Hessian comparison,

NHess (iny, 0 p) = i.r.lk (p)dp ®dp + ihk (p) NHess (p)
= cny, (p) dp @ dp + sny, (p) “Hess (p)

en: (7) {(,) —dp®dp}

> Clg (p) dp ® dp + sng (P) sny, (p)

= Chg (p)(7)
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Therefore, using the fact that f is bi-Lipschitz and cng (p) > 0,

RHS(2.84) >y eni (p(f)) (df (i) . df (e:))

i=1

>mA eng (p(f)) -

It follows that
MAF >mA cny, (p(f)). (2.85)

Starting from (2.85), we now apply the divergence theorem on the (intrinsic)
geodesic ball By (0) of M and use Schwarz inequality and Gauss’ lemma to obtain

mA cng (p (f)) < / MAF (2.86)

Br(o) Br(o)

z/ <MVF,2>
9Br(0) or

< Mygp| .
</ o L

| MVF|M < By sng (p(f)) (2.87)
with B satisfying (2.81). Indeed,

It is readily seen that

| MY E|,, =i (p(F) | MV (0o )],
=su (p(N)) | MV (po f)l,, -

Moreover, with respect to local orthonormal frames {e;} on M, {E4} on N with
dual frames {Hi},{@A}, we have
dp=pa®?, df = f{0' ® E,
so that
MV (po f)=pafie:.
This latter implies
| MV (po f)|,; = IDylgm

where
D= (sz) € Mn,m (R), y = (pA)t €R™

Clearly, in case f is isometric, D = ((5;-4), while, in the general bi-Lipschitz case,

1D = /> (df (1) . df (e3)) = |df| < VimB.
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Now recall that, by Gauss’ lemma,

¥len = [YVoly =1,

and therefore

|Dy

rm < sup |Dx

[x|=1

=1 f isometric,
R < vmB otherwise.

This proves the claimed inequality (2.87) with

B; = sup sup |Dx

—_—
M |x|=1
Inserting (2.87) into (2.86) gives
mA [ em (o)< B[ smp(). (2.89)
BR(O) 8BR(O)
Let us elaborate the RHS of this latter. Observe that the positive function
s 2k (®) is increasing. (2.89)
cng (t)

Furthermore, from the very definitions of disty and dist,;, we see that
p(f (z)) < VBdisty (,0). (2.90)
Indeed,
p(f (x)) =disty (f (), f(0))
- inf I (t)’

I'CN 0 N
r0)=f(0), T(1)=f(=)
"ld
< mt [[Eren
cM dt
+(0)=0, 1(1)=r"" N
1
< .
VB inf [ ()
7(0)=o0, y(1)==
= VBdistyy (z,0).
Combining (2.90) with (2.89) we deduce
sng (p (f))
RHS (2.88) = / SR PA)) e (0 (f
aBR(o) an( (f)) )
SIl]C
<Bj———% cn;C ()

an OBR(o
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so that

B R

Br(o) 1@ /833(0) eng (p (f))- (2.91)

Using the co-area formula, (2.91) can be written in the form

ilog IBRESZ;CDIC (p(f)) >0 (2.92)

R sn,fli‘/E (\/§R>

which implies the validity of (2.82). O




Chapter 3

Review of spectral theory

In this chapter we collect the results from spectral theory that will be used in the
sequel, concentrating our attention on the spectral theory of Schrédinger operators
on Riemannian manifolds. The vanishing and finite-dimensionality results which
we will present in the next chapters are based on assumptions on the spectrum of
suitable Schrédinger operators. And some of the geometric conditions which we
will encounter in later chapters can be interpreted in spectral sense.

Our presentation is based on the delightful book by E.B. Davies, [41], and
on the paper by P. Bérard, M. do Carmo and W. Santos, [13] (see also Reed and
Simon, [137], [138]).

3.1 The spectrum of a self-adjoint operator

Let T : D(T) € X — X be a possibly unbounded densely defined operator on
a complex Banach space X. We recall the resolvent set of T is the set of point
A in C such that (A — T') has dense range R(A — T'), and (A — T)~! extends to
a bounded operator on X' (note that if in addition T is closed, then necessarily
R(A—T) = X). The spectrum o(T) of T is the complement of the resolvent set.

In particular, if ker(A —T) # {0} we say that A is an eigenvalue of T,
ker(A —T) is the eigenspace belonging to A, and its dimension is the multiplicity
of the eigenvalue.

The point spectrum o,(7T") of T is the set of all eigenvalues, the discrete
spectrum o4(T) is the set of all eigenvalues of finite multiplicity which are isolated
points of the spectrum, and the essential spectrum o.ss(T) is the complement of
the discrete spectrum, and consists of eigenvalues of infinite multiplicity together
with cluster points of the spectrum. Both the spectrum, and the essential spectrum
are closed.

Assume now that T is a densely defined operator defined on a Hilbert space
H, endowed with inner product (, ). It’s adjoint operator is defined by D(T™*) =
{yeH : x+— (Tz,y) is a bounded linear functional on D(T")} and Ty is defined
via the Riesz representation theorem by the identity (x,T*y) = (Tx,y) for all
x € D(T). I T is closed and densely defined, then so is T*.

Then T is symmetric if ' C T, that is (Tz,y) = (2, Ty) for all z,y € D(T)
and it is self-adjoint if T = T™. Finally T is essentially self-adjoint on D if its
closure T is self-adjoint, and since (T)* = T* this amounts to T' = T*. In this case
T is the only self-adjoint extension of 7.
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We have the following criteria of self-adjointness, respectively essential self-
adjointness.

Theorem 3.1. Let T : D — H be a symmetric operator. Then the following are
equivalent:

(i) T is self-adjoint (resp. T is essentially self-adjoint);
(ii) T is closed and ker(T* £1i) = {0} (resp. ker(T* i) = {0});

(iii) R(T i) =H (resp. R(T £i) = H).

In general, for a symmetric operator T" on D C H, we define its deficiency
indices dy = dimker(T* £ ¢). Then T is essentially self-adjoint if and only if
dy = d_ = 0, while it has at least one self-adjoint extension if and only ifdy = d_.

In the case of differential operators on bounded domains (of R™ or of a
manifold), the following sufficient condition is often useful.

Theorem 3.2. Let T be a symmetric operator with domain D(T), and let {f,} be a
complete orthonormal set in H such that, for everyn, fn, € D(T) and T fr, = A fn
for some X\, which is necessarily real since T is symmetric. Then T is essentially
self-adjoint on D(T) and the spectrum of T = T* is the closure in R of the set

{An}-

The condition of the theorem is satisfied if for some A € R the operator
(A —=T) is invertible with compact inverse. In the case of second-order differential
operators on bounded domains on R", the compactness of the inverse may often
be deduced from the Rellich embedding theorem.

We next consider multiplication operators on L? spaces, which provide the
basic example of self-adjoint (and in fact normal) operators, and are the building
blocks of one form of the spectral theorem.

Let (X, u) be a measure space. For every measurable function f : X — C
define a, possibly unbounded, operator M on L2(X, p1) as follows:

D(My) ={¢ € L* : fy € L?},
My = fo for every ¢ € D(My).

The operator My is then said to be the multiplication operator associated to f.
Under the assumption that p is o-finite we have

(i) for every measurable almost everywhere finite f, My is closed and densely
defined;

(ii) My is bounded if and only if f € L (X, ) and in this case ||| Ms||| = || f||z;
(i) (My)* = My so that My is self-adjoint if and only if f is real-valued;

(iv) o(My) = essrange(f) = {A € C : Ve > 0, u(f~1(B()\¢€))) > 0}, where
B(A, €) is the ball in C of radius € centered in A;
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(v) A is an eigenvalue if and only if u(f~1({\}) > 0;
(vi) By (v) and (iv) , isolated points in o(My) are necessarily eigenvalues;

(vii) for every Borel subset E of C, let P(E)¢ = xj-1(g)¢. Then P(E) is the
orthogonal projection on the subspace {¢ € L? : (Mo, ¢) € E};

(vill) A € 0ess(My) if and only if for every € > 0 the R(P(B(\,¢))) is infinite-
dimensional.

The spectral theorem allows us to deduce properties of arbitrary self-adjoint
operators from those of multiplication operators.

Theorem 3.3. Let T : H — H be a a self-adjoint operator on a separable Hilbert
space H. Then there exist a measure space (X, ), a unitary operator U : H —
L3(X, ) (thatis U is a bijection and preserves the inner product) and a measurable
almost everywhere finite function f on X such that

UTU ' = M;.
Using the spectral theorem, one can easily establish the following properties:

(i) A € o(T) if and only if there exists a sequence {¢,} € D(T) such that
ll¢nll = 1 and Timy, [|(A = T)¢nl| = 0.

(if) A € 0ess(T) if and only if there exists a sequence {¢,} € D(T) such that
(a) limy, [[(A = T)¢n|| = 0;

(b) {¢n} is an orthonormal system (or {¢,} does not have any converging
subsequence).

In this case {¢,} is said to be a characteristic sequence for A.

(ili) The essential spectrum o, (T) is empty if and only if there exists a complete
orthonormal system {¢,} in H such that

(a) each ¢, is an eigenfunction belonging to the eigenvalue Ay;
(b) |An] — +00 as n — +oo.

(iv) T is bounded if and only if o(T) is a bounded subset of R, and T is compact
if and only if o.s5(T") = {0} and there exists a complete orthonormal set
{¢n} of eigenfunctions belonging to the eigenvalue \,, and |A,| — 0.

Corollary 3.4. Let T be a self-adjoint operator, and assume that for some X\ the
resolvent (A — T)~! is compact. Then T has discrete spectrum consisting of a
sequence of eigenvalues repeated according to multiplicity {\,} such that |A,| —
+00 as n — +o00.

We concentrate our attention on operators bounded from below. A symmetric
operator T" defined on D is bounded from below, or semibounded, if there exists
c € R such that

(Tp,¢) > cl||¢|| for all ¢ € D.
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This condition implies that the dimension dim ker(A—T7) is constant in C\ [¢, +00)
and we have the following proposition (see, e.g., [138], pp. 136-137).

Proposition 3.5. Let T be a semibounded symmetric operator on D. Then T has
equal deficiency indices, and therefore admits at least one self-adjoint extension.
Furthermore, if ker(A—T"*) = {0} for some real \, then T is essentially self-adjoint
on D.

In the investigations of several questions related to the spectrum of a self-
adjoint operator, as well as problems like the existence of self-adjoint extensions of
differential operators, quadratic forms associated to the operator are a very useful
tool.

A quadratic form defined on a dense domain D in Hisamap Q : DxD — C,
which is linear in the first entry and conjugate linear in the second entry. We say
that @ is

— Hermitian if Q(¢,v) = Q(v, ¢);
— bounded if |Q(¢, ¢)| < C||¢||* for some constant C;

— bounded from below, or semibounded, if it is Hermitian, and Q(¢, ¢) > c||¢]|?
for some c.

If @ is semibounded, the infimum of @ is defined by
Q9. 9)

inf ———=~,
0£peD  ||¢|]?
and @ is said to be positive if its infimum is > 0.
If @ is semibounded with bound ¢, then the Hermitian form

(¢»¢)Q = Q(d)ﬂ/)) + (1 - C)(d)vw)H

is an inner product on D(Q), and Q is said to be closed if D is a Hilbert space
with respect to (¢,1)q. From the definition of (, )¢ it is not difficult to see that
a form @ is closed if and only if

for every {¢n} € D(Q) such that
¢n — ¢ in H and Q(dn — Pm, Pn — dm) — 0 as n,m — +o0, (3.1)
then ¢ € D(Q) and Q(¢n — ¢, pn — ¢) — 0.

A form () which is bounded from below on a domain D is said to be closable if
there exists a closed form ' defined on a subspace D’ O D in ‘H which extends Q.
Note that the abstract completion of (D, (, )g) can always be defined. The issue
here is the possibility of identifying it with a subspace of H.

If @ is a semibounded quadratic form, a subspace D’ C D(Q) is a core for Q
if D’ is dense in D(Q) with respect to the inner product to (, )g. It is clear from
the definition that if @ is a closable form, then D(Q) is a core for its closure.
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Now let T be a self-adjoint operator on H. We may associate to it the Her-
mitian quadratic form @ defined via the spectral theorem as follows: identify T
with the multiplication operator My defined on L?(X, p1), then

D(Q)={¢ € L*(X,p) : |f"?¢ € L*(X, )}
Q6,¢) = /X Fou dp.

Since T is self-adjoint, f is real-valued. Then @ is a Hermitian form on the dense
domain D(Q) D D(T) and Q(¢,v) = (T'd,v) if ¢ € D(T). Further, T is bounded,
if and only if Q is bounded, i.e., |Q(¢, ¢)| < C||#||? for some constant C, and T is
bounded from below if and only if @) is bounded from below, and we have

Qo 9) .
07&(;;173@) T inf o(T).

Note that if T" is bounded from below by ¢, then T+ ¢ is non-negative, and it has
a unique self-adjoint non-negative square root (7' + c)l/ 2, and in this case

D(Q) =D((T+)'?) Q6,%) = (T + )26, (T +)'*9) — e, 9).
Furthermore, T' can be characterized in terms of ) as follows: ¢ € D(T) if and only
if ¢ € D(Q) and there exists k € H such that Q(¢, ) = (k, )y for all v € D(Q)
and then T = k.

Using (3.1), it is not difficult to see that if @ is the quadratic form associated
to the semibounded self-adjoint operator T', then @ is closed. In fact the closed
forms are precisely those which arise from semibounded self-adjoint operators.

Theorem 3.6. (sece [41], Theorem 4.4.2) Let QQ be a semibounded form defined
on a dense domain D(Q) C H. Then Q is closed if and only if there exists a
unique semibounded self-adjoint operator T on H such that Q is the quadratic
form associated to T.

Assume now that T : D(T) C H — H is a semibounded symmetric operator,
and let @) be the quadratic form defined by

D(Q) =D(T) Q,¢) = (Td,¢)n Vo,9 € D(Q).

Then @ is a closable, semibounded quadratic form. If Q is the closure of @, then
the associated self-adjoint operator T' is a self-adjoint extension of T' called its
Friedrichs extension. The operator T' is semibounded and in fact

. T
inf o(T) = n M
0£6eD(T)  ||9]]3,
From the above discussion we deduce that

D(T) = {¢ € D(Q) : Ik € H such that Q(4,v) = (k,¥)n, Vo € D(Q)},
T¢ = k.
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Further, T is the only self-adjoint extension of 7' with domain contained in D(Q)
We now come to the variational formula and minimax which are useful in
determining the eigenvalues of a self-adjoint operator which lie below the essential

spectrum.
Let T be a self-adjoint operator on H, and let
T T
N = inf ((;52’7(;5)”’ Ay = sup ((;52’7@”
0£6€D(T) ||9?]|x o£en(T) ||9%][H

It follows easily from the spectral theorem that o(T) C [A,, A,] and if they are
finite they belong to o(7T'). Further, T is bounded if and only if A, and A, are both
finite, and T is semibounded if and only if A,, which is called the bottom of the
spectrum of T, is finite.

When T is bounded from below, the variational characterization of the bot-
tom of the spectrum may be extended to describe the discrete part of o(T).

Let T be a semibounded self-adjoint operator with domain D(T") C ‘H. For
every finite-dimensional subspace £ C D(T') we define

NL) =sup{(Te,d)n : ¢ € L, ]|¢ll3, =1} (3-2)
and define

An = iinf{\(L) : LCD(T), dim L = n}. (3.3)
It is clear that )\, is a non-decreasing sequence, and that \; agrees with A, as
defined above. In fact we have (see [41], Theorems 4.51, 4.5.2, 4.5.3):
Theorem 3.7 (MiniMax). Maintaining the notation introduced above, we have the

following.

(1) If 0ess(T) = O, then the numbers X\, are the eigenvalues of T written in
increasing order, and repeated according to multiplicity, and X\, — 400 as
n — +00.

(2) If 0ess(T) # 0, then two cases may occur.

(i) There exists A < +oo, such that A, < A for every n and A\, — A as
n — 4oo. Then A = inf oess(T), o(T) N (=00, A) = {A\,} and A, are
eigenvalues of T.

(ii) There ezists A < 400 and N such that Ay < A but A, = A for every
n > N. Then A = inf o.s5(T), o(T)N(—00, A) = {\}2_; and A1 ... Ay
are eigenvalues of T.
(3) 0ess(T) is empty if and only if A, — 00 as n — oc.
(4) Let Q be the form associated to T with domain D(Q) and let D be a core Q.
For every n let
A, =inf{\(£) : L C D(Q), dim L = n},
N =inf{\(£) : LC D, dim L = n},
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then

An = A, = A1,
In particular, if T is essentially self-adjoint on the domain D', then we may
use D' instead of D in the definition of A,.

We conclude this review with a definition of the index of a self-adjoint oper-
ator. Let T be a self-adjoint operator, P the spectral projection associated to T,
and let W_ = P((—00,0))H ={p € D(T) : (T'¢,¢)n < 0} be the space where T'
is negative definite. We define the Morse index of T' to be the (possibly infinite)
number ¢ (T') = dimW_.

Note that

i(T) =sup{dim L : LCD(T) and (T'¢,p)n <0, Vo € L}

and that if D is a form core for the quadratic form associated to T, in particular,
if T is essentially self-adjoint on D, then we may use finite-dimensional subspaces
of D in the definition of i (T).

If i (T') < 400 we say that T has finite (Morse) index.

Theorem 3.8. Let T be a self-adjoint operator. Then:

(i) If i (T) < +oo, then T is bounded from below, inf o.ss(T) > 0, and the
negative part of the spectrum consists of finitely many eigenvalues {\n,}N_;
repeated according to multiplicity, and i (T) = N.

(ii) If T is bounded from below, and inf oess(T) > 0, then i (T') < +00.

(iii) 4 (T) < +oo if and only if T is bounded from below, and if having defined
An = inf{N(L) : LCD(T), dim L = n}

we have A, < 0 only for finitely manyn =1,2,...,N. In this case i (T) = N.

Proof. (i) Assume that i(T) = N < +o0, and let W_ = P((—00,0))H, where P
is the spectral projection associated to T', so that dimW_ = N, (T'¢, ¢) < 0 for
every ¢ € W_ and (T'¢,¢) > 0 for every ¢ € W+ N D(T). Since W_ is finite-
dimensional, and T is positive on W+ N D(T), it follows immediately that 7' is
bounded from below. Clearly we must have info.ss(T) > 0 (for otherwise the
index would be infinite). Moreover, by Theorem 3.7 (2), if A,, < inf 0¢45(T), then

An is an eigenvalue of T', and therefore A\, < 0 forn=1,..., N, while Ay4+1 > 0.
This proves (i) .
(ii) is clear, and (iii) follows from (i) and Theorem 3.7. O

3.2 Schrodinger operators on Riemannian manifolds

Let M be a complete Riemannian manifold, let A be its (negative semidefinite)

Laplace-Beltrami operator, and assume that ¢ € LyS.(M). For every open set
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Q € M we consider the Schrodinger operator
Lo=-A+ q

originally defined on C2°(€). In the case where Q = M we will simply write L
instead of L ;. It follows easily from the divergence theorem that Lq, is a symmetric
operator on C2°(Q2), which is associated to the quadratic form

Qalé.1) = / (Vb Vi) + a6,

If Lq is bounded from below (this is certainly the case if either ¢ is bounded
from below or if  is bounded), then denote its Friedrichs extension with the same
symbol. According to the discussion of Section 1, we have

info(Lq) = mf{w
Q

Note that in the case where Q = M and M is geodesically complete, if L is
bounded from below, then it is automatically essentially self-adjoint on CZ°(M).
See Theorem 3.13 below.

L0414 € CR(Q).

Proposition 3.9. Assume that Q is a bounded domain. Then Lo has purely discrete
spectrum consisting of a non-decreasing sequence of eigenvalues, repeated according
to multiplicity,

Further if Q C §, then for every n,

and therefore
i(La) < i(Lg).

Indeed, if Q has a sufficiently smooth boundary, by Rellich’s Theorem then
(A + L)' is compact if A is large enough, and the conclusion follows from Corol-
lary 3.4. In the general case, let ' O Q be a bounded domain with smooth bound-
ary. In the notation of Theorem 3.7 (with D' = C°(Q), C(§Y'), respectively), it
is clear that
)\n(LQ’) < )\n(LQ) Vn,

and since A,(Lg/) — o0, the conclusion follows from the variational principle
Theorem 3.7.

We now turn our attention to unbounded domains. We begin with a slightly
improved version of a result of W.F. Moss and J. Piepenbrink, [114], and D. Fisher-
Colbrie and R. Schoen, [54] (see [132]) which will play an important role in the
sequel.
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Lemma 3.10. Let (M, (, )) be a Riemannian manifold, and Q C M be a domain
in M and let q(z) € LS (). The following facts are equivalent:

loc

(i) There ezists w € CY(Q), w > 0, weak solution of
Aw —q(x)w =0 on

(ii) There exists ¢ € H} (Q), ¢ > 0, weak solution of
Ap—q(x)p <0 on &

(i) M (Lg) > 0.

Proof. We sketch the proof, which is a modification of the original proof in ([54]).
It is trivial that (i) implies (ii) . To prove that (ii) implies (iii) , observe that,
by our assumptions, ¢ satisfies

/<Vs07 Vp) +q(x)pp >0, Y0 <pe H (). (3.4)

For every € > 0, set 1. = log(p +¢€) € H,

/ (Ve V(1)) = / (Y2 ()

Then, given f € C°(92) we compute

loc

p+e
2 2
- ol s

> far s [T [ ps [ivapr,

where we have used inequality (3.4) applied to the non-negative compactly sup-
ported H! function f2/(¢ + €). We use the inequality

(Vbe, V(f2)) < 2IfIVFIIVe] < FIVYel® + |V

to estimate the left-hand side, and simplify to obtain

[viez= [ g,

and since ¢ € L., f2 € C2° and |p/(p + €)| < 1, we may let e — 0+ and apply
the dominated convergence theorem to conclude that

/lVfI2 > —/qu,

as required.
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We now come to the implication (iii) = (i) . Let {D,,} be an exhaustion of
by an increasing sequence of relatively compact domains with smooth boundary.
Since ¢g(z) € L{3.(Q2), and A\ (Lp,) > 0, by domain monotonicity, the Dirichlet
problem

(3.5)

(=A+q@uv=0 in D,,
v=1 on 0D,

has a solution v,, which belongs to C%%(D,,) N H%(D,,) for some 0 < a < 1 (see,
e.g., Theorems 8.6, 8.12 and 8.29 in [60]). Moreover, it follows from Theorem 1.1
in [159] (see also [59], Chap VII, Theorem 1.2) that v, € Cllo’c’B(Dn) for some
0 < B < 1 independent of n.

We claim that v, > 0 in D,,. By the maximum principle (see [60], p. 35,
and note that the result extends to functions in C! using a comparison argument
modelled, e.g., on [131], Prop. 6.1) it suffices to show that v, > 0. Assume by
contradiction that B, = {z € D,, : v,(z) < 0} # 0. Then, by the boundary
condition, B, CC D,, and v, = min{v,,0} € H}(D,) is a weak solution of the
differential inequality (—A + ¢)v,, > 0. Using the non-zero function —uv,; as test
function, we obtain

/|Vv;|2 + q(x) (v, )* <0,

contradicting the positivity of A\;(Lp,, ).
Now fix z, € Dg, and let

so that w, € C%%(D,) N Cllo’f (D). Furthermore, according to Theorem 8.20 in
[60] and Theorem 1.1 in [159], for every n there exists a constant C), such that for

every k > n,

Cyt < wi(z) < O,
|Vw,| < Cp,
|Vwi(z) — Vg (y)| < Crd(z,y)”

for every z,y € D,,.

The Ascoli-Arzeld theorem and a diagonal argument yield a subsequence
{wp,} which converges in C}, (Q2) to a C* function w which is a weak solution
of (—A + ¢)w = 0. Since wy(z,) = 1 for every n, w(z,) = 1, and, again by the
maximum principle, w > 0 on (2. O

Remark 3.11. As the proof shows, the function w belongs in fact to the space
C12(Q) for some 0 < B < 1. Further, if we assume that g(z) € C%(€2) for some

loc loc

0 <a <1, then w € C’Q’Q(Q) (see, e.g., [9], Theorem 3.55) and it is therefore

loc
a classical solution of Aw — ¢(x)w = 0 on . Finally, it is easy to see that the
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equivalences (i) — (iii) extend to the case where  is replaced by the exterior M\ K
of a compact set K, thus extending Proposition 1 in [53].

Our first application of the above lemma is the following theorem that shows
that —A + ¢ is bounded from below on M if and only if it bounded from below
on some exterior domain (see [13], Prop.1).

Theorem 3.12. Let M be a Riemannian manifold, then the following are equivalent:
(i) L is bounded from below on C°(M).

(ii) For any relatively _compact domain €} the operator Lypq is bounded from
below on C°(M \ Q).

(iii) There exists a relatively compact domain Q such that the operator Lypq is
bounded from below on C2°(M \ Q).

Proof. The only implication that requires proof is that (iii) implies (i). By as-
sumption there exists A € R such that

/|v¢|2 +(g+A)P* >0, YpeC(M\Q). (3.6)

By replacing ¢ with ¢ + A we may assume that A = 0.
Next let ', be a relatively compact domain with smooth boundary such that
Q cC Y, and let g1 € LY (M) be a function such that

loc
@ eC(Q), q<qonM, and q=gq; on M\Q,

where Q is a relatively compact domain such that Q' cC Q. Note that since q1 — g
is bounded and compactly supported on M, then —A+ ¢ = —A+q+ (g1 —q) is
bounded from below on C°((M \ ). Furthermore, since g1 — ¢ < 0 on M, then
if —A + ¢y is bounded from below on C°(M), sois —A+q=—-A+q — (g1 — q).

Thus it suffices to prove the assertion under the additional assumption that
q is smooth on .

By (1) and the previous lemma there exists v € C1(M \ Q) such that v > 0
and (—A +¢)v = 0 weakly in M \ Q, and, since ¢ € C*°(V'), then v € C>('\ Q).
Choose Q" such that Q cC Q” cC €. By modifying v in Q" \ €2, we may extend
v to a function on M, which we still denote v, such that

ve CHM)NC®(), v>0in M, (—A+q)v=0 weakly on M\ Q".

Finally, choose a smooth cut-off function ¢ such that ¢ = 1 in a neighborhood of
Q" and suppo CC .
Now let ¢ € C*(M), set w = logv and compute

2 2
/(Vw,V(¢2)) +q¢? = /(W,v(%) + f—va + q¢?
¢2

= /¢2|le2+ [(Vo, V() +a’]-
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Since (Vw, V(¢?)) < ¢*|Vw|? +|V¢|?, inserting into the above identity, simplify-
ing and writing ¢ = (1 — 0)¢? + 0¢? we deduce that

/|V¢>I2+q¢>2 = /(V%V(%Q)HWQ
= /(Vu,V(i(l —Ua)(i)z)) +q07(1 —Ua)d)z
2 o 2
/(W v( o9 )+ v%

2
Since W is C, non-negative, and compactly supported in M \ Q”, the first

integral on the right-most side vanishes by the assumption that v satisfies (—A +
2

q)v = 0 weakly on M \ Q”. On the other hand, since [Lf— is compactly supported

in € and v is there smooth, integrating by parts we see that the second integral

is equal to
/[—Av+qv - > B/(;S2

where B = min(—Av + gqv)o/v > —oo. Thus

[1vo + 62> -5 [ 1o

as required to show that —A 4 ¢ is bounded on C°(M). O

Our next result shows that if M is complete and L = —A + ¢ is bounded
from below on C2°(M), then L is essentially self-adjoint. This extends a classical
result for the Laplace operator due to M.P. Gaffney [56], and later obtained with
different methods by P. Chernoff, [37], and R.S. Strichartz [155]. The proof we
present, which is taken from [13], Prop. 2 i), is an adaptation of Strichartz’s proof.

Theorem 3.13. Let (M, (, )) be a complete Riemannian manifold, and assume that
L =—A+ q is bounded from below on C(M). Then L is essentially self-adjoint
on C2(M).

Proof. We may assume, without loss of generality, that L is bounded from below
by 1, that is

/ VoP + g6 > / &, Ve (M), (3.7)

Since L is symmetric and densely defined, according to Proposition 3.5 it suffices
to show that ker L* = {0}. Note that the adjoint L* is defined with domain
D(L*) = {f € L*(M) : 3B >0 : | [, [(~A+q)pda] < Bllol12 V6 € C=(M)}.
In particular, if f € D(L*), then the distribution (—A + ¢)f is in L? and equals
L*f.

Assume therefore that f € Ker (L*), i.e., (—A+q)f = 0. By elliptic regular-
ity, f € L*(M)NHL _(M). Since M is complete, given o € M, there exists a family
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of smooth cut-off functions ¢, s, 0 < r < s < +00, such that ¢, s =1 on the ball
B(o,1), ¢rs =01in M\ B(o, s) and |V¢, s| < C/(s —r) for some constant C' > 0
independent of r, s. Since ng)f,S is compactly supported and belongs to H'(M), by
the definition of the weak equality (—A + ¢q)f = 0 we have

_ 2 2,2 2 2_ 2 2
O—AJVﬁVU%JHﬁfQJ—/WKMmN+ﬁﬁ@g t/fW@A

> [(0r)? - & [r

where we have used (3.7) and the properties of V¢, 5. Setting s = 2r, and letting
r — oo we deduce that
0> / 2

and therefore f = 0 in L?(M), as required. d

Our next task consists in describing the bottom of the essential spectrum of
L. We will need the following technical lemma (see [13], p. 317-318).

Lemma 3.14. Let (M, (,)) be a complete Riemannian manifold, and assume that
L is bounded from below. Let X\ € 0css(L) and let K, K' be compact sets in M
such that K' is compactly contained in the interior Int K of K. Then there exists
a characteristic sequence {¢n} C C°(M) for L relative to A, a subsequence {¢],}
of {#¢n} and ¢ € L*(K) such that

(i) ¢n — ¢ in L*(K);
(i) wp = @hyyq — By, — 0 in L2(K);
(iii) Vw, — 0 in L2(K");
(iv) wy, is a characteristic sequence for L relative to A.

Proof. Let u,, be a characteristic sequence relative to A. Since L is essentially self-
adjoint on C°(M), we may find a sequence ¢, € C°(M) such that ||¢n|l2 = 1
Vn, ||un — énllz < 1/n and ||L(u, — ¢n)|l2 < 1/n. It is clear then that

(L = AN)¢nll2 — 0 and (¢n, ¢m)r2 < 2max{1l/n,1/m}, (3.8)
showing that {¢,} is a characteristic sequence relative to A.
Let x € C°(M) be a cut-off function such that y =1 in a neighborhood K3

of K. Since %@y, is bounded in L? and (L—\)¢,, — 0in L%, (x2¢n, (L—N)¢,)| — 0
as n — oo. In particular, we may assume that

- / Cbnln + / (¢ N2 <1 (3.9)
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for every n. On the other hand, integrating by parts,

= [ X20n80, = [(V0¢0).V0n) = [ XAVanl? + 2x0n(Vx, Vn)
> [(GIT0n = 200, [VX V6, + 26291
+ [0 =290 = [(G2I9n? — 282 9P)
whence, substituting in (3.9) and rearranging, we obtain
5 [C196.P <2 [V~ [a- 2k +1

<1+C ®?

n-
supp X

Since x is equal to 1 in the neighborhood K; of K, it follows that there exists a
constant C’ such that

/ Von|?> <C, Vn,
K,

and therefore ¢,, is uniformly bounded in L?(K7). By Rellich’s Theorem a subse-
quence {¢! } of {¢,} converges to a function ¢ in L?(K;). This proves (i) , and
therefore (ii) .

Since (L — A)¢p, — 0 in L?, (L — N)w,, — 0, as n — oo, and, by (3.8),

2
||wn||§ =2- 2(¢/2n+17¢/2n) > 2 - ﬁ,

[(Wn, wm)| <4max{1/n,1/m}, if m # n,

as needed to show that w, is a characteristic sequence relative to .

Finally, to prove (iii) we argue as in the first part of the proof. We choose a
cut-off function x; which is supported in K and equal to 1 in a neighborhood of
K’ and use the fact that (L — \)w, — 0, w, — 0 in L?(K) to conclude that there
exists a constant C7 such that

1 1
—/ |Vw,|? < —/X%|an|2§01/ w2 =0 asn— oo O
2 S 2 X«

We can now prove the following theorem that relates the bottom of the
essential spectrum of L to the bottom of the spectrum of the Dirichlet Schrédinger
operator on exterior domains.

Theorem 3.15. Let (M, (,)) be a complete Riemannian manifold, and assume that
L is bounded from below. For every relatively compact domain 2, denote by Ly g



3.2. Schrodinger operators on Riemannian manifolds 77

the Friedrichs extension of —A + q originally defined on C2°(M \ Q). Then

infoess(L) = sup inf o(Lynq)

QccM
= sup n e T
QCCM 00 (M\Q) ll#l]3

Proof. We begin by noting that the second equality in (3.10) follows from general
properties of the Friedrichs extension. Denote by A, and d. the left- and right-hand
side of (3.10), respectively, which are both finite since L and therefore L\ q are
bounded from below. Note also that A, € 0ss(L) since the latter is closed.

We first show that A < d.. Indeed, assume by contradiction that A, > .
and let 0 be such that d. < § < A.. By definition of d., for every 2 CC M,

JIVo]* +q9°

<4
0£6ECE (M\Q) 16113

and therefore there exists a non-zero ¢g € C°(M \ Q) such that

/ Vol + dléal® < 8lloalls

We may choose an exhaustion of M by relatively compact domains §j such that
for every k the function ¢q, = ¢ is supported in Q41 \ Q. Since the functions
@1 have disjoint support, they span an infinite-dimensional subspace £ of C°(M)
where L < § in the sense of quadratic forms. By the minimax principle, L has
infinitely many eigenvalues below §. But this is impossible since § < A and L is
bounded from below.

Next assume by contradiction that é. > A and let § be such that A\, < § < 6.
Using the definition of J. we deduce that there exists a relatively open domain 2
such that

info(Lypg) >0 > Ae. (3.11)

We are going to reach a contradiction, showing that Ae belongs to o(Lnq) (in
fact to aeSS(LM\Q).

Let K, K’ be compact sets such that Q) cC Int(K') C K’ cC Int(K) C K.
Since A\e € 0ess(L), we may find a characteristic sequence w,, for L relative to A,
with the properties listed in Lemma 3.14. Let € be a smooth cut-off function such
that § = 1 on a neighborhood of 2 and supp 6 C K’. Finally let v, = (1 — 0)w,,.
It is clear that ¢, € C2°(M \ Q) and therefore it belongs to the domain of Lyng-
We have

1L = Aedballe < 113 = O)(L = Ackonlle + 211(V0, Tesalls + [l
1/2 1/2
<IE = Nonlle+20( [ [9wal) " w0 o)
K’ K’
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and the right-hand side tends to zero as n — oo by the properties of w,,. Further-
more

(s ) 2 = /

M

|/M9(2—9)wnwm|SZ(//wi)l/z(/lwfb)l/z—>Oasn,m—>oo,

while (see the proof of the lemma)

WinWn — / 0(2 — 0)wpwm,
M

and

2

11
|/ Wmwn| < 4max{—, —}, if m #n, and /wiZQ——.
M n’m n

Thus ¢, is a characteristic sequence for L, q relative to Ae which therefore be-
longs to oess(Lang), as required to complete the proof. a

Our last task is to relate the index of the operator L with that of Lg. We
define a “generalized” Morse index by

i(L) =sup{i(Lg) : Q cC M}.

Recall that since Lq has purely discrete spectrum, i(Lq) is the number, counted
according to multiplicity, of the negative eigenvalues. Further, since C°(2) is a
core for the quadratic form Qg associated to Lgq,

i(La) =sup{dim L : L C C(Q) such that (Laep,¢)r2 <0,Ve € L}. (3.12)
Similarly, if L is essentially self-adjoint on C$° (M), then
i(L) =sup{dim £ : £ C C*(M) such that (Lo, p)r2 <0,Vp € L}.  (3.13)

Then we have the following result of Gulliver, [77], and Fisher-Colbrie, [53].

Lemma 3.16. Let (M, (, )) be a complete Riemannian manifold, and assume that
i(L) < +o00. Then there exists a compact set K such that A\i(Lynx) > 0.

Proof. Fix a reference point o € M, and let B,.(0) be the geodesic ball of radius
r centered at o. Since B,(0) is almost Euclidean for sufficiently small r, and the
bottom of the spectrum of the Dirichlet Laplacian of R™ on the ball Bg of radius
R grows like R™2, as is easily seen by a scaling argument, we deduce that there
exists a constant C' such that if r is sufficiently small,

C
[ et rarz(S-swud) [ o
B(0) r B.(0) B:(0)
for all ¢ € C°(B,(0), and therefore,

M (LB, (o)) >0 for r small enough.
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Let
r1 = 2sup{r : Mi(Lp, () > 0}.

If 1 = 400, then A\ (M) > 0, and we are done. Otherwise, note that if 1y <r <
211, then the Poincaré inequality on annuli (see the more general Theorem 5.8 of
Chapter 5), shows that there exists a constant C' = C(Ba,, (0)) such that

C
VP +¢62> (—C—— s g / &,
/B,,.(o) Vel ((7“—7“1)2 P | |> B, (0)\Br, (0)

\Br, (0) B;-(0)\Br, (0)

for all ¢ € C°(B,(0) \ By, (0)), and therefore,
MLy (o\Be) >0 for r close enough to ry.
.

Set
ro = 2Sllp{7’ >1rp Al(LBT(o)\m) > 0}

Again, if r = 400 we are done. Otherwise r1 < 13 < 400, and, by (strict) domain
monotonicity,

A1 (LBT2 (O)\—Brl (o)) < 0.

Iterating the construction we find a sequence r; < ro < --+ < 1 such that

(L 0.

B,,(0\Br,_, (o)) <

For every i let ¢; € C°(By,(0) \ Br,_,(0)) be such that

RES
Qr(i, ¢i) = w
|1#3l17

Thus @ is negative definite on the space W = span(¢;) , which is (k — 1)-
dimensional since the functions ¢; € C°(B,, (0)) have disjoint support, and by
definition

<0.

i(L) >i(Lp, ) > k—1.

It follows that the sequence r; must be finite, and that

A1 (LBT(O)\W) >0, Vr>rg, ie., A (LM\m) > 0.

Theorem 3.17. Let (M, (,)) be a complete Riemannian manifold.
(i) If L is essentially self-adjoint on C°(M), then i(L) = i(L).

(i) If (L) < +oo, then L is bounded from below, essentially self-adjoint on
C>®(M) and i(L) =i(L) < 4o0.
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Proof. (i) By assumption L is essentially self-adjoint on C°(M), and therefore
i(L) = sup{dim £ : £ C C*(M) such that (Lo, p)r> < 0Vep € L}.

Thus, if N < i(L) there exists £ C C°(M) such that dim £ = N and (L¢, ¢) < 0
for all € L. Since L is finite-dimensional, there exists 2 CC M such that supp ¢ C
C Q for every ¢ € L, and therefore i(Lg) > N. By definition i(L) > i(Lg) > N,
and we conclude that (L) > i(L).

To prove the reverse inequality suppose that E(L) > N. Again by definition,
there exists 2 CC M such that i(Lg) > N. Thus there exist £ € C°() such
that dim £ = N and (L, ¢)r2 < 0 for every ¢ € L, and clearly (L) > N. Thus
i(L) >4(L).

(ii) In view of (i) it suffices to show that L is bounded from below on CS°(M).

According to Lemma 3.16, there exists Ry such that Ay (LM\B (O)) >0, i.e.,

for every ¢ € C°(M \ Bpg,(0)) we have

Q6,) = / Vo[ + g > 0. (3.14)

Fix R > R, suitably large, and let 0 < x < 1 be a smooth function such that
x =0 on Bg(o), x =1o0n M\ Bag(o) and |[Vx| < 2/R. Set n =1 — (1 —x)?; then
n=0on Bgr(o), n=1o0n M\ Bar(o) and Vi = —2(1 — x)Vx so that

16

16
Vnl? = 4(1 = x)*|VxI* < 51 =) < 55

< 1—7%). (3.15)

Given ¢ € C°(M) we write

Qé,9) = / Vo + g6? = / (1= ) (VP + ad?) + / (VP +¢6%). (3.16)
Since
IV = |V(nd)|* — ¢*|Vn|*> — 20¢(Ve, Vi)
> V@) — (1 + Vi) — 2|V |VoP,

we may estimate

/ (V6P + ad?) = Qnd, ) — / (1+ [Vnl?)? - / V2|V

>-c [¢ -5 [a-p)vep

where we have used the fact that, since n¢ € C°(M \ Bg,(0)), Q(no,ng) > 0 by
(3.14), and (3.15). Inserting into (3.16) we have

Q6.9)2 (1~ g) [ =199 ~(C+ s Ja) [ 62 ¢ [ ¢

provided R > 4, with C" = (C +supp, (o) |g|)- Thus L is bounded from below on
C°(M) as required. O
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As a corollary we have a partial converse of Lemma 3.16.

Corollary 3.18. Let (M,(,)) be a complete Riemannian manifold. Assume that
there exists a relatively compact domain ) such that

A1 (LM\ﬁ) > 0.

Then i(L) < 4o0.
Proof. Indeed, since L M@ IS bounded from below, L is bounded from below, and
essentially self-adjoint on C'°(M). Since

inf oes5(L) = sup /\1(LM\§) >0,
QccM

we conclude that i(L) = i(L) < +oo. O

Observe that the conclusion of Lemma 3.16 is that if i(L) < oo, then there
exists a relatively compact domain Q such that \;(L M\ﬁ) > 0. In this respect it
should be remarked that in general the strict domain monotonicity fails for the
bottom of the spectrum of L on external domains, as the case of the Dirichlet
Laplacian on external domains of R™ easily shows.

We also observe that, if we assume that for some p > 2 an L2-Sobolev

inequality of the form
p—2
51 (/v) < [1vor (3.17)

holds for every v € C° (M), and that the negative part of the potential ¢_ belongs
to L% (M), then an easy argument shows that A, (Lan k) > 0 provided the compact
K is large enough. Indeed, for every v € C°(M \ K) we have

Jor s B ()7 s, o) [

Since ¢_ € L%, we may choose K so large that

2
S—l/ ?)" <1,
P (M\K >

/IWI2 +qu® > /IWI2 —q-v* >0,

as required. In particular, under the present assumptions, inf o.ss(L) > 0.

In fact, G.V. Rozenbljum, [141], M. Cwikel, [39], E. Lieb, [109], were able to
estimate the index of the operator —A + ¢ on R™ in terms of a multiple of the
L™/2 norm of ¢_. Later, Li and Yau, [106] improved the constant, expressing it in
terms of the Sobolev constant S,. We state below the result in the form given by
Li and Yau.

and therefore
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Theorem 3.19. Let (M, (,)) be a complete Riemannian manifold, and assume that
the L2-Sobolev inequality (3.17) holds for some p > 2, some constant S, > 0 and
every v € C°(M). Assume that g € LS (M) is such that

¢- (x) = max (—q(z),0) € L% (M).

Then the Schridinger operator L = —A+ q is bounded from below, essentially self-
adjoint and has non-negative essential spectrum. Further, there exists a constant
C =C(m,Sp) >0 such that



Chapter 4

Vanishing results

4.1 Formulation of the problem

As we mentioned in the introduction, the aim of this book is to present a unified
approach to different geometrical questions such as the study of the constancy of
harmonic maps, the topology at infinity of submanifolds, the L?-cohomology, and
the structure and rigidity of Riemannian and Kéhlerian manifolds (see Sections 6.1,
7.4,7.5, 7.6, 8.1, and Appendix B).

The common feature of most of these problems lies in the fact that one iden-
tifies a suitable function ¥ whose vanishing or, more generally, constancy, is the
analytic counterpart of the desired geometric conclusion, and, using the peculiar-
ities of the geometric data, one shows that the function 1 satisfies a differential
inequality of the form

YAY + a(z)? + A|V2 >0 (4.1)

weakly on M, as well as some suitable non-integrability condition. Typically, 1
represents the length of a section of a suitable vector bundle.

This is reminiscent of Bochner’s original method: in the compact case, and
under appropriate assumptions on the sign of the function ¢ and of the coefficient
a(z), one concludes with the aid of the standard maximum principle.

In the non-compact case, one could conclude using a form of the maximum
principle at infinity, see for instance [31] and the very recent [131], where, in some
cases, one can also relax the boundedness conditions on .

In the general case however, where no sign condition is imposed on a(x)
and/or the function % is not bounded, this method is not feasible.

The compactness of the ambient manifold is now replaced by the assumption
that there exists a positive solution ¢ of a differential inequality suitably related
to (4.1),

Ap+ Ha(x)p <0. (4.2)

Combining the two inequalities enables us to rephrase the vanishing of 1 into an
appropriate Liouville-type result.

We note that the existence of a positive solution to (4.2) is equivalent to
the non-negativity of the bottom of the spectrum of the Schrédinger operator
—A — Ha(z) (see Lemma 3.10 above), and one could interpret the condition on
its spectrum as a sign condition on a(z) in a suitably integrated sense. We also
remark that a somewhat related approach has been used by other authors, see,
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e.g., P. Berard, [11]. However, he uses the condition on the spectral radius directly,
and is therefore forced to restrict consideration to the L? case.

The main analytical tool used in proving our geometric results is a Liouville-
type theorem for locally Lipschitz solutions of differential inequalities of the type

udiv (pu) >0

on M satisfying suitable non-integrability conditions (see Theorem 4.5 below).

Applying this result to a function u constructed in terms of ¥ and ¢ yields the
vanishing result for solutions of (4.1) alluded to above. The fairly weak regularity
assumptions imposed on u are indeed necessary in order to treat the geometrical
problems at hand.

4.2 Liouville and vanishing results

Theorem 4.1 below is a generalization of a Liouville-type result originally due to
by H. Berestycki, L. Caffarelli and L. Nirenberg,[14], in a Euclidean setting. See
also Proposition 2.1 in [6]. We remark that in the general case of a Riemannian
manifold, the Euclidean technique works as well but does not yield the sharp result
we are going to describe. We also note that when ¢ = 1 we recover a classical result
of Yau’s, [168].

Theorem 4.1. Let (M, (, )) be a complete manifold. Assume that 0 < ¢ € LS (M)
and u e LY (M) N WL2(M) satisfy

loc

udiv (¢Vu) > 0, weakly on M. (4.3)

If, for some p > 1,

(f i IUI”@)_l ¢ L' (+00), (1)

Proof. We begin by observing that assumption (4.3) means that, for every 0 <
o € C*(M), we have

then u is constant.

0<— /(V(au),chu) =— /{(VJ, puVu) + po|Vul?}, (4.5)

and it is therefore equivalent to the validity of the differential inequality
div (puVu) > p|Vu|? (4.6)
in the weak sense on M. Further, by a standard approximation argument, in-

equality (4.5) holds for every 0 < o € L>(M)NWH2(M) compactly supported in
M.



4.2. Liouville and vanishing results 85

Next, let a(t) € C1(R) and b(t) € C(R) satisfy
(1) a(u) >0, (i) a(u) + ua’(u) > b(u) >0 (4.7
on M, and, for fixed €,t > 0, let ¥ be the Lipschitz function defined by

1 if r(z) <t,

t+e—r(z)
€

Ye(z) = if t <r(x) <t-+e,

0 if r(z) >t+e.
The idea of the proof is to apply the divergence theorem to the vector field
a(u)upVu. We use an integrated form of this idea in order to deal with the weak
regularity of the functions involved.

For every non-negative compactly supported Lipschitz function p, we com-
pute

- [awvp puvu)
=— /(V(pwea(u)) — pbea (u)Vu — pa(u) Ve, puVu)
> /pwego|Vu|2[a(u) +ad' (w)u] + pa(u)(Vipe, puVu)
5 1
> [ vl =2 [ patwelul vl

where the first inequality follows from (4.6) using as test function ptpea(u), which
is non-negative compactly supported and belongs to L> (M) N W12(M) because
of the assumptions imposed on a, u, ¢, ¥, and p, while the second inequality is a
consequence of (4.7) (ii) , and of the Cauchy—Schwarz inequality.

Choosing p in such a way that p = 1 on By, the integral on the leftmost
side vanishes, and, applying the Cauchy—Schwarz inequality to the second integral
on the right-most side and rearranging, we deduce that

| opwiva
1/2 1o
1 a(U)z U2 1 u u2
: <€/Bt+e\Bt b(u) * ) (6 /BHE\Bt bw)elVul ) - (48)

H(t) = /B b(w)| V2,

it follows by the co-area formula (see Theorem 3.2.12 in [51]) that

1

H(#) = lim / b(u)g|Vul? = / b(w) | Vu[2H™ for ae. £,
e—0+ € Biyc\B: 8B,

Setting
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Here H™~! denotes the (m — 1)-dimensional Hausdorff measure on dB;, which
coincides with the Riemannian measure induced on the regular part of 0B, (the
intersection of dB; with the complement of the cut locus of o, see [51], 3.2.46, or
[30], Proposition 3.4).

Since the same conclusion holds for the first integral on the right-hand side
of (4.8), letting e — 0+ in (4.8) and squaring, we conclude that

H(t)? < < /8 N “b(g;); gou2> H'(t) forae. t. (4.9)

At this point the proof follows the lines of that of Lemma 1.1 in [138]: assume by
contradiction that u is non-constant, so that there exists Ry > 0 such that |Vu|
does not vanish a.e. in Bg,. Then for each t > Ry, H(t) > 0, and therefore the RHS
of (4.9) is also positive. Integrating the inequality between R and r (Ry < R <)
we obtain

HR) ™' >H(@R) ' —HrF) ! > / (/83 @Cbb(&); UP)l. (4.10)

R

Now, we consider the sequence of functions defined by

an (t) = <t2—|— %) , bp(t) =min{p — 1,1} a,(t) , Vn € N.

Since condition (4.7) holds for every n, so does (4.10), whence, letting n — +o00
and using the Lebesgue dominated convergence theorem and Fatou’s lemma we
deduce that there exists C' > 0 which depends only on p such that

—1 r -1
([ etarvae) e[ ([ aur) a
Br R \JoB,

The required contradiction is now reached by letting »r — +o00 and using assump-
tion (4.4). O

As the above proof shows, the conclusion of the theorem holds if one assumes
that 0 < p € L} (M) and u € Lipjoe(M).

We observe that condition (4.4) is implied by u@'/? € LP(M). Indeed, if this
is the case and we set f = [ 9B, |u|Pe, then the assumption and the co-area formula

show that f € L!(400), and by Hélder inequality

r r -1
/f_lz(T—TO)Q(/ f) — 400 as r — 400.

We also note that the conclusion of Theorem 4.1 fails if we assume that p =1
n (4.4). Indeed, taking ¢ = 1, (4.3) reduces to uAu > 0, and P. Li and R. Schoen
have constructed in [95] an example of a non-constant, L', harmonic, function
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on a complete manifold. Indeed, let (M, (,) be a model manifold in the sense of
Greene and Wu, namely M = R™ as a manifold, with the metric given in polar

coordinates by
(,) =dr* + o(r)do?,

where df? denotes the standard metric on the unit sphere S~ !, and ¢ is a smooth
odd function on R which is positive for r > 0 and such that ¢’(0) = 1.

Choose a non-negative non-identically zero compactly supported smooth
function a(t), and define the non-negative function

u(zx) = /OT(I) U(t)(ml){/ot a(s)o(s)™ ! ds}clt7 (4.11)

where r(z) denotes the distance function from 0. It is easily verified that wu is

smooth, and satisfies
Au = a(r(x))

on (R™,(,)), and it is therefore a non-constant non-negative subharmonic func-
tion. Since w is radial, for ease of notation we will write u(r). If we specify o to
be o(t) =t for t € [0, 1], and such that

B t2(log t)*

o(t) = (t(logt)e)fl/(mfl) exp( p—

for t € [T,, +00), for some € > 0, and T, > 1 sufficiently large, then it is easy to
check that
u(r) ~ Cexp(r?(logr)©)

Cl
U~ ——
/8& r(logr)e

as r — +o0o. Thus, if € > 1, then u is a non-negative, integrable subharmonic
function on M. We note that in this case, the manifold (M, (,)) has finite volume.
Finally, we remark that Theorem 4.1 generalizes [14] (see the proof of Propo-
sition 2.1 therein) in two directions, even in the case where M = R™. First, in
their case p = 2; secondly they replace (4.4) by the more stringent condition

/ quo < COr?
B

for some constant C' > 0. To see that the latter implies (4.4) simply note that its
validity forces

and

r
fB,, up
which in turn implies (4.4) (see, e.g., [138], Proposition 1.3). Furthermore, although

the approach used in [14] is applicable also in the case of Riemannian manifolds,
in this general context, it does not yield a sharp result.

¢ L' (00)
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We apply Theorem 4.1 to prove a uniqueness result for harmonic maps which
largely improves on previous work in the literature. We recall that a ball Bg (q)
in a Riemannian manifold (N, (,)) is said to be regular if it does not intersect the
cut locus of ¢, and, having denoted by B > 0 an upper bound for the sectional
curvature of N on Bpg (q), one has VBR < /2. Let g, be the function defined by
the formula

[ if B=0,
B (t) = 1(1_(305(\/_15)) if B> 0.

Assume that f,g : (M,(,)) — Br(¢) C N are harmonic maps taking values in
the regular ball BR(q) and define functions ®,, o, u : M — R by setting

®(x) = —log (cos(v/Bdisty (g, f(z)) cos(\/EdistN(q,g(x))> ,
@ and  u=p(x) " gp (disty(f(2), g(2))) -

Clearly, u > 0 and, since f and g take values in the regular ball Br(q), there exists
a constant C' > 1 such that

(4.12)
p(z) =

C*1§w§1 and

O st (@), 0(@))? < u(e) < Clistn(f(a) o)
on M. Further, a result of W. Jidger and H. Kaul [86] shows that
div (pVu) >0 on M,
and therefore, “a fortiori”,
udiv (pVu) > 0 weakly on M. (4.14)

With this preparation we have the following uniqueness result:

Theorem 4.2. Maintaining the notation introduced above, let f,g : M — N be
harmonic maps taking values in the regular ball Br(q) C N, and assume that, for
somep > 1,

distn (f,9)* € L*(M). (4.15)
In case p =1, assume also that
C
/ disty (f,9)? < (4.16)
OB, rlog r

for some constants C, 3 > 0 and for r (z) >> 1. If vol(M) = +oo, then f = g.

Proof. As noted above, the functions ¢ and w satisfy (4.14), and, according to
(4.13), the integrability condition (4.15) implies that

pu’ = o' Pqp (disty (f(2), 9(2)))" € L'(M).
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(e} s

If p > 1, we can use Theorem 4.1 above to deduce that u is constant, that is, there
exists a constant C7 > 0, such that

g (distn (f(2), 9(2))) = Crp(2).

Since vol (M) = 400 and ¢ is bounded away from zero, the integrability condition
(4.15) forces C1 = 0 and therefore disty (f(z), g(x)) = 0, as required.

The case p = 1 is a consequence of the following version of Theorem 4.1
above. O

In particular

Theorem 4.3. Let (M, (,)) be a complete manifold. Assume that 0 < p € L? (M)
and u € Lipioe (M) satisfy

div (pVu) >0  weakly on M.

If u>0 and

(i) / pu < Cﬁ o (i) u(e) < Cer@”’ (4.17)
9B, rlog” r

for some constants C, 3 > 0 and r (x) > 1, then u is constant.

Proof. We suppose that u is non-constant to get a contradiction. Thus, we proceed
as in the proof of Theorem 4.1 above to arrive at

(foworme) = [{[, 0]

for r > R > Ry sufficiently large and where the functions a € C! (R) and b €
C° (R) satisfy

(i) a(u) >0; (ii) @' (u)>b(u)>0on M. (4.19)

Now, for every fixed n > 1, and for every ¢ > 0, we let

1
an(t)zlogﬁ <1+log (1—|—t+ E))’

Blog” ' (1+1log (1+t+ 1))
(I+log(1+t+ 1)) (1+t+ 1)

b () = a, () =

It is easy to verify that there exists a constant v = v () > 0 such that, for every
s> 0,

log' ™ (1 +log (1 +5)) < s (1 +log™™ (1 4 log (1 + s)))
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and therefore

an (t)z
by, (t)

< lv (l—i—t) (1+log<1+t+l)> (1+1og1+@ (1+log(1+t+l>)>.
B n n n

We substitute a,, b, into (4.18), let n tend to infinity in the resulting inequality
and use the dominated convergence theorem and Fatou’s lemma to deduce the
existence of a constant C' > 0 such that

{/ @IVUIQM } (4.20)
Br (1+u)(1+log(l+w))log (1+1log(1+w))

>C/RT{/M ou (1 +1log (1 +u)) (1+1og1+ﬁ(1+1og(1+u)))}1.

On the other hand, by (4.17),
/ ou (1 -+ log (1 +u)) (1-+1og"™ (1 +log (1 +w)))
oB,
<C out® (logt)' 7 < Ctlogt.
OB
By letting r — 400, this contradicts (4.20). a

When (N, (,)) is a Cartan-Hadamard manifold, namely, a complete, simply
connected manifold of non-positive sectional curvature, the above proof yields the
next

Theorem 4.4. Let (N, (,)) be Cartan—Hadamard and let f,g : M — N be harmonic
maps such that, for some p > 1,

distn (f(x), g(z))?P € L* (M) (4.21)
and, for p=1, add the conditions

. . 9 C
(i) /8 st (7(2),))* <

rlog

5 () dist(f (@), g(2))2 < Ce™” (4.22)

for some constants 3,C > 0 and for r (x) large enough. If vol (M) = 400, then
f=9

As we pointed out after the proof of Theorem 4.1, an L'-Liouville-type the-
orem for subharmonic functions is in general false if we do not require some extra
assumptions. This explains the role of assumption (4.22) in Theorem 4.4 when
p=1.

We now come to the following consequence of Theorem 4.1, which will be the
main ingredient in the geometric applications of Chapter 6 below.
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Theorem 4.5. Let (M, (,)) be a complete manifold, a(x) € L{S.(M) and let ¢ €
Lipioc(M) satisfy the differential inequality
YAY + a(z)y? + A|Vp]2 >0 weakly on M (4.23)
for some A € R. Let also ¢ € Lipioc(M) be a positive solution of
Ap+ Ha(x)p <0, weakly on M, (4.24)

for some H such that
H>A+1, H>0. (4.25)

If )
(/|ww“0 ¢ L (+00) (4.26)
OB,

for some 3 such that

A<pB<H-1, 8> -1, (4.27)
then there exists a constant C € R such that
Cp = [l sgn . (4.28)

Further,

(i) If H—1> A, then v is constant on M, and if in addition, a(x) does not
vanish identically, then v is identically zero;

(i) If H—1= A, and ¢ does not vanish identically, then @ and therefore |p|*
satisfy (4.24) with equality sign.

Proof. Set, for ease of notation, a = %, and let u be the function defined by

u=¢ y|’y,

so that the first assertion in the statement is that w is constant on M.
Noting that the restrictions imposed on 3, and Lemma 4.12 in the Appendix
at the end of this section, imply that u € C°(M) N W,>?(M). Moreover,

loc

[l = [wpe,

so that (4.26) implies that (4.4) holds with ¢ in place of ¢, and p = 2, the con-
stancy of u follows from Theorem 4.1 once we show that the differential inequality

udiv (@QQVu) >0 (4.29)

holds weakly on M. i.e. (see the beginning of the proof of Theorem 4.1), that for
every non-negative, compactly supported function p € L>(M) N WH2(M), we
have

I'= /[W’QQUVU,VP} + ¢*¥|Vul?p] < 0.
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Using the definition of u, and Lemma 4.13, we compute
Vu = —ap™ e 9V + (8 + 1)e [’ Vy

whence

1= @+1) [(V6.00P95) o [ 0P (T4, V)
2
+ [+ rprwpeiwopos e T2,
_ 28, , V¢
2a(9+1) [ 100! 250, (@)

We first consider the first integral on the right-hand side, and assume that § < 0,
the other case being easier. Since

W2 + )7y V| <[PPIV = [P ) 7Vl € L,

by Lemma 4.13, by the dominated convergence theorem,

[ 0P (w090 = i [+ 9Pu(0.Vp)
28+ 1)y? + €
7t

According to (4.23), for every non-negative, compactly supported function o €
W1’2 (M),

=t { 90,9002 + 970 - 2+ 0 Vo). @31

[ 6w < [ (@ + AveP)o.

Applying the above inequality with o = p(¢? 4 €)?, and applying the dominated
convergence theorem, we deduce that

2p
i, L wu = o+ ) [ WU,

and
lim / (VY, V[ +e)Pp]) < lim / 2)p? + AV 2] (4% +€)Pp
— [Ta@lP*+ + Al (96
Inserting these expressions into (4.31) we conclude that

/ 2 (Ves, Vo) < / [a(@) P22 + (A— 26— DI IVePlp.  (432)



4.2. Liouville and vanishing results 93

In a similar, but easier way, using (4.24) one verifies that
—/so—1|w|2ﬁ+2<w,w>

2
< [1-maaorse o o i vae. @

Substituting (4.32) and (4.33) into (4.30), and recalling the value of « and the
condition satisfied by (3, we conclude that

B+1-—H V2
(e
as required to show that (4.29) holds.

In particular, ¥ has constant sign, and if we assume that 1) Z 0, multiplying

1 by a suitable constant we may assume that ¢ is strictly positive, and

=1
Inserting this equality into (4.24) we have
HYH 2 [ Ay + (H = 1)| VY[ + a(z)y?] <0, (4.34)

whence, multiplying (4.23) by Ht~2, and subtracting the resulting inequality
from (4.34) we obtain

H[(H —-1)— AJp"2|Vy|* <0. (4.35)
Thus, if H —1 > A, |[V¥|?> = 0, and % and therefore ¢ are constant. It follows
from (4.24) that

Ap+ Ha(x)p = Ha(z)p <0, so that a(z) <0,
while, (4.23) implies that
VAP 4 a(z)p? + AVY|? = a(z)y? > 0 so that a(x) >0,

and we conclude that a(z) = 0. In particular, if a(z) # 0, then ¢ must vanish
identically.

Finally, assume that A = H — 1, and that ¢ does not vanish identically, so
that, as noted above, we may assume that 1 is strictly positive, and that ¢ = .
On the other hand, it follows from (4.24) and Lemma 3.10 that there exists a
positive C'! function v satisfying

Av+ Ha(z)v =0 weakly on M. (4.36)

Repeating the argument with v in place of ¢, we deduce that there exists ¢ # 0
such that

=yt =

Thus ¢ is a positive multiple of v and we conclude that it also satisfies (4.36). O
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We remark that Theorem 4.5 fails if the exponent 2(3+1) in the integrability
condition (4.28) is replaced by p(8 + 1) for some p > 2. Indeed, it was shown in
[16] that if a(z) and b(x) are non-negative continuous functions on R™ satisfying

(m —2)
1

(m—2)

2
a(z) < |:10|_2 , a(x)= 1 |:10|_2 if |z > 1

and
|x|(m72)(071)/2

b(z) =

for some o > 1, then the equation

if 1
(log o) (loglog [#]) (log loglog [«])? "~
Au+a(x)u —b(z)u® =0 (4.37)
has a family of positive solutions u, (o > 0) satisfying
ua(0) = a and  uq(z) ~ |z~ D 2 log |z as |z| — +oo.

In particular, u,, is a solution of (4.23) with A = 0, and

/6 [ug |9 = r1+(m*2)(2*q)/2(10g ),
B,

() palt)” € 22o0)

r

so that

for every ¢ > 2.
On the other hand, it is well known that in this case Ay ([—A — a(x)]Rm): 0,
so there exists a positive solution ¢ of

Ap+a(z)p=0 on R™ (4.38)

(see, e.g., [19], Lemma 3 and subsequent Remark 4). Since in this case H = 1,
applying Theorem 4.5 we would conclude that

CP = Uq

for some constant ¢ which is necessarily positive, since both u, ¢ > 0. But then
uq would be a solution of (4.38) and this is impossible since it satisfies (4.37) and
b is non-zero.

We also note that a minor modification of the above proof yields the following

Theorem 4.6. Let a(x), b(z) € CY(M) and assume that b(z) > 0. Let H > 0,
K > —1 and A € R be constants satisfying

A<HEK+1)-1, (4.39)
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and suppose that there exists a positive Lipioc(M) solution of the differential in-
equality

[Vel?
Ap+ Ha(z)p < —K——— on M. (4.40)
¥
Then the differential inequality
ulAu + a(x)u? — b(z)ut > —A|Vul?, oc>1, (4.41)

has no non-negative Lip;o.(M) solutions on M satisfying
suppun{x e M : b(z) >0} #0 (4.42)

and

(/83 uw“))_l ¢ L'(+00), (4.43)

for some (8 satisfying 3 > -1, A< < H(K+1)—1.
As an immediate corollary of Theorem 4.5 we have

Corollary 4.7. Let a(xr) € LS(M), A € R, H> A+ 1,H > 0, and set 'L =

—A — Ha(z). Assume that 1 € Lipioc(M) is a changing sign solution of (4.23)
satisfying (4.26) for some 3 such that 3 > —1, A < 3 < H—1. Then A\ (L) < 0.

Proof. Assume by contradiction that A;(’Ljs) > 0. By Lemma 3.10 there exists
0 < ¢ € C1(M) satisfying Ap+ Ha(x)p = 0 on M. By Theorem 4.5, there exists a
constant C such that Cp = || ~14), and since 1) changes sign, while ¢ is strictly
positive, this yields the required contradiction. O

In the case of Euclidean space, the integrability condition (4.26) follows as-
suming a suitable upper estimate for ¢, and yields the following (slight) improve-
ment of [14] Theorem 1.7.

Corollary 4.8. Let a(x) € LS. (R™), and let ¢ € Lipjo.(R™) be a changing sign
solution of
YAY +a(z)y? >0  on R™,

such that, for some H > 1,
[¥(x)] = O(r(m)*(mﬂ)/QH(logr(x))1/2H>, as r(z) — +oo.

If 'L = —=A — Ha(x), then A1 (¥Lgn) < 0.

Similar results can be obtained on Riemannian manifolds where vol 9B, sat-
isfies a suitable upper bound. This in turn follows, by the volume comparison
theorem, from appropriate lower bounds on the Ricci curvature (see, Section 2.2
and [20], Appendix). We leave the details to the interested reader.

Theorem 4.5 yields also the following generalization of Theorem 2 (and Corol-
lary 2) in [54].
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Corollary 4.9. Let (M, (,)) be a complete manifold, and let a(x) € L2 (M) and
A < 0. Suppose that ¢ € Lipoc is a non-constant weak solution of the differential
inequality

YA +a(z)p? + A[VY[* >0,
satisfying

(/63 | 1&2)71 ¢ L' (+00). (4.44)

Then, there exists H, € [0,1) such that, for every H > H,, the differential in-
equality
Ap+ Ha(z)p <0 (4.45)

has no positive, locally Lipschitz weak solution on M, while if 0 < H < H,, such
a solution of (4.45) exists.

Proof. Recall that, according to Lemma 3.10, the existence of a positive, locally
Lipschitz weak solution of (4.45) is equivalent to

(L) >0,

where L = —A — Ha(x).
Observe next that if 0 < H; < Hs, then, by the variational characterization
of the bottom of \; (HL), we have

A (L) > %Al(H%). (4.46)

(see the argument in the proof of Theorem 2 in [54]). Thus, if we denote by S the
set of H > 0 such that (4.45) holds, S is not empty, since A;(—A) > 0, and if Hy
is in S, then so is Hj.

An application of Theorem 4.5 with A < max{A4,0} = 0= =H —1
implies that if H = 1, then (4.45) has no positive locally Lipschitz solution, for
otherwise ¥ would necessarily be constant, against the assumption. Thus 1 & S,
and H, =supS <1

Now one concludes as in Corollary 2 in [54] showing, by an approximation
argument, that S is closed, so that 1 > H, € S. O

To see that Corollary 4.9 implies Theorem 2 and Corollary 2 in [54], it suffices
to observe that if ds? = pu(z)|dz|? is a complete metric on the unit disk D, with
Gaussian curvature K, then v = = '/2 is a non-constant solution of

YAY — Ky? = |Vy?

and
/wzdvoldsz = //flu dxdy = vol gy (D) < +o0.
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According to the remark after the proof of Theorem 4.1, condition (4.44) holds,
and Corollary4.9 implies that there exists H, € [0,1) such that equation

Ap—HK(z)p=0
has no positive solution if H > H, and has a positive solution if 0 < H < H,.

Following the above line of investigation, we are naturally led to the next
result, which extends some known facts in minimal surfaces theory to minimal
hypersurfaces of Euclidean space; see Corollary 4.11 below.

We recall that a minimal hypersurface f : (M™,(,)) — R™*! is stable if it
(locally) minimizes area up to second order or, equivalently, if the bottom of the
spectrum A; L) of the operator L = —A — |II|? is non-negative. Here |II| denotes
the length of the second fundamental tensor of the immersion.

We also recall that a Riemannian metric (,) on a (generic) manifold M is
said to be a pointwise conformal deformation of a metric (,) if there exists a

positive function p € C* (M) such that (,), (v,w) = p? (2) (, ) (v, w), for every
e M andv,we T, M.

Theorem 4.10. Let f: (M™,(,)) — R™! be a complete, stable, minimal hyper-
surface of dimension m > 2. Then (,) cannot be pointwise conformally deformed

to a Riemannian metric (,) of scalar curvature S(x) < 0 and finite volume.

Proof. We first consider the case where m > 3. By contradiction, we assume that
there exists a conformal metric (,) on M with scalar curvature S(z) < 0 and

finite volume \,/\O/I(M ) < +00. Denoting by S(x) the scalar curvature of the original
metric, minimality and the Gauss equations imply

S(z) = — [ (z)]*. (4.47)

According to Lemma 3.10, the stability of f is then equivalent to the existence of
a positive solution ¢ € C* (M) of

Ap—Sx)p=0 on M. (4.48)
Setting
_4m-1 _ __ 1
H = — > 1; a(x) = HS(x),

we can rewrite (4.48) in the form
Ap+ Ha(x)p =0 on M.

Now, let
(y=vm2(,). (4.49)
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Then the smooth positive function ¢ is a solution of the Yamabe equation, and,
since S (z) < 0, we deduce that

1 -~ m
A+ alx)y = —ES(x)w Wt > 0, on M. (4.50)
Since
/ Y=z dvol = vol(M) < +o0

M
we have 1

7 ¢ L' (+00)

faBr(o) wQ(ﬁ+1)
where 5

f= m—2
satisfies
0<fB<H-1.

Applying Theorem 4.5, case 1, with A = 0 we therefore conclude that v, and
therefore ¢, is a positive constant and S () = 0. According to (4.47) and (4.49)

we deduce that f (M) is an affine hyperplane and hence (M y (s )) is homothetic

to (R™, can) . But this clearly contradicts the assumption that vol (M) < +oc.
The case m = 2 is completely similar. This time, we replace (4.49) with

(,)=v%(,)
and, instead of (4.50), we use the corresponding Yamabe equation
VAP — S (2)9° = =S () + VY.

Thus, v satisfies
YAY = 5 (2)¥* > [V

Since
/ Y2dvol = vol (M) < 400
M
we have 1
-— ¢ Lt (+00) .
faBr(o) ¥?

On the other hand, the stability assumption implies the existence of a positive,
smooth solution ¢ of (4.48). Therefore we can apply Theorem 4.5, case 1, with the
choices =0, a(z) = —S(z), H = 1, A = —1. Reasoning as above, we reach the
desired contradiction. O

Using a classical universal covering argument, together with the Riemann-
Kobe uniformization theorem, we easily recover Corollary 4 in [54]:
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Corollary 4.11. Let f: (M, {(,)) — R3 be a 2-dimensional, complete, stable, mini-
mal surface. Then f(M) is parabolic, and hence is an affine plane.

Proof. Let m: (M,(,)) — (M,(,)) be the Riemannian universal covering of M.
Then, f = for: ( i, (:)) — IR3 defines a complete, minimal surface. Moreover f
is stable because any positive solution ¢ of (4.48) on M lifts to a positive solution
@ =pomof Ap— S(y)p =0 on M. Here the bar-quantities refer to the covering
metric <,> Since there are no compact minimal surfaces in the Euclidean space,
the Uniformization Theorem implies that (]\_4 , <:>) is conformally diffeomorphic
to either R? or the open unit disc D; C R2. In view of Theorem 4.10 the second
possibility cannot occur so that M must be parabolic. To conclude that f is totally
geodesic, simply note that, by (4.48), ¢ is a positive superharmonic function.

Therefore ¢ must be constant and S(z) = — [II|* = 0. O

4.3 Appendix: Chain rule under weak regularity

This section provides the technical justification for the distributional computations
needed in the proofs of Theorems 4.5 and 5.16 and Lemma 5.17 in the next section.
First, we present a regularity result.

Lemma 4.12. Let a(x) € LjS, (M) and A € R. Let ¢ € Lipjoc (M) be a weak
solution of
¢A¢+a(x)w2+A|Vw|2 >0 on M.
Then
[Pt € Wi (M) (451)

loc
provided
p=>1 if A>1,

p > max{(),%} ifA<1
and, furthermore,

V((@/’2 &)y ) BV ([Pty)  ase—0+. (4.52)

Proof. We treat only the case p < 1, the other case being easier. Consider the
family of functions (¢2 + 5) (p_l)/Qw and note that, as ¢ — 0+,

(wQ +€)(p—1)/2w _ |w|p—1w in Ll20¢-

We are going to use the fact that if a sequence {f,} is uniformly bounded in
W2 and converges to f strongly in L? , then the limit function f is in W2 and

loc loc

V fn converges to V f weakly in L? (see [55], Lemma 6.2, page 16). Since

(p— 1)/2pw +e

el A U +2) P2 vy

[V ((? + )P~ D/2y) | = (* +¢)
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2

oc @8 € — 0+.

it suffices to show that the right-hand side is uniformly bounded in L
By assumption, for any 0 < p € Lip. (M), we have

— [ Ve,V (pe)) > — [a(z)yv?p— A [ [Vylp,
/ / /

that is,
- [o@nva == [a@eorcary 9o @)

Fix ¢ > 0 and choose .
p — (wQ + E)p ¢2
where 0 < ¢ € C° (M) . Then,

Vp=2(p—1)¢*(4° +&)" Ve + 26 (2 + )" Ve,

so that, using the Cauchy—Schwarz and Young inequalities and the fact that p—1 <
0, we estimate

LHS of (4.53)
_— / 6 1) (V. V) —2(p— 1) / (42 + )P T2
<2 / $(? + )" 2Vl Vg - 2(p— 1) / ¢ (0% + )" |Vl
<1 [ ey ver—ep-2-n [ @2+ o
Moreover
RHS of (4.53) = —/a(x)wz (v + s)’”(z)? +(—A+ 1)/¢2 (v + s)’”*1|w|2
> = [la@l(v? + )6+ (A +1) [0+ TP
for n > 0. Combining the two inequalities and rearranging we obtain
(2p—A—1- 77)/¢>2 (% + )" |y
< % [ o196k + [la@l (@ + 276,
< [ max{1, WP} GIVOP + la(w)]6?).

Since 2p— A—1 > 0, we may choose 7 > 0 small enough that the (2p—A—1—n) > 0,
and conclude that the left-hand side is uniformly bounded in L?  as e — 0+, as
required to conclude the proof. O
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Next we prove that, in the above assumptions, one can use the ordinary chain
rule to compute the weak gradient of |¢)P~ 1|y even if p < 1. Note that, in this
situation, the function o —— |2[P~1x is not Lipschitz so that standard results in
the literature do not apply directly.

Lemma 4.13. Let 0 < p, (< 1) and assume that ¢ € Lipjo. (M) satisfies (4.51)
and (4.52), for every p > p,. Then for every such p,

|Y|P~tVy € LY (M) (4.54)

loc

and
V (|[9]P ') = ply P VY, ace. on M, (4.55)

where the LHS is understood in the sense of distribution and the RHS is defined
almost everywhere, and is equal to 0 where the Vi vanishes.

Proof. Let p, < p’ (< 1) be any real number, and @ CC M a fixed domain. Using
Vi € L?() as a test function in (4.52) we have

/ (V((@? +0)® ~D72), V) / (V6P 1), V), as e — 0+ (456)
Q Q

Since

pl(¢2 +E)(p’—1)/2|vw|2 < <V((¢2 +E)(p’—1)/2w)’vw>’

it follows from (4.56) and the monotone convergence theorem that

0 it Voo =0,

. '—1)/2 / .

tim (42 + &) " TG0 = P VPP i VY £ 0, 6 £ 0,
+00 if Ve #£0,1=0

is integrable on €. In particular, the set where ¥» = 0 and Vi # 0 has measure
zero, showing that the vector field |1/)|(p"1)/ 2V is defined almost everywhere and
in L?(Q2). Therefore we may use this vector field in (4.52) and, arguing as above,
show that |3 ~D/47y e L2(Q). Tterating, we deduce that, for every n,

|| "D =D/2" gy € L2(Q). (4.57)
Now, given p > p,, let p’ = 2"(p—1)/(2"—1)+1so that (2" —1)(p'—1)/2" = p—1.
)

Choosing n large enough that p’ > p,, shows that (4.54) holds.
Finally, to prove (4.55), let p € C°*(M). By (4.52),

/ (V((@? +2) V%), Vp) — / (V(lP~'9),Vp), ase - 0+.  (4.58)
On the other hand,

(1) /2 PV + &

s Ve Pl v

V(@ +e)P~D/2y) = (¥* +¢)



102 Chapter 4. Vanishing results

pointwise a.e., and its absolute value is bounded above by p|y[P~1| V)| which is

in Lfoc by (4.54). Therefore we may apply the dominated convergence theorem to

the left-hand side of (4.58) to obtain
J@lsr1ve.vo) = [(v(010).V0)

as required.



Chapter 5

A finite-dimensionality result

As briefly mentioned at the beginning of the previous chapter, typical geometric
applications of Theorem 4.5 are obtained by applying it when the function 1 is
the norm of the section of a suitable vector bundle. In appropriate circumstances,
the theorem guarantees that certain vector subspaces of such sections are trivial,
the main geometric assumption being the existence of a positive solution ¢ of the
differential inequality

Ap+ Ha(x)p <0 weakly on M, (5.1)

where a(z) is a lower bound for the relevant curvature term. According to Lemma
3.10 this amounts to requiring that the bottom of the spectrum of the Schrédinger
operator —A — Ha(z) is non-negative.

We now consider the case where it is only assumed that (5.1) has a positive
solution outside a compact set, which is related to the finiteness of the Morse index
of the operator (see Lemma 3.16, Corollary 3.18 and Lemma 3.10).

Theorem 5.1. Let (M, (,)) be a connected, complete, m-dimensional Riemannian
manifold and E a Riemannian (Hermitian) vector bundle of rank | over M. The
space of its smooth sections is denoted by T (E). Having fized

a(z) € CO (M)
and constants A € R, p and H satisfying
H>p>A+1, p>0, (5.2)

let V=V (a,Ap,H) CT(E) be any vector space with the following property:

(P) Every £ € V has the unique continuation property, i.e., & is the null sec-
tion whenever it vanishes on some domain; furthermore the locally-Lipschitz
function b = |€| satisfies

VAP +a(z)?+ A |V1/)|2 >0 weakly on M

(5.3)
[, %P =0(r?) as r — +o0.

If there exists a solution 0 < ¢ € Lipi,e of the differential inequality

Ap+ Ha(zx)p <0 (5.4)
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weakly outside a compact set K C M, then
dim V' < +o0. (5.5)

The spaces of harmonic functions, and more generally, harmonic forms on a
Riemannian manifold are the most typical examples of spaces of sections for which
the conditions of the theorem hold.

This situation can be generalized to the following setting. Let E be a Rie-
mannian (Hermitian) vector bundle of rank I over M with a compatible connection

D and let Ag be a differential operator acting on the space of smooth sections
I'(E) of the form

where Ag = —Trace (Dz) is the rough Laplacian, and R is a smooth symmetric

endomorphism of E. A smooth section £ € I" (F) is called A g-harmonic if Agé =
0. We define the vector spaces

H(E) ={¢ €T (E): Ap§ =0}
and
L**H(E) = {¢ e H(E): |¢{| € L* (M)} .

Note that Ag-harmonic sections satisfy the (strong) unique continuation property.
In local coordinates, the condition Ag& + RE = 0 becomes a system of [ elliptic
differential equations satisfying the structural assumptions of Aronszajn—Cordes,
see Appendix A below. Indeed, we have

Proposition 5.2. Let E be a rank | vector bundle over the connected manifold
(M, {,)) and let Ag be a differential operator acting on sections of E and satisfying
(5.6). Let £ € H(E) be a Ag-harmonic section of E. If £ has a zero of infinite
order at some point p € M, then £ vanishes identically on M.

Proof. Notation is as in Appendix A. By assumption Ag€ = 0 so that, according
to (5.6),
A&+ RE=0. (5.7)

where Ag = —trD?. Let {¢4} C I' (E) be a smooth, local orthonormal frame of
E. Writing
§= > uwat”
1<A<!

and setting
u = (UA) € Rl?

straightforward computations give the local expression of (5.7):

{Auag 4 Fa (u, Vu)} €4 =0, (5.8)
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where F' = (F4) is a suitable function satisfying
|F (u, Vu)| < Alu| + B|Vul

for some constants A, B > 0. Therefore, the local (vector-valued) function v =
(ua) satisfies the assumptions of Theorem A.5, proving that harmonic sections lo-
cally enjoy the unique continuation property. A standard connectedness argument
now completes the proof. Indeed, let

QO ={x € M:£=0 in a neighborhood of z} .

Clearly, Q is open. Furthermore, 2 # @ because, according to Theorem A.5, £
vanishes in a sufficiently small neighborhood of p. If we show that €2 is closed,
then © = M and we are done. But this is obvious because, if x € Q' is a limit
point of Q, then, according to Remark A.3 and the local unique continuation
property, we have £ = 0 near z, proving that x € €. ]

From (5.6) we deduce the Bochner-Weitzenbock formula, V¢ € H (E),

1
—5 AL = (Apg &) - [DE” = — (Re, &) — |Def?
which in turn implies that the differential inequality
€l A Je] — (Re,€) = [DEP ~ [V [€])” = 0 (5.9)

holds in the sense of distributions. The last inequality in (5.9) is known as (the
first) “ Kato inequality”. We recall for completeness that, in case there exists a
constant k > 0 such that

IDEP* — [V IEl)? > k|V[€])?, (5.10)

4

one says that a
If we let

‘ refined Kato inequality” holds.

then, from (5.9), we obtain
€] (Al¢] +R_ (@) [¢) > 0.
and we are naturally led to consider the Schrédinger operator
A, — —A — HR_ (2)

with H > 0 a real number. Accordingly, from Theorem 5.1 we immediately deduce
the following
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Corollary 5.3. Maintaining the notation introduced above, assume that, for some
H>1,
Ind (HL) < +o00.

Then,
dim L*H (E) < 400

for every1 <p < H.

As examples of bundles where the above considerations apply, we mention the
space of spinors and of the exterior differential g-forms. In these settings the role
of the operator Ag is played by the Dirac and the Hodge-De Rham Laplacians,
respectively. Both operators can be written in terms of the rough Laplacian via a
Bochner-type formula. In the spinorial case the endomorphism ‘R is given by the
formula

MScal (x)

4
where M Scal denotes the scalar curvature of M (see [165]). For differential 1-forms
R is given by

(R (z)v,v) = of*, W€ E,

R (z)v,v) = MRic (x) (v,v)

where MRic is the Ricci tensor of M. In the case of differential k-forms on a locally,
conformally flat manifold M of even dimension m = 2k > 4, one has (see [17])

M cal (X
R (@) 0.0) = e o

The expression of 2R for the exterior bundle A (T*M), ¢ > 2, on a general manifold
is quite complicated but can be estimated in terms of the curvature operator R of
M (the linear extension to A2T'M of the (2, 2)-Riemann curvature tensor) by (see
[58])

(R (2) v,0) > CA(2) |v]”

where C' = C(m, ¢q) > 0 is a constant depending on m and ¢ and

Az)= min < Ry(V),V>.
VeANT, M

For future use we record the following particular case of Corollary 5.3.

Corollary 5.4. Let (M, (,)) be a complete Riemannian manifold whose Ricci cur-
vature satisfies
Ric > —a(x),

for some non-negative continuous function a(z). Let "L = —A — Ha(z), and
assume that, for some H > 1,

Ind (HL) < 4o00.
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Then,
dim L**H (E) < +o0

for every1 <p < H.

Remark 5.5. In the special case p = 1, finiteness results have been widely in-
vestigated by many authors under different assumptions. We limit ourselves to
quote [104], [105] by P. Li and J. Wang, where Morse index assumptions are used
in a way similar to ours, and [28] by G. Carron where quantitative-dimensional
estimates are obtained assuming that the underlying manifold supports a global
Sobolev inequality. We note explicitly that Theorem 5.1 on the one hand allows
us to deal with integrability exponents p # 1, and, on the other hand, it enables
us to avoid the request that ¥ = |£| be a solution of the more stringent inequality

YA + a(x)Y? > k |V (5.11)

for some constant & > 0. Often, in geometrical contexts, the validity of (5.11)
depends on a refined Kato inequality. This is the case, for instance, in the Li-
Wang papers cited above. The greater generality we achieve enables us to deal
with the space of harmonic, 2p -integrable ¢-forms instead of restricting ourselves
to the closed and co-closed ones for which a refined Kato inequality does hold.

5.1 Peter Li’s lemma

The proof of Theorem 5.1 is based on the following version of a classical result
due to Li (see [94] Lemma 11).

Lemma 5.6. Let (E, (,)) be a Riemannian vector bundle of rank | over a compact
Riemannian manifold (Q, (, )) with (possibly empty) boundary 0. Let LT (E) be
the vector space of continuous sections of E endowed with the L?-scalar product

(€1,60) = /Q (1.6)p

Let T' be a vector subspace of LT (E) of positive finite dimension. Then, there
exists a (non-zero) section £ € T such that, for any p > 0,

(dlmT)mm{l’p}/ |§| < min {, dim T} P} vol (Q )sup|§|E . (5.12)

Proof. 1t suffices to consider the case p = 1. The general case then follows by
noting that, if p > 1, then

dim T /Q|,§|f§:dimT / €57 1€)3, < (dimT / }§|E> sup €| 2P~V

< {mln{l dim T} vol (Q Sup|§|E}SUp|f|2(p Y.
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On the other hand, if p < 1, we can use Holder inequality to obtain

p
am? [ |é* < dimT </ |g‘|2) vol ()17
Q Q
p
= (dimT)""? (dimT/ |§|2) vol ()77
Q
p
< (dimT)" P <V01 (Q) min {/,dimT" } sup |§T|2> vol ()" 77
Q
which implies
(dimT)? / |§_|2p < vol () min {l,dim T} sup |§_|2p.
Q Q

Thus, let p = 1 and consider the function F (x) : Q — R defined by

dim T

Pla)= 3 I @)l (513)

where {fi (z)} is an orthonormal basis of ' C L?T (E). Since T is finite-dimen-
sional, different orthonormal bases in T are related by constant coefficients unitary
matrices, and therefore F' is independent of the chosen orthonormal basis. Let
zo € Q be the point of absolute maximum of F. Then

dim T = /_ F (x) dvol (z) < F (x0) vol () . (5.14)
Q
We shall show that there exists £ € T such that (E ,E) =1 and

F (z9) < min {l,dimT}sgp{az. (5.15)

Toward this end we consider the evaluation map €, : T' — Ej,

69005 = f ($0) .

Since T is finite-dimensional, e, is continuous with norm

Sulzl lezolE = |5m0§_|E (5.16)

)=

for some £ in the unit sphere of 7. Note that the kernel S = Ker (,,) consists of
those sections in 7' vanishing at x¢ and we have the orthogonal decomposition

T=S8taS
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with dim St < min {I,dimT}. Let {;} be an orthonormal basis of T" adapted
to this decomposition, namely, &1, ..., &qm gt is a basis of ST and &gy g1 41,-- -
EdimT s a basis of S. Since F' is independent of the choice of {f;}, we have

dim T

F@)= 3 [& @)

Whence, using (5.16), we get

dim S+ dim S+
F(zo)= Y [&(zo)z= Y lenbily <dimSh sup |es &[5
= = €1
< min {/,dim 7"} sup |§|2E
)
proving (5.15). O

In view of Peter Li’s lemma, the strategy of the proof of Theorem 5.1 consists
in showing that there are a geodesic ball Bg C M and a constant C' > 0, such
that the following a-priori local estimate holds true:

2 2
sl < [ e
Bg Bg

for every & € V. This is obtained in Lemma 5.17 below combining a local, weak
Harnack inequality for solutions of (5.3), see Theorem 5.16 below, and the annuli-
estimate technique of Li and Wang, [104], [105]. As in the previous section, to
derive this estimate we use a technique based on the interaction of the differential
inequalities (5.3) and (5.4), which is the crucial ingredient to extend the result to
situations where a refined Kato inequality does not hold (see Remark 5.5 above).

The proof of the local weak Harnack inequality is based on the following
idea (see, e.g., [140] pp. 486-487): if we have a local Sobolev inequality, then the
weak Harnack inequality for subsolutions of a suitable class of PDEs is a formal
consequence, via the Moser iteration procedure, of a Caccioppoli-type inequality.
Schematically:

Sobolev + Caccioppoli = Weak Harnack. (5.17)
7

Moser Iteration

As we shall see, there is no obstruction against a manifold supporting a
local Sobolev inequality. Therefore our first task will be to obtain a Caccioppoli
inequality.

To obtain the estimate on annuli we will also need a suitable Poincaré in-
equality on annuli valid for functions vanishing only on one boundary component.

We begin by collecting the results we are going to use.
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5.2 Poincaré-type inequalities

The following result is due to Li and Schoen, see Corollary 1.1 in [95] and Remark
5.10 below. It is a Riemannian version of the classical LP-Poincaré inequality
(p > 1) for functions with zero boundary conditions. Note that the case p = 2
gives a lower estimate for the first Dirichlet eigenvalue of —A. The case p = 1 will
be used below to obtain a local Sobolev inequality.

Theorem 5.7. Let R be such that 5R < diam (M), and Bsg (0) is a relatively
compact geodesic ball in (M, (,)). Let B > 0 be such that

MRic > — (m — 1) B> on Bsg(0).
Then, for every p>1,

| wrsc, [ (vul vue G (B)
Br(o) Br(o0)

with

co_ pRexp (2m (1+ BR))\"
P 1+ BR '

Proof. Fix x1 € 0Byg(0) and let p(y) = dist(as,( y)(y, z1). By the Laplacian com-
parison theorem, and the assumption on the Ricci curvature, it follows that, on

Bsgr(o
3r(0), )
+(m-1)B (5.18)

Ap < (m — 1)Bcoth(Br) < n

in the weak sense, that is, for every 0 < ¢ € C°(B3sg(0)),

/pA¢S/[mT_1+(m—1)B ¢

Letting o > 0 be a constant to be chosen later, we compute
Ae™ = ae”*(—Ap+ «) (5.19)
in the weak sense. Since Br(o) C Bsr(z1) \ Br(z1), we deduce that

Ae P > qe™ [a - mle —(m— l)B}

on Bg(o), and choosing

—m(=+B
am(R+),

we obtain )
Ae™ " > ae_?’aR(E + B) on Bg(o). (5.20)
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Let ¢ € C°(Bg(0)), ¥ > 0 and apply the divergence theorem to obtain

[ wnerr—— [ (vuvee),
Br(o) Br(0)

whence, using (5.20), the Schwarz inequality, and the fact that p > R on Bg(o),

1
f”%—+m/’ ws/ Wwfws/‘ VipleoR
R Br(o) Br(o) Br(o)

and rearranging

R
verttn [ e
/BR(O) 1+ BR Br(0)

Now let u € C2°(Bg(0)). Applying Kato’s and Hoélder’s inequality, and inserting
the value of « we get

R
wl? < 7627n(1+BR)/ V( U p)
/BR<o>| | L+ BR BR<o>| )

R

_ 27n(1+BR)/ p—1
= e plul?™ [ Vull
1+ BR Br(o)

pR 2m(1+BR)/ -1
<———ct¢ ulP7H|Vu
1+ BR Br(o) [l 1Vl

< pR 62nz(1+BR){/ |u|p}1—1/p{/ |vu|p}1/p’
1+ BR Br(o) Br(o)

and the required conclusion follows by simplifying. |

There are several variants of this result, each requiring some special condition
on the family of functions under consideration. For instance, one can replace the
zero-boundary condition with the zero-mean value condition, namely each function
u has to satisfy [ 5 ¥ = 0. The corresponding inequality is usually known under the
name of Neumann—Poincaré and it yields a lower bound for the first (non-zero)
Neumann eigenvalue.

We shall employ a version of the Poincaré inequality on annuli valid for func-
tions vanishing only on one of the boundary components. We state it in the form
we will need. In a Euclidean setting, due to the special structure of the manifold,
different techniques have been used by L. Hedberg, to obtain more general and re-
fined statements of these type of inequalities , see Lemma 2.1 in [81] and Theorem
4.1 in [82].

Theorem 5.8. Let B (0) be a relatively compact geodesic ball in the Riemannian
manifold (M, (,)). Assume that

Ric > — (m — 1) B on By (0)
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for some B > 0. Fizp > 1 and 0 < Ry < Ry < R, then for every u €
c° (BR2 \Bm) NWYP(Bg, \ Bg,) such that

u=0 on dBg,

we have

/ ufp < cv / IVl
BRQ\BRl BRQ\BRl

with
sinh (BRy) ) (m=1)

C=p(Rs— Ry) (m

The proof of the theorem is based on the next lemma. For the sake of com-
pleteness we recall that, for any p > 1, the p-Laplacian of a function u € I/Vllocp is
defined by the expression

Apu = div (|vu|”*2 w)

where the divergence is understood in the weak sense.

Lemma 5.9. Let A = O\ Q1 C (M, (,)) be an_annular domain with compact
boundary 01 U0Qy. Let p > 1 and 0 < ¢ € Lip (A) be a mon-zero solution of the
problem

App >0 weakly on A,
(5.21)
¢=0 on 00s.
Suppose also that
Vo] >0 on A. (5.22)

Then, there exists an explicit constant

B inf 5 |V¢|p
pPsup 5 |of”

C/ lulP < / |Vul’ (5.23)
A A
for every u € C° (A) N WP (A) satisfying

>0

such that

u=0 on dQ. (5.24)

Proof. By assumption,

- [{1vorr=2vo.vp) 20 (5.25)
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for every 0 < p € C§° (A). As a matter of fact, since ¢ € Lip (4) C WP (A), we
have the validity of (5.25) for every 0 < p € W, * (A). Note that ¢ [u|” € W, (A).
Indeed ¢ |ul” lies in WP (A) and vanishes continuously on O A. Therefore, we can
choose p = ¢ |u|” in (5.25). Using Schwarz and Hélder inequalities we get

o<~ [(IVer Ve,V (slup)) (5.26)
_ / VoI Jul? — / Pl 6 V6" (Y6, V Jul)
<- / VoI Jul? + p / Slul’ ™ |V Jull [V

1/p (p—1)/p
~ [ 196+ ( / |<z>|"|w|p> ( / |u|p|v¢|p>

proving the Caccioppoli-type inequality

/ P Vol < pP / 6P [Vl (5.27)

IN

which, recalling the properties of ¢, easily yields (5.23). a

Proof of Theorem 5.8. We simply have to choose the test function ¢ in Lemma
5.9. One observes that, in case of model manifolds, the p-equilibrium potential of
the condenser F = (B R2,BRI) is suitable for the purpose. The general case can
be obtained by a model-comparison argument as follows.

Set r () = distas (z,0) and define ¢(z) = a(r(x)) where

R2
at)=c [ L
v [B~!sinh(Bt)] 7"

with
1

> dt
R [B—l sinh (Bt)] Ea
Then ¢ >0, ¢ =0 on 0BRr,, ¢ =1 on Bg, and
IVé(z)| = c[B~ sinh (r (z))] 7+ >0 on Br, \ Bx,.

Moreover , since o/ < 0, using the Laplacian comparison theorem, we obtain,
pointwise in the complement of cut (o),

A6 = (p— (=a'P2a” — (~a'yP~LAr(a)
> (p—1)(=a/)P 2" — (—a/)P" (m — 1) cothr(z) = 0.

As usual, this latter extends weakly on all of the annulus. Therefore, Lemma 5.9
applies to obtain the desired inequality. O
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Remark 5.10. Obviously, Theorem 5.8 implies the validity of Theorem 5.7 for
p > 1. Indeed, having fixed a geodesic ball B, (0), we can choose an annular
domain Bp, (2) \ Bg, () such that

By (0) C Br, (2) \ Br, (2).

Since every u € C§° (B, (0)) satisfies u = 0 on the interior boundary component
OBRg, (2), Theorem 5.8 applies and the asserted result follows. We point out that
the corresponding Poincaré constant is different from that of Lemma 5.9, but
this is irrelevant in local applications. Similarly, this yields the result for annular
regions )y \ﬁl. Finally, we remark that Theorem 5.8 could be established using
computations in polar coordinates.

5.3 Local Sobolev inequality

It is well known that for m > 2, the standard Euclidean space (R™, can) enjoys
the L'-Sobolev inequality

()

for every v € C§° (R™), where

m—1

1> §/|Vv| (5.28)

1/m
m

S = mw

with w,, the volume of the unit ball of R™. The situation may change drastically
if we consider a general complete Riemannian manifold. This depends on the
isoperimetric properties of the manifold. In fact, a classical result by Federer and
Fleming asserts that (5.28) is equivalent to

m

Srlvol ()% < vol (9Q)

for every relatively compact domain 0 with smooth boundary. In particular, in-
tegrating the above inequality yields a uniform lower bound for the volumes of
geodesic balls of prescribed radius, namely

inf volB, (x) > Sl_lrm >0,
reM
and the underlying manifold has at least Euclidean volume growth.
Note however that obstructions of these types have a global nature, and in-
deed, locally, the usual Euclidean Sobolev inequality is valid on every Riemannian
manifold.

Theorem 5.11. Let Bog (0) be a relatively compact geodesic ball in the Riemannian
manifold (M, {,)) of dimension m = dim M > 2. Assume that 2R < diam (M).
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Then, for each domain Q CC Bp (o) there exists a constant S; = S1(Q,m) >0
such that the L'-Sobolev inequality

511</|v

Ll) "< /|W| (5.29)
holds for every v € C5° ().

In particular, the Sobolev inequalities

m

7/7;11 1/2
551 (/U,;"_ql) < {/|W|2} . Yo e CP(Q) (5.30)

hold for any choice of

[1’ 2(77::21)} if m >3,

q€ (5.31)

[17+OO) if m=2,

and for some appropriate constant Sy = S (2, m,q) > 0.

Proof of Theorem 5.11. We supply a proof for the sake of completeness. Note, first
of all, that (5.30) follows applying (5.29) to the function

v = [ul*

for every u € C§° (). Indeed, assume that ¢ > 1 satisfies (5.31). Then,
m—1

5p1 (/|u —) < [l v,

whence, applying Holder inequality with conjugate exponents

mq mq
(m-1)(-1)" m+q-1
and simplifying we obtain
m—1 mtq—1
_1 _mq_ mq _ mgq mq
Sl </ |u 7n1) S q </ |VU m+ql>
Set
2(m+q¢—-1)
mq ’

and note that p > 1 by the assumptions on . If p = 1 the above inequality is
(5.30) and we are done. Otherwise, the desired conclusion is obtained by applying
Holder inequality with exponents p and p/(p — 1) to the right-hand side.
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We now come to the proof of (5.29). For each Z € ) there exists a small
geodesic ball B, (z) CC Bpg (o) such that, within B, (Z), the metric (,) is quasi
Euclidean, i.e., there exists a positive constant C' > 0 such that

C~ tcangm < (,) < Ccangm

in the sense of quadratic forms. As a consequence both the length of the gradient,
and the Riemannian volume element are controlled from above and below by their
Euclidean counterparts, i.e.,

R™ 7,

CrHR Vo

g < |Vo| < Cy

Rm

and,
Cy 'dvolgm < dvol < Cydvolgm,

for appropriate constants Cq,Ce > 0, and it follows that (5.29) holds on B. (z) for
some choice of S; (B: (Z)) > 0. To conclude, using Theorem 5.7 and a standard
partition of unity argument, we paste these inequalities together. Let {BEJ. };;1

be a finite covering of the compact € by small geodesic balls contained in Bg (0).
The L!-Sobolev constant relative to B, is denoted by S{. Choose a partition of
unitity {¢; }?:1 subordinated to this covering and satisfying supp(y;) C B, .

Let v € C§° (22). Then

m—

m=1 m=1
([r=) " = ([ 1Zemi=)
Q Q
m—1
<X (/ |05
Q

1) " (Sobolev on B.,)
<5s{ [ 190

<ss{{ [ ws1vel+ [ 1ol1vesl}
Q Q

<87 {/ [V +max|Vgoj|/ |v|} (Poincaré)
Q Q Q

g&/ww
Q

where we have set
&:2$Q+@Q?W%O

with C3 > 0 the Poincaré constant of Theorem 5.7. O
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5.4 L? Caccioppoli-type inequality

It is well known that if v is a non-negative subharmonic function v on a domain
Q) CC M, then there exists an absolute constant C' > 0, such that, for every
n € Cg° (),

C/ |V11|2772§/v2|V77|2. (5.32)
Q Q

Indeed, in the proof of Lemma 5.9 we showed that (5.32) holds with C' = 1/4. This
integral inequality is usually referred to as the Caccioppoli inequality for subhar-
monic functions on €. The exponent 2 entering in the gradient terms is intimately
related with the structure of the Laplace operator. This is well understood if we
consider, for instance, the p-Laplacian or other divergence-form non-linear opera-
tors modelled on the p-Laplacian; see [140]. Generalizing the above situation, we
say that an L*-Caccioppoli-type inequality is valid if

c/ ot | Vol S/vq+“|V77|” (5.33)
Q Q

holds with ¢ > 0 and p > 1. We shall come back to (5.33) in the next section.
Here, we limit ourselves to proving the following simple variant of (5.32).

Lemma 5.12. Let (M, (,)) be a Riemannian manifold and let Q2 be a relatively com-
pact domain in M. Let 0 < w € C° (Q) and v € Lipioc () satisfy the differential
inequality

vdiv (wVv) >0 (5.34)
weakly on Q. Then, for any fized ¢ > 0,
D, [whlt (9o < [ w2 Vel wmecE@),  (539)
where 1+ g2
D, = —

Proof. Inequality (5.34) means that, for each 0 < p € Lipy (),

- [ wee v ) = [wo Vel = [wo(vo.v5) 20

We choose
p= (0% +8)1

with n € C§° (), and use the Schwarz and the Young inequality to obtain

02

+4

0> /w(v2 F 0P (14 ) |9l —/2w(v2 + 8)1Jo|lnl[V ol V)

2
_ 2 a/2,,2 qu— 2 1 2 a/2,2 2
/w(v +0)¥4n (1—|— 213 5) [Vl E/w(v + )4 =v*|Vn|*.
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Letting 6 — 0, and using the dominated convergence theorem, we deduce that
c+q-2) [ulolt?VoP < [uloftie? vl

and the conclusion follows by optimizing with respect to € € (0,q + 1]. O

5.5 The Moser iteration procedure

The Moser iteration is a by now standard procedure that enables one to get an
L*°-L1 inequality starting from an LP-L? one. The process is explained in the next

Lemma 5.13. Let v, > 1 and R > 0 be fized real numbers. Suppose that v is a
non-negative locally bounded function such that, for every 0 < r1 < ro < R, and
for every q > 1, the integral inequality

)<

q
< o lew(s,,) (5.36)

holds for some constant C' = C (R,, 1) > 0. Then, having fired g0 > 0, and
0 < R< R <R,, the following L*-weak Harnack inequality holds:

”UqHLmr(B,,.l

Vol =
q0
1o < (7= 7)
Proof. We fix ¢qo > 1,0 < R< R << R, and, for every j =0,1,2,..., we set

qj:qo'yj; Rj:R-f—(R—R)Qij.

0% | L () - (5.37)

An application of (5.36) with ¢ = ¢;, ro = R; and 1 = R,;1 gives
2FLC

107 < = = quo’vj
H LM(BRJH) (R - R) L“’(BRJ)
which, in turn, can be written in the form
-
2itic )’
quoHLWHl(BRHl) = {m %l e (Br,) (5.38)

Iterating (5.38) n-times and noting that {R,} \, R we deduce

[| v ||L;m"+1 (Bg) < HLw"“ (BRn+1)

n 2j+1C v~
<] (0] v | B

| S
= ZZ;ZO 1“71 {7(]% CR) } [ v ||Ll"(BR) ’
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The validity of (5.37) with go > 1 follows letting n — +o00, and recalling that for
a space X of finite measure and for any f € L™ (X),

[l Loy = Ifll ooy a8 p— +o0.

At this point one uses a standard argument (see, e.g., [95]) to prove that (5.36)
holds for every gy > 0. We outline the argument for completeness. Clearly it
suffices to consider the case gg < 1.

W use the above result to conclude that for every 0 < R < R,, and ¢€,6 > 0
such that e + 6 < 1 we have

Cl
supv < ( ) / v
Bor R Bot+eor

O\ _
(@ L,

Boror

Setting M (f) = supp, v we rewrite the last inequality in the form
C'\ 71
o)< (55) 7 Me+ P [ om
eR Br

where A =1—qp. Setting g =1—7,0<7<1,6; =60;_1 +27%r and ¢; = 27",

we get
C' N\ N
. < . q0
M(e“l)*(Z—irR> M(8;) /BRU :

whence, iterating,

M(6p) < {(%)%}ZZ’QJ A 255 SIS DA 3 f M6 (/ Uq())ZZLOl x.
B

R

Letting n — 400, and noting that

9n290+722_i—>1, AT —0

and
o) . 1 0 i

we conclude that

Vao '\ =—2~— 1/
M(1-7)< (g> G=D10 (/ qu) "
’TR Br

that is, letting R = (1 — 7)R, recalling the definition of M (6),

/ v(lo
Br

as required to conclude the proof. O

1 ¥
sup v® < (2 /q()c_f/> =D
“"\R-R

Br
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Obviously, a natural problem is now to understand when an integral inequal-
ity like that in (5.36) is satisfied. This is addressed in the next

Lemma 5.14. Let pu,v > 1 and R > 0 be fized real numbers. Assume that the
L¥-Sobolev inequality

S7H |l

LY (BR) < ||V77HLN(BR) (5-39)

holds for all n € C§° (Br) and for some constant S = S (R,~vy,u) > 0. Let v >0
be a locally Lipschitz function for which for every ¢ > 0 the L*-Caccioppoli-type
inequality

i o ~
vingh Vot < ﬁ/ vItr|Vn*, Vne C (Bgr 5.40
[, il < =g [T Fn (GA0)

is valid for some constant C = C (R,u) > 0 independent of q. Then for every
q > 1 and for every 0 < ry <re < R, we have

25(1+ C)

q
— [0 L (s,,) - (5.41)

quHLW/(B,,,l) <

Proof. By density, the Sobolev inequality (5.39) holds for every function in WO1 L
Fix 0 <r; <ry < Randlet n=1n,, ,, € C> (M) be a cut-off function satisfying

i)o<n<1, (ii))n=0on M\ B,,, (ili) n=1on B,,, (iv) |Vn| <

T2 —T

Assume first that ¢ > 1. We set § = ¢ — 1 and estimate

10l e (5, ) < [0 Lin(B,,) (Sobolev)
< SV (o) HL#(B,,.Z)
=5 Hvtﬂlvn +(@+1) mfiv””Lﬂ,(Bh ) (Minkowski)

<S8 ||v‘i+1V77HLM( +S5(@+1) HanVUHLM(B,,.Z) (Caccioppoli)

Bry)
S S ||v(7+1VnHLH(BT2) + SC
L 250140C)

T2 —T

G+1 .
a1 1 Vlls,,)
1%l o5,

as required. The case ¢ = 1 follows by dominated convergence. O

As an application of the previous results we deduce the validity of an L%-weak
Harnack inequality for weak solutions v of v div (wVwv) > 0.



5.6. A weak Harnack inequality 121

Proposition 5.15. Let Br be a relatively compact geodesic ball in the Riemannian
manifold (M, (,)) of dimension m > 2. Let also 0 < w € CcO (BR) . Having fixed
0 < R< R and q > 1, there exists a constant C = C (R, q,w) > 0 such that

sup |v]?? < C/ |v|4
Bgr Bgr

for every v € Lipioc (Br) satisfying the differential inequality
vdiv (wVv) >0

weakly on Bg.

Proof. As noted in in Theorem 5.11 above, a local L?-Sobolev inequality is always
satisfied. On the other hand, by Lemma 5.12 and Kato’s inequality |V|v|| < |V,
the function |v| satisfies an L2-Caccioppoli inequality. Therefore, according to
Lemma 5.14, we can apply the Moser iteration procedure of Lemma 5.13 with
qo = q to obtain the desired conclusion. O

5.6 A weak Harnack inequality

In this section we prove an LP-version of the Harnack inequality for (weak) solu-
tions of differential inequalities of the type

ulAu+ a(z)u? + A|Vul> > 0. (5.42)

Theorem 5.16. Let Bry1 (0) be a relatively compact geodesic ball in a Riemannian
manifold (M, (,)) of dimension m > 2 and let

a€C%(Bpy2(0)), AcR, andp>A+1, p>0. (5.43)
Then, there exists a constant C' > 0 depending on the above data and the geometry
of Bry1 (0), such that

sup u* < C u?P (5.44)
Br(o) Br+1(0)

for every locally Lipschitz, weak solution u of (5.42).

Proof. We shall show that, for every € Bg (0), there exists € > 0 and a constant
C’ > 0 independent of u such that

sup |u?? < C’/ ul?P. (5.45)
B (x) Bac(z)

Since Bpg (0) is compact, the desired inequality will follow from (5.45) using a
covering argument.
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Let us consider the Schrédinger operator
L=—-A—pa(x)

on L?(Bs. (z)). Since the first Dirichlet eigenvalue of —A on B, (x) grows like

r~2 as r — 0+, we can choose € > 0 so small that

A1 (Lng(x)) > 0.

Let w be the corresponding, positive, first eigenfunction, i.e., a solution of the
eigenvalue problem

Aw +pa(r)w = —Ai(Lp, ())w <0 on Bz (z),
w >0 on B3e (x), (5.46)
w=0 on 0Bs. ().

The regularity theory for elliptic equations implies that w € C* (Bs. (x)). Com-
bining u and w, we define a new function

v=w t|ulP " u.

According to the first part of the proof of Theorem 4.5 (with H = p, 8 =p—1
and a = 1) the function v satisfies the differential inequality

vdiv (wQVv) >0

weakly on Bs. (x). Therefore Proposition 5.15 applies with ¢ = 1 and gives

sup [v|* < C vf?,
B.(x) Bac ()

for some constant C' > 0 depending on w|g, (., and the geometry of By (z) . Thus
(5.45) holds with

o - (Lmr)e

infp_w
O
5.7 Proof of the abstract finiteness theorem
The weak Harnack inequality of Theorem 5.16 differs from the estimate
sup [€[* < C [ (5.47)
Br(z) Br(z)
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needed to apply Li’s Lemma in that on both sides of (5.47) there is the same ball
Bpg (z). Accordingly, one is led to search for an integral, a-priori estimate on annuli

of the type
/ gr<c [ jep
Br41(z)\Br() Br(z)

This is the core of the proof. Very recently, [104] and [105], Peter Li and J. Wang
have developed a technique to solve the problem in the L?-setting. We point out
that the L? assumption is crucial for their argument to work in that they need
the presence of a refined Kato inequality (see Remark 5.5 above). However L?P-
harmonic forms, in general, do not have this property. We are able to circumvent
the problem, using once again the reduction procedure which is based on a com-
bination of the two basic differential inequalities (5.3) and (5.4) in a new one of
the type vdiv (wVv) > 0.

Lemma 5.17. Keeping notation and assumptions of Theorem 5.1, having fized an
origin o € M, there exist R > 0 and a constant C > 0 depending on p, H and the
geometry of By (0) such that

sup |67 < C [ e (5.48)
Bpr(o) Bpg(o)
for&eV.

Proof. From now on, we assume that all the geodesic balls under consideration
are centered at the point o € M and so, to simplify the notation, we omit it from
the writing.

We set u = |£] and choose Ry > 0 so large that K C Bpg,. We shall show
that (5.48) is met with R = Rg+ 1. To this end, let us note that by Theorem 5.16
there exists a constant D > 0 independent of u such that

sup u?? < D u?? =D / +/ u?P.
Bry+1 Bry+2 Brg+2\BRo+1 Brg+1

The goal is to prove that

/ u® < FE u?P (5.49)
Bry+2\BRrg+1 Brg+1

for some constant F > 0 independent of u. We set

o =

T

and consider the function
v=¢ “u? on M\ Bg,.
As above, the first part of the proof of Theorem 4.5 shows that
vdiv ((pzo‘Vv) >0 (5.50)
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weakly on M \ Bpr, Moreover, since

2p __ 2c —a,,p 2
/ u® = / P (7 u?)
Brg+2\BRrg+1 BRry+2\BRrgy+1

S Sup Sﬁza / ,U2
Bry+2\BRrg+1 Brg+2\BRrg+1

the desired inequality (5.49) will follow once we prove

/ v? < FE u?. (5.51)
Brg+2\BRrg+1 Brg+1

Towards this end, we fix a sequence {Ry} " +00, and we consider the family of
compactly supported, Lipschitz functions {¢y} defined by

0 on Bp,,
7"($)—R0 on BR0+1\BR07
(z)k (x) _ 1 B on BR0+2 \ BR0+17
R = r(x) on Br, \ B
Rk — RO _9 Ry Ro+25
on M\ Bg,.
Furthermore, we set
0 on Bp,,
¢002 ’I“(J))—Ro on BRO_H—BRO,
1 on M — Bg,,,-

According to (5.50) we can apply Lemma 5.12 with ¢ = 0 to obtain

D | 0 [Vl
Bry+2\Bry

< Dy sup 807204/ 2a 2 |Vv|
BR0+2\BRO

Brg+2\Brg,

<Dy sup 30_2“/ ©** 43 |Vv|?
M\Brg,

Brg+2\Brg
< sup / 2a v? |V¢’k|
BRO+2\BRO M\BRO
20 .2 2a, 2 2
< sup ™ +/ =% V|
BR0+2\BR0 BR0+1\BR0 Br, \BRrg+2
. u> 1 2
< sup R e T / v
BR0+2\BR0 Ro+1\BR0 Bri\BR,
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Letting £ — +o00 we deduce

/ ¢2, Vo> <D u?P (5.52)
Brg+2\Br, Brg+1\Brg,

. 1
D= —— > 0.
DO SupBRO+2\BRO SD 2a
On the other hand, Theorem 5.8 above implies that there exists a constant C; >
0 depending on the geometry of Bpr,4+2 such that the following Poincaré-type

inequality holds:
a [ r<f v
Brg+2\BR, Bry+2\BR,

for every f € H' (Bg,+2) with

where we have set

f|BR0 =0.

Applying this inequality to the function ¢.,v, and using the Schwarz and Young
inequalities, we get

2 .2
C1/ )
Brg+2\Br,

< / IV (¢ocv)l”
Bry+2\Bry

- / 2 1V0[? + 0 [ Voo ? + 206 (T, Vo)
Bry+2\Bry

<[ (262 IVul® + 20 [V}
Brg+2\Br,

§2/ ¢>§O|Vv|2+2/ v?
Brg+2\Brg, Brg+1\Br,

< 2/ ¢Z [Vo* +2  sup w‘Qa/ u??,
Bry+2\Bg, Bro+1\Br, Bry+1\Br,

whence, using (5.52), we conclude that

Cl/ ’02 S Cl/ ¢Zo1}2

Bry+2\BRrg+1 Bry+2\Brg

2D+ sup ¢ 2 / u?P
Bry+1\Brg Bry+1\BR,

2(D+ sup @2 / u?P,
Bry+1\BR, Brg+1

as required to prove (5.51). O

IA

IA
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We are now in a position to conclude the proof of Theorem 5.1.

Proof of Theorem 5.1. Let Bg C M and C' > 0 be as in Lemma 5.17. From the
unique continuation property we have that the restriction map

§r— £|BR

defines an injective homomorphism of V into L2T" ( E| Bg), the space of continuous
sections of E on By endowed with the L2-inner product.

Let T be any finite-dimensional subspace of V. We have to prove that ¢ =
dim T is bounded from above by an absolute constant. To this end we apply Peter
Li’s lemma to deduce that there exists & € T such that

t/ ) !5!2]0 <vol(Bg) min{l,t}s;lp|§|2p.

R

On the other hand, using u = !E! in (5.48) of Lemma 5.17, we see that
212 212
swplé” < [ e,
Bp Bg

As a consequence
t <vol(Bg)min{l,t} C

which in turn implies

t=dimT < lmax {Cvol(Bg),1}. O



Chapter 6

Applications to harmonic maps

In this section we show the usefulness of Theorem 4.5 by deriving a number of
results on harmonic maps. We begin by establishing a Liouville-type theorem which
compares with classical work by Schoen and Yau, [146]. Direct inspection shows
that our result, emphasizing the role of a suitable Schrédinger operator related
to the Ricci curvature of the domain manifold, unifies in a single statement the
situations considered in [146]; see Remark 6.22 below. We also give a version of
this result in case the domain manifold is Kahler and see how this allows weaker
integrability conditions on the energy density of the map. From this, we derive a
number of geometric conclusions. We then provide a sharp upper estimate on the
growth of the energy of a harmonic map. We close the section with a Schwarz-type
lemma for harmonic maps with bounded dilation, and some applications to the
fundamental group which extend results by Schoen and Yau and Lemaire ([93]).

6.1 Harmonic maps of finite LP-energy

6.1.1 A vanishing theorem

In [146], using harmonic maps techniques, Schoen and Yau studied the fundamen-
tal group of a manifold of non-negative Ricci curvature and of a stable minimal
hypersurface immersed into non-positively curved ambient spaces. Basic tools in
their investigation are represented by vanishing-type theorems for finite-energy
harmonic maps. This section aims to unify and extend their results in the follow-
ing

Theorem 6.1. Let (M, (,)) be a complete manifold whose Ricci tensor satisfies
MRic > —p(x), on M (6.1)

for some continuous function p (x). Having fized H > ﬁ—j, set 1L = —A—Hp ()
and assume that
M(PLa) > 0. (6.2)

Let (N, (,)) be a manifold of non-positive sectional curvature N Riem < 0. Then,
any harmonic map f: M — N with energy density satisfying

|df|” € L7 (M) (6.3)

for some ﬁ—j <~ < H, is constant.
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Proof. We recall the Weitzenbock—Bochner formula of Theorem 1.2:

1

SAL = [Ddf* + 3 (df (MRic (e, )*) . df (e.) (6.4)

= > (MRiem (df (e:) , df (¢;)) df (e;), df (e:)) -
2
The curvature assumptions imply that
Aldf* > 2|Ddf|* - 2p () |df|* on M.
Therefore, the non-negative function u = |df| € Lipio. (M) satisfies
ulu + p (z)u? > |Ddf|* — |du)?,
pointwise on the open set
Q={zeM:u(z)#0}

and weakly on all of M. Whence, recalling the refined Kato inequality

1
|Ddf|* — |d |df||* > d |af|1®
m—1
of Proposition 1.3 above, we see that u satisfies
ulAu + p (z)u? > ! |dul?
P )

weakly on M. Moreover, the condition u € L?Y (M) implies

1 5 ¢ L' (+00).

faBr u

On the other hand, since A\;(Ljs) > 0, there exists a positive function ¢ € C* (M)
satisfying
Ap+ Hp(z)p=0. (6.5)

Applying Theorem 4.5, case (i), with the choices A = -1/ (m—1), f =~v—1
we conclude that v and ¢ are non-negative constants. Suppose by contradiction
that w = ¢ > 0. Then, the integrability condition (6.3) forces vol (M) < +oo.
On the other hand, since ¢ is constant, (6.5) forces p(x) = 0, that is, M has
non-negative Ricci curvature. In particular vol (M) = +oo which gives the desired
contradiction. g

We now show how Theorem 6.1 improves in the case of pluriharmonic maps
defined on a Kahler manifold by enlarging the range of admissible v’s. The im-
provement relies on the Weitzenbock—Bochner formula for pluriharmonic maps.
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Theorem 6.2. Let (M,(,), ) be a complete Kihler manifold with Ricci tensor
satisfying (6.1), and assume that (6.2) holds for H > 0. Let (N, (,)) be a Rieman-
nian manifold with non-positive Hermitian curvature. Then any pluriharmonic
map [ : M — N with energy density satisfying (6.3) with 0 < v < H, is constant.

Proof. We set u = |df|. Since N has non-positive Hermitian curvature, and the
Ricci tensor of M satisfies (6.1), an application of Corollary 1.25 shows that u
satisfies the differential inequality

ulu+ py (z)u? > |Vul (6.6)

pointwise on Q@ = {x € M : u(z) # 0} and weakly on all of M. To complete the
proof we apply Theorem 4.5 with A =—1and =+ — 1. |

Corollary 6.3. Let (M, {,),Jn) be a complete Kihler manifold with Ricci tensor
satisfying (6.1) and assume that (6.2) holds for H > 0. Let (N, (,)) be a Rieman-
nian, locally symmetric space whose irreducible local factors are all of non-compact
or Fuclidean type. Then any pluriharmonic map f : M — N with energy density
satisfying (6.3) with 0 <~y < H, is constant.

Proof. Indeed, by Theorem 1.19, (N, (,)) has non-positive Hermitian curvature.
O

Remark 6.4. The same conclusion holds if M is as above, and f : M — N is
a holomorphic map into a Hermitian manifold N with non-positive holomorphic
bisectional curvature. Indeed, according to Corollary 1.29, v = |df| satisfies in-
equality (6.6).

Remark 6.5. In the above proofs the term involving the curvature tensor of the
target manifold NV was dealt with in a rather crude way and one may expect better
results from a more careful analysis. However, this term is not easy to handle and
in general requires extra assumptions; see, e.g., Section 6.2 below. Particularly
favorable instances occur when f is a holomorphic map from a Kéahler manifold
M into a Hermitian manifold V. This situation is considered in Chapter 8 below.
In this case, the Weitzenbock—Bochner formula for the energy density of f contains
a non-linear term of the form |df |4 which arises from the curvature tensor of N.
In Theorem 8.11, starting from this observation, adapting a result by Li and Yau,
and using “a-priori” estimates for solutions of Yamabe-type equations, we are able
to extend the range of v to

O<y<H+VHH-2), (H>2).

We stress that this provides the only instance where the integrability exponent is
allowed to be greater than H.
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6.1.2 Convergent harmonic maps

Under appropriate circumstances we can guarantee that |df|> € LY(M) for some v
in the admissible range. Towards this end, we recall the following estimate ([139]).

Lemma 6.6. Let f : (M,(,)) — (N,(,)) be a harmonic map such that u(x) —
q € N as r(z) — +oo. Let n(r) be a non-increasing, positive function such that
n(r) — 0 asr — +oo and

disty (f (x),9)* < Cn (r (z)) (6.7)
for r (x) sufficiently large and for some constant C > 0. Then, either
|df|> € L' (M) (6.8)

or both the following conditions are satisfied:

1

and there exists R > 0 such that, for every r > R,

/BT jdf|” < Cn (r) {/Tm %}1. (6.10)

Proof. Let p(y) = disty (f(y),q). Then p? is smooth in the geodesic ball Br (q)
for T > 0 sufficiently small. Furthermore, since

NHess (p2) = 2p NHess (p) + 2dp @ dp

by the Hessian comparison theorem we can also suppose that p? is strictly convex
on Br (q). Next, we choose Ry > 0 so large that

f (M - Bg,) C Br(q)

and
supp? (f) <n(r), = Ri. (6.11)
Let

A= inf A(y)>0
Br(q)

where A (y)is the smallest eigenvalue of Hess (p?) (y). Then, by the composition
law

MA(vo f)=dv(r(f))+ Z MHess (v) (df (e:) ,df (e:))
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valid for v : N — R and {e;},_;
deduce

..m=dim » @ local orthonormal frame on M, we

MA(? () = Aldf|? (6.12)

on M \ Bg,. Let r > R;. Applying the divergence theorem on B, \ Bg,, with the
aid of (6.11), (6.12), Gauss’ lemma, and the Cauchy—Schwarz inequality, we obtain

A dfJ? < / MA(R o f)
B,\Bnr,

BT\BRl
1/2

<2 / p(F)ldf| < C + ((r)vol (9B,) / dfP?)
(B,\Br,) 9B,

Letting

7 () = /B P

rearranging and using the co-area formula, the above inequality becomes
v(r) < C’{l—i—n(r)%’y' (r)%vol (8Br)%} (6.13)

for r > R; and some constant C' > 0. To complete the proof, assume that |df |2 &
LY (M). Then v (r) — 400 as r — +oo and therefore so does the RHS of (6.13).
We deduce that there exist Ry > R; and C; > 0 sufficiently large that

v (r)? < Cun (r) vol (9B,)+ (r),

for every r > Ro. Let Ry < r < t. Integrating over (r,t) and taking into account
the monotonicity of 7, we have

1 1 _c /t ds
v(r) @)~ n(r) )r vol(9B;)
Whence, letting ¢ — +oo we conclude the validity of both (6.9) and (6.10). O
In a similar way we can also prove

Lemma 6.7. Let f : (M,{,)) — (N,(,)) be a harmonic map such that, for some

Ry > 0, f(M\ Bg,) is compact and contained in a domain D C N supporting
a strictly convex function. Then, either |df|> € L*(M) or vol(dB,)~! € L(+o0)
and there exists R > 0 such that, for every r > R,

-1

[ar<el [T a1 o1

We are now ready to show the validity of

for some C' > 0.
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Theorem 6.8. Let (M, (,)) be a complete Riemannian manifold such that
Ric > —p(x) on M

for some function p € C° (M) and assume that the Schrédinger operator L =
—A — py (x) satisfies
A1 (La) > 0.
Suppose that vol(0B,) is at most of polynomial growth in r, as r — +oo. Let
(N, (,)) be a complete manifold with non-positive sectional curvature and let q €
N. Assume that
vol (8B,) = O (r**™?) , as r — +o0, (6.15)

for some oo > 0. Then any harmonic map f: (M, (,)) — (N, (,)) such that

O(r(z)™) if a>0,

o(1) if o =0 as r(x) — +o0, (6.16)

dth(f(x)vq)=:{

1s constant.

Proof. The proof is similar to that of of Theorem 6.1. The only delicate point in
order to apply Theorem 4.5 is to show that

1 1
z;j§F¢L(+w) (6.17)

Note that if vol (0B,)”" ¢ L!(+00), then, by Lemma 6.6, |df|* € L* (M) and
(6.17) holds true. Therefore, suppose vol (9B,) ' € L' (40c). From (6.15) we

deduce N N
o dt > dt 1
- > "
/T vol (0B;) — C/t rots ¢ rot2

+o0 dt -1
< " a+2. .
{/ vol(aBn} = (6.18)

First, we consider the case where a > 0. From estimate (6.10) of Lemma 6.6 we
deduce

which implies

/IWFSCﬁ (6.19)

B,

for r > R > 0 sufficiently large. It follows that

r

B,

and, “a-fortiori” (6.17) is true. The case where o = 0 is similar. O



6.1. Harmonic maps of finite LP-energy 133

We end this section showing that the growth estimates obtained in (6.10)
and (6.14) are rather sharp despite the simplicity of their proofs. To this end we
consider rotationally symmetric maps between models, referring to [139] for the
details and proofs that we omit here.

Let n, ¢ : [0,400) — [0,400) be smooth functions such that n(t), ((t) > 0
for t > 0, and

7(0)=¢'(0)=1, and n®(0)=¢*Y(0)=0Vk=0,1,...,

and let M(n) and M (¢) be the Riemannian manifolds obtained by endowing R™
with the metrics defined in polar coordinates by

(y)n = dr® + 772(7“)d92 and (,)e= dr® + ¢%(r)d?,

where df? is the canonical metric on ™.
Next we consider rotationally symmetric maps F, : M(¢) — M(n) defined
in polar coordinates by

Fy: (r.0) = (p(r),0)  p(0)=0.

A computation shows that, up to a constant factor, the energy of F, on B, is
given by

B (5) = | ' [<p’>2+ LR (510 ) ds, (6.20)

and therefore F), is a (smooth) harmonic map if and only if p is a non-negative
solution of

{p"m + (m = 1) (r) = Ztn(p(r) (p(r) =0 7 >0,

. (6.21)
lim, g+ p(r) = 0.

Assuming that m > 3, we choose n(r) = r, so that M(n) is the standard
Euclidean space, and ((r) such that, for some ¢ > 1 and sufficiently large R, > 0,

C(t) = t(logt)’ ¥t > R,. (6.22)

According to [139] Theorem 4.1 there exists L > 0 such that, for every p in
(0, L], (6.21) has a solution p satisfying

pl(r) >0, lim p(r) = peo. (6.23)

r——4o00

It follows that for every R1 < L there exists a harmonic map F), : M (¢) — M(n)
with the property that, for suitably large R,

F,(M()\ B, ) € B,



134 Chapter 6. Applications to harmonic maps

where B%(n) denotes the ball of radius Ry centered at 0 in M (7). In particular,
integrating (6.21) between 1 and r we obtain

§) = CCr) ™ =100 [ o ()(s)™ P s,

1

Using (6.22) we see that the integral on the right-hand side has the same order of
magnitude as

/ ("3 (s)ds < ™ *(logr) (m=3)3 as r — +00,
1

and therefore 05
p'(r) <r~'(logr)” as 1 — 400.

Inserting this result into (6.20) we conclude that
T
BA(F) = [ 100+ (m = 1R (0)] (516 (5) ds
1
" m—3 m—2 (m—=3)¢
= ("3 (s)ds < ™ *(logr) as r — 400.
1

On the other hand, we have vol0B; = ¢,,,t™ *(log t)‘s(mfl) for t > R,, so that

/+°° a /+°° dt _ 1
. vol(0B,) J,  tm=l(logt)s(m=1) " ym=2(Jog)d(m=1)

showing that the estimate provided by Lemma 6.7 is sharp up to a power of logr.

6.1.3 Further remarks on convergent harmonic maps
In this section we take a closer look at Lemma 6.6 above.

We first note that the assumption that f (M \ BRl) CBr(g,0<T<<1,

cannot be replaced by f (M) C Br (q), for otherwise the result is trivial. In fact,
harmonic maps having small images and limiting value at infinity are necessarily
constant. This is true regardless both of the geometry of the domain manifold and
of the rate of convergence at infinity. More precisely we have the following

Proposition 6.9. Let (M, (,),,), (N, (,)x) be non-compact Riemannian manifolds
and let f : M — N be a harmonic map. Suppose that f(M) is contained in a
regular geodesic ball BY (yo) in N, and that

lim f(z) =yo € N.

T—00

Then f = yo.
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Proof. To see this, let v: BY (y0) — R be the smooth function defined by
v(y) =1 — cos (\/k+ distN(y,y0)> ,

where 0 < ki < (%)2 denotes an upper bound for the sectional curvatures of
Bg (yo). Then, according to the Hessian comparison theorem, v is convex. More-
over, it is non-negative and vanishes exactly at yg. Since f is a harmonic map
with f(M) C B (yo), the composition u = vo f : M — R is a well-defined,
non-negative, subharmonic function. It suffices to show that u (z) = 0. To this
end, suppose the contrary and assume that u (o) > 0 for some z¢ € M. Since, by
assumption,

lim u(x) =0
r—00

the non-negative function u must attain its positive absolute maximum. By the
maximum principle u is a positive constant, contradicting the limit condition. [J

As a matter of fact, the limit assumption can be relaxed provided we require
some further property on the harmonic map f. For instance, one can consider
the situation of rotationally symmetric harmonic maps between model manifolds
considered at the end of the previous section. Clearly, if f = F, : M () — M(n)
is the rotationally symmetric map induced by p, then

7 (9BY©) =oB)0
where B}, denotes the geodesic ball of radius R centered at the pole of the model
manifold at hand. In view of this latter property one can introduce the following

Definition 6.10. A smooth map f : (M™,(,),,20) — (N™,(,)x,¥0) between
pointed, complete Riemannian manifolds of dimensions m and n is said to be
weakly rotationally symmetric if, for every r > 0 there is 7 > 0 such that

F (9B (w0)) € OB (o) -
We have the following version of the Liouville property proved above.

Proposition 6.11. Let f : (M, (, ), ,2z0) — (N, (,)n s %0) be a harmonic map which

is weakly rotationally symmetric. Suppose that f (M) is contained in a regular
geodesic ball BY (yo) of N. If

lim f(zn) =10

n—-+oo
along some sequence {x,} — oo, then f = yo.
Proof. Indeed, let v (y) and u (x) = vo f () be the functions defined above. Again,
we have to show that u (z) = 0. By assumption, we find a sequence of real numbers
{rn} /" +oo with the property that, for each n,

u(x) < L on 0B (z).

n
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Since f is subharmonic, the maximum principle yields that, for each n,

(0<) u(z) < % on BM (z).

Whence, letting n — +00, we conclude u (z) = 0 as desired. O

6.2 Harmonic maps of bounded dilations and a
Schwarz-type lemma

In this section, we compare the above results based on LY energy growth as-
sumptions with other Liouville-type theorems. Towards this end, we recall some
definitions.

Definition 6.12. Given a smooth map f : (M, (,)) — (N, (,)) between Riemannian
manifolds of dimension m and n respectively, let

/\1 (.13) > /\2 (l‘) > 2 /\S (l‘) > /\S+1 (J)) > 2 Amin{n,m} >0

be the eigenvalues of the quadratic form f}(, ). We say that f has (first) dilation
of order at most k£ and constant T' > 1 if, for every x € M, either d,f =0 or

M (@) < T(1 +r(x)2>§ o (7).

We will denote with Hj, 1 the set of all smooth, harmonic maps f with dilation of
order at most k and constant T, and with L*Hy, 1 the subset of maps f € Hyr
with energy density satisfying |df|* € L2?.

Remark 6.13. If f has bounded dilation of order at most k on M, then f cannot
have rank 1 at any point of M, for otherwise Az (z) = 0.

Remark 6.14. Obviously, when M is compact, Hg 7 = L*Hj. 7. Furthermore, the
dilation condition can always be reduced to the case k = 0 for a sufficiently large
T > 0. Therefore, in the compact realm, one simply considers the set of harmonic
maps of uniformly bounded dilation and write Hrp.

A special class of harmonic maps of (uniformly) bounded dilation is rep-
resented by (anti-) holomorphic maps f : M — N from a Kéhler manifold
(M,{,),Jm) to a Hermitian manifold (N, (,),Jn). Indeed, let X € T, M be
an eigenvector corresponding to the eigenvalue A of f*(,). Then, assuming for
instance that f is holomorphic, we have

A= f*<7>N (XaX) = <dmf(X)vdacf(X)>N = <JNdmf(X)7JNdmf(X)>N
= (dof (JuX),dof (I X))y = () n X, I X).
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Therefore, also Jys X is an eigenvector of A, proving that the eigenvalues of f* (,) 5
have (geometric hence algebraic) multiplicity at least 2. It follows that f has
bounded dilation of order at most k = 0 and constant 7' = 1.

Harmonic maps of controlled dilations enjoy the Schwarz-type property de-
scribed in the next theorem, which extends to this situation seminal results ob-
tained by Ahlfors, [2] and Yau, [169].

Theorem 6.15. Let (M,(,)) and (N, (,)) be complete, Riemannian manifolds of
dimensions m and n, respectively. Assume that the Ricci curvature of M satisfies

MRic > — (m — 1) B? (1 +r(m)2>_% on M, (6.24)

for some 0 < v < 2 and some constant B > 0. Suppose also that the sectional
curvature of N satisfies

NRiem, < —K (z) on N,
for some function K (z) on N. Let f € Hyr be such that

k—v

K (f (z)) < —C? (1+r(x)2> T on M

for some C' > 0. Then,

< (m — 1) B2T min {m, n}’
- 2C? ’

sup |df|* (6.25)
M

Proof. To simplify the notation, set

X
2

a(z) = (m—1) B> (1+r(x)2)

Let ¢ < min{m,n} be the rank of df at x, and choose a local orthonormal frame
{e;} of M which diagonalizes the quadratic form f* (,)\ at . Thus

|df|2: Z f e]vej Z >\

Jj=1,...,0
and
k—~
NRiem (df (e:) ,df (e;), df (1), df (e;)) < =C2 (14 7(@)*) T Ay,
where {\;}, ¢ = 1,...,¢ are the non-zero eigenvalues of f*(,), arranged in de-

creasing order. From the Bochner—Weitzenbock formula for harmonic maps, we
have

AP = 21D — 20 ()l 40 (14 (2?) TS 6)

i<j=1
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On the other hand, using the dilation assumption on f we obtain

) = (X M) < ene)?

1<i<t
< min{m,n}*T(1 + r(z)?) g)\l (x)A2(2)
< min{m,n}*T (1 + 7"(x)2)g Z Ai(z)Aj ()
1<i<j<e

We therefore conclude that the smooth function u = |df|? satisfies the differential
inequality
Au+a(z)u>b(x)u? on M
with ( ) B o
2(m—1 4 1
a(r)=—""—, b(x)= T (]2 ;
’ (1 +r(z) )

[N

5 -
2

Note that
a(z)  (m—1)B?T min{m,n}?

b(z) 202

Furthermore, according to (2.30), we have

log(vol (BM)) < r!=7/2
so that o
1 1(B
timing 2EYLBT)
r—-—4o00 re—°

Therefore, to conclude the validity of (6.25), we can invoke the a-priori estimates
contained in the next theorem that we quote from [130]. g

Theorem 6.16. Let (M, (,)) be a complete manifold and let a (z),b(z) € C°(M).
Set ay (x) =max{a(z),0}. Assume

sup a4 (x) < 400
M

and
B

r(x)"

forr(xz) >> 1 and some 0 < p < 2. Suppose furthermore

b(z) >0 on M, b(z) >

a+ (z)
b(z)

<FEonM

for some E > 0. Let u € C* (M) be a non-negative, weak solution of

Au+a(z)u>b(x)u® on M
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with o > 1. If
1 1 (BM
— A )

< 400
r—+4o0 r2—p oo,

then )
u(zx) < Ee-1 on M.

Corollary 6.17. Let (M, (,), Jar) be a complete Kdhler manifold such that

_2
2

MRic > —(m — DB*(1+7r(x)?) 2 on M (6.27)
for some constants B > 0 and 0 <~y < 2. Let (N, (,), Jn) be a Hermitian manifold
with holomorphic bisectional curvature bounded above by k(z), z € N. Let f :
M — N be a holomorphic map such that

X
2

k(f (z)) < —C? (1+r(x)2> > on M

for some C > 0. Then
—1)B?
sup |df|? < u
M

Proof. According to Corollary 1.29, the function u = |df |2 satisfies

2 |VU|2
Au+2p(z)u > =2k (f () v + Y

pointwise on Q@ = {z € M : u (z) > 0} and weakly on M. Here, —p (z) denotes the
function on the RHS of (6.27). Now the result follows easily. O

Remark 6.18. Using a different technique, which relies on a-priori estimates valid
under Ricci curvature assumptions, one may obtain the conclusions of Theorem
6.15 and Corollary 6.17 replacing the assumption 0 < v < 2 with v < 2; see [135].

Remark 6.19. Note that in the assumption of Corollary 6.17 the holomorphic
function f is distance-decreasing provided

(m—1)B?

2 <1

and this is an exact analog of the classical Schwarz lemma.

It is also possible to obtain versions of the Schwarz lemma for volumes. We
describe an instance of this in the holomorphic setting, extending results first
obtained by Chern, [36], and, for generic complete Kéhler domains, by Yau, [169].

Theorem 6.20. Let (M, {,),Jar) be a complete Kahler manifold of complex dimen-
sion m and scalar curvature s (x), and let (N, (,),Jn) be a Hermitian manifold
of the same dimension and with Ricci curvature bounded from above by R (z),
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z € N. Denote by dvoly; and dvoly the volume elements of M and N respectively.
Suppose that f: M — N is holomorphic and that

1
r(z)"

(i) R(f(z)) <0on M; (i) R(f(z)) < -

on M\ Bgr,
for some Ry > 0 and some 0 < p < 2. Assume also that

(i) s € L= (M); (i) };T((?)) > _9mE on M

for some E > 0. If

lim inf M < +00,
r——+00 rea—H

then

f*dvoly o
e <E.
{ dvolys -
In particular, if E < 1, then f is volume-decreasing.
Proof. We set u = |df|* = trf* (,) and
frdvoly 4 X 2
v=1q———— ¢ =(det f7(,))".

dvol M

A computation due to Chern, [36], shows that the function v satisfies the differ-
ential inequality

Vol?
Av > 2R (f (z))uv 4 2s (z) v + ﬂ

v
The arithmetic-geometric means inequality implies that

= * 1/2m 1 * 1
vim = (det , < —tr ,) = —u,
(det £ ())"/*" < sotnf () = 5
whence, letting w = vﬁn, and inserting into the above inequality, we obtain

2
Aw > —R(f(a:))wQ—l—%s(x)w—i—M.

The result now follows from Theorem 6.16. O

For applications of the type of Schwarz’s lemma described above see, e.g.,
Ph. Griffiths’ book, [70], and the references therein.
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6.3 Fundamental group and harmonic maps

As mentioned at the beginning of Section 6.1.1, Schoen and Yau have used har-
monic map techniques, and most notably the Liouville-type Theorem 6.1, to study
the fundamental group of manifolds of non-negative Ricci curvature and of stable
minimal hypersurfaces immersed into non-positively curved ambient spaces (see
[146] and chapter XII in [148]). We generalize and unify their topological results
in the following obstruction theorem.

Theorem 6.21. Let (M,(,)) be a complete, m-dimensional manifold whose Ricci
tensor satisfies
MRic > —p(x), on M (6.28)

and assume that the Schridinger operator L = —A — p satisfies
A (La) > 0. (6.29)

If D is any compact domain in M with smooth, simply connected boundary, then
there is no non-trivial homomorphism of m1(D) into the fundamental group of a
compact manifold with non-positive sectional curvature.

Remark 6.22. If (M, (,)) has non-negative Ricci curvature, we can obviously
choose p(z) = 0 in (6.28) so that condition (6.29) is automatically satisfied.
Similarly, suppose that (M, (,)) is isometrically immersed as a complete, stable,
minimal hypersurface into a space M of non-negative sectional curvature. Then,
according to the Gauss equations, ™ Ric > — |H|2, where |II| denotes the length of
the second fundamental tensor of the immersion. Moreover, the stability assump-
tion amounts to the fact that the operator L = —A — |II|* satisfies (6.29). These
are the geometric situations considered in [146].

A further situation where the topological conclusion of Theorem 6.21 holds
true is when (M, (,)) is a complete, m-dimensional manifold satisfying both the
following properties:

(a) M supports the (global) Sobolev inequality

l—«
S(a)! (/ v_> g/ Vol?, Vo € C (M)
M M

where 0 < @ < 1, and S () > 0 is a constant.

(b) The Ricci tensor of M satisfies
MRic > —p(x), on M

with
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This readily follows from Lemma 7.33 in Section 7.4. It should be noted that, in
the above assumptions, we also have some information on the topology at infinity
of the manifold at hand. See Section 7.1.

The proof of Theorem 6.21 relies on the following generalized version of a
result by Schoen and Yau, [146].

Theorem 6.23. Let (M,(,)) be a complete Riemannian manifolds whose Ricci
tensor satisfies (6.28) and (6.29). Let (N, (,)) be a compact manifold of non-
positive sectional curvature VRiem < 0. Then, any smooth map f : M — N of
finite energy |df| € L? (M) is homotopic to a constant on each compact set of M.

Proof. Arguing as in [146], we see that the smooth map f : M — N is homotopic,
on each compact set, to a harmonic map g : M — N of finite energy |dg| € L? (M).
To reach the desired conclusion it suffices to show that g is constant, and this
follows at once from Theorem 6.1. a

We now come to the proof of the main theorem of the section. The arguments
are detailed from [146].

Proof of Theorem 6.21. Let D C M be a compact domain with smooth, sim-
ply connected boundary and let o € Hom (m; (D), m (N)), where (N, (,)) is a
compact manifold of non-positive sectional curvature. We have to show that o is
trivial.

By the Cartan—-Hadamard theorem, the universal cover of N is contractible,
so that all the higher homotopy groups 7; (N) (j > 2) of N vanish. Thus N is as-
pherical, or equivalently, is a K (m, 1) space. According to the theory of aspherical
spaces, see, e.g., [163], the set [D; N] of (free) homotopy classes of maps from D to
N is in one-to-one correspondence with the set of conjugacy classes of homomor-
phisms Hom (7 (D), 71 (IV)). The correspondence is simply given by f — [f#],
where fx is the homomorphism induced by f. Accordingly, we find a continuous
map f: D — N such that

U:O[Of#,

for some « € Aut (71 (N)).

Since 0D is simply connected, the restriction f|;, : 0D — N is homotopic
to a constant. This follows again by the above mentioned property of aspherical
spaces. Let H : 0D x [0,e] — M be a (continuous) homotopy with H (-,0) = f,
H (-,€) = const. Suppose also € > 0 is small enough. Using the normal exponential
map exp' relative to 9D, see, e.g., [30], the homotopy map H enables us to
extend the definition of f to a smooth domain D', D CC D', along the directions
normal to dD. Namely, for any © € M with disty (x,0D) = t < ¢, there are
uniquely determined 2’ € D and v € (T dD)" C T M with |v| = 1 such that
x = exp,, (tv). Thus, one defines

f(z)=H (', t).
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By construction, the extended continuous map f : D’ — N is constant on dD’
and therefore can be further extended by the same constant on M \ D’.

Now, we use the Whitney approximation procedure, see, e.g., [92], to get a
smooth map f on M which is homotopic to f. In fact, we can take f in the same
homotopy class of f, relative to the closed set M \ D", where D' CcC D" cC M.

This is because f is constant, hence smooth, on M \ D”. Clearly, we have
o=a"o(f|,)4

for some o’ € Aut (71 (N)). On the other hand, f is constant on M \ D", hence
it has finite energy. Applying Theorem 6.23 we deduce that f is homotopic to
a constant on each compact subset of M. Whence, it follows that (f| p)#> and
therefore o, are trivial homomorphisms.

6.4 A generalization of a finiteness theorem of Lemaire

In the previous section, following Schoen and Yau, we used vanishing results for
harmonic maps in order to obtain information on the fundamental group of a
manifold whose Ricci curvature is non-negative in some integral sense. In this sec-
tion we take a different point of view. The purpose is to prove finiteness theorems
for harmonic maps of bounded dilation into a negatively curved manifold, on the
assumption that the domain manifold has finitely generated fundamental group.
The results we consider here generalize to non-compact settings previous work by
Lemaire, [93]. Maintaining the notation introduced in Definition 6.12, Lemaire’s
result states

Theorem 6.24. Suppose that (M, (,)) and (N, (, )) are compact manifolds. Suppose
also that the sectional curvatures of N are strictly negative. Then, for every T > 0,
the set Hr is finite.

We provide a somewhat direct and qualitative proof of the result, where the
compactness of the target manifold plays no role.

Proof. Since (M, (,)) is compact and the sectional curvatures of the complete
manifold (N, (, )) are negative and bounded away from zero, we see that Hr is
a compact subset of C° (M, N) endowed with the uniform topology. Indeed, the
Schwarz-type lemma of Theorem 6.15 asserts that

sup sup|df| = C < +o0.
fEHT M

In particular
sup diamf (M) < Cdiam (M) < +o0. (6.30)
feEHT
By Ascoli’s theorem, Hr is relatively compact in C° (M, N). Elliptic estimates now
show that, for every sequence {f,,} C Hr converging to f, there is a subsequence
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whose higher derivatives converge locally uniformly on M. It follows that the limit
function f is in fact a smooth harmonic map; see also [148], Chapter IX. Finally,
f has dilation bounded by T'. Indeed, f (,)y — f*(,)n a8 n — +oo, pointwise
on M and in the sense of quadratic forms. Set A7 and A; for the j-th eigenvalues
of fr(,)y and f*(,)y, respectively. Then, from the variational characterization,
we deduce A} — A;j as n — +00, proving that

/\1 (J)) S T)\Q (J)) on M.

As a consequence, the relatively compact set Hr is, in fact, compact.

Accordingly, we have only to show that Hy is discrete. To this end, we adapt
an argument of [148], Chapter XI. Let R > 0 be so large that, for every f € Hr,

f (M) c BY.
Such a radius exists because of (6.30). Next, set
i=inj (BY) > 0.

For any chosen f € Hrp, we consider the ball B; (f) in C° (M, N), centered at f
and of radius i:

B (f) = {g € C" (M, N) : supdisty (f (z),g(x)) < z} .
M

We claim that every harmonic map g € B; (f) is homotopic to f. Indeed, consider
the function p : M — R given by p (z) = distyx (f (z), g (x)). Then p? (z) is smooth
and subharmonic on M. By the maximum principle, p? must be constant. We can
therefore construct a (geodesic) homotopy between f and g in the following way:
for every x € M, let 7, : [0,p] — N be the unique geodesic segment, of length
p (< 1), satisfying 7, (0) = f (x) and 7, (p) = g (z). The desired homotopy map is
defined by setting H (x,t) = ~, (t) and this proves the claim.

To conclude, recall that every free homotopy class in [M; N] contains at most
one harmonic map of bounded dilation. Therefore, if f € Hrp, then Hpr N B, (f) =
{f}, showing that Hy is discrete a

We are now going to generalize Lemaire’s theorem to the case where the
domain manifold is non-compact.

Theorem 6.25. Let (M, (,)) be a geodesically complete, parabolic manifold satisfy-
ing, for some 0 < k < 2,

MRic> —(m—1)B*(1+7(z))"", on M.

Assume further that the fundamental group w1 (M) of M is finitely generated. Let
(N, (,)) be a compact manifold with strictly negative sectional curvatures. Then,
L2H;€7T s a finite set.
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The proof of Theorem 6.25 can be obtained by adapting Lemaire’s origi-
nal argument to the present setting. The crucial ingredients of the proof are the
Schwarz-type lemma contained in Theorem 6.15 and the following uniqueness re-
sult for harmonic maps in a given homotopy class. It is an improved version of the
Schoen and Yau uniqueness theorem, [149], see also [148] Chapter XIII, which in
turn extends to the non-compact setting a theorem by P. Hartman, [78].

Theorem 6.26. Let (M, (,)) and (N, (,)) be complete Riemannian manifolds. As-
sume that M is parabolic and that N has strictly negative sectional curvatures.
Let f: M — N be a non-constant, harmonic map of finite energy |df| € L? (M).
Then, there is no other harmonic map of finite energy in the (free) homotopy class
of f, unless f (M) is contained in a geodesic of N.

Remark 6.27. The original statement required vol (M) < +o00; see Theorem 1 on
page 321 in [148].This assumption was used only to prove that a subharmonic
function ¢ with finite Dirichlet integral |[Vp| € L% (M) is in fact constant; see
Lemma 1, Corollary 1 and Lemma 2 on page 318 in [148]. Therefore, Theorem
6.25 follows from the Schoen—Yau proof using Corollary 7.28 in the next section.

We are now in a position to give the

Proof of Theorem 6.25. Note that, due to the dilation assumption, the rank of
any f € Hyr is different from 1. Therefore, f (M) is not a geodesic of N. By
Theorem 6.26 it follows that different maps f # g € L*Hy 1 represent distinct
free homotopy classes [f] # [g] € [M; N]. We have to show that they are finite in
number.

Fix g € M and yg € N. As noted at the beginning of the proof of Theo-
rem 6.21 in the previous section, the manifold N is aspherical and therefore, the
set [M; N] is in one-to-one correspondence with the conjugacy classes of homomor-
phisms 7 (M, zg) — m1 (N, yo). The finiteness result will be established once we
prove that there are only a finite number of conjugacy classes of homomorphisms
induced by maps in L?Hj, 7. This will be done by interpreting the fundamental
group as the deck transformation group of the universal covering.

So, let (M’,(,)") and (N’,(,)") be the Riemannian universal coverings of
M and N, respectively. Note that any smooth map f : M — N lifts to an
fx-equivariant smooth map f' : M’ — N’. This means that, for every v €
T (M,J)o) = Deck (M/) s

frly@)=fa(n) @)

where (up to conjugation) fy is the homomorphism induced by f. We choose
a (relatively compact) fundamental region F of N’ and we fix a point z(, € M’
over g € M. Next, for every f € Hy 1, we consider the lifting f/ of f with the
property that f’(z() € F. This can be done by composing any lifting f’ with
a deck transformation a € m (N,yo) = Deck (N’). Note that, in this way, f’
becomes an « o fy-equivariant map.
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According to Theorem 6.15, there exists a constant C' > 0 such that

sup sup|df|® < C.
fEHK, T M

Since Riemannian covering maps are local isometries, we deduce that the same
L>-estimate holds true for the lifted maps f’. From this, the relative compactness
of F and the fact that f’(xf) € F, it easily follows that, for every R > 0 there is
R > 0 such that

7 (BY 1)) c BY',

for every f € Hy 1.
Let S = {y=1,...,7s} be a (finite) set of generators for m (M, xo) and
choose R > 0 large enough that

{70 (20) s+, (20)} C BY (af) -
Then, recalling the equivariant property, we have
{f om0 (x) sy froms (x)} € BY n{ao f'(z}) s a € m (N,y0)},
for every f € Hy . Let
G = Usenr {0 €m (Nyyo) sao [ () € BY '}
which is a finite set because

GC{aem(N,yo):Bg'ﬂa(]-');ég}.

The conjugacy classes of the homomorphisms f associated to f € L*Hy, r,
are characterized by the restrictions

J#lg: S —G.

Since both S and G are finite, the number of these classes is also finite, as required
to complete the proof. O



Chapter 7

Some topological applications

7.1 Ends and harmonic functions

Given a compact set K in M, an end E(K) with respect to K is an unbounded
connected component of M \ K. By a compactness argument, it is readily seen
that the number of ends with respect to K is finite,

It is also clear that if K C K’, then every end E(K’) is contained in one end
E(K), so that the number of ends increases as the compact K enlarges.

We say that M has a finite number of ends if there exists a constant C' such
that for every compact K the number of ends with respect to K is bounded above
by C. In this case there exists a compact K, and a number N such that for every
compact K D K, the number of ends with respect to K is exactly N, and we say
that M has N ends.

In what follows we will fix a compact domain D with smooth boundary and
by an end we will always mean an end with respect to D.

We recall that a Riemannian manifold (M, (,)) is parabolic if every subhar-
monic, bounded-above function on M is constant. See Section 7.2 for a description
of some equivalent definitions of parabolicity. An end F will be said to be parabolic
if the double of E (see, Section 7.3) is a parabolic manifold. Equivalently, if every
positive superharmonic function u satisfying du/dv > 0 on JF, v being the unit
outward normal to OF, is constant. Otherwise the end will be called non-parabolic.
The non-parabolicity of E is also characterized by the existence of a (minimal)
positive Green kernel satisfying Neumann boundary conditions on 0F.

We are going to describe the connection between the number of ends and
harmonic functions as developed by P. Li and L.-F. Tam and co-authors (see [99]-
[102], [156], [104] and [105]). In particular, we are going to show that the number
of non-parabolic ends of a manifold is controlled by the dimension of the space of
bounded harmonic functions with finite Dirichlet integral. This, together with the
vanishing, or finiteness theorems described above, allows us to obtain results on
the number of non-parabolic ends.

We fix an exhaustion {D;} of M by relatively compact open domains with
smooth boundary with D C D; C D;y1, and, given an end E with respect to D
we write B, = END;, and OFE; =0D; N E.

Our first task is to obtain a characterization of non-parabolic ends (see [100],
Proposition 1.1), that will be instrumental in the constructions that follow. We
begin by recalling the following equivalent characterization of parabolicity in terms
of a maximum principle for unbounded domains (See [3], Theorem 6.C).
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Lemma 7.1. A manifold M is parabolic if and only if the following condition holds:
Let ¢ be defined and subharmonic in a region G C M with non-empty boundary
O0G. If ¢ is bounded above, and for every ( € 0G

lim inf
ég;lgﬁ( x) <m,

then ¢ <m in G

Proof. Let M be parabolic, and assume by contradiction that supg ¢ > m + 2¢
for some € > 0. Define

o max{¢,m +¢€} inG,
C Im+te in M\G.

Then v is subharmonic and bounded above on M, and therefore it is constant on
M. Since ¢ < m+ € on G, we conclude that ve = m+¢, so that ¢ < m+¢€ on G,
a contradiction.

For the converse, assume that the condition holds, let v be a subharmonic
bounded above function on M, and suppose by contradiction that v is not constant.
Then there exist € > 0 and z, € M such that ¢(z,) < sup¢$ — 2¢. Then, if G
is a connected component of the non-empty set {z : ¢(x) > sup¢ — 2¢}, ¢ is
subharmonic on G and ¢ < sup¢ — € on dG. The condition implies that ¢ <
sup ¢ — € on G contradicting the definition of G. a

Applying the lemma to the double of an end we immediately obtain

Corollary 7.2. Let E be an end of the manifold M. Then E is parabolic if and
only if for every function ¢ : E — R which is subharmonic and bounded above on
E we have supy ¢ = maxgg ¢.

This allows us to deduce the characterization of non-parabolic ends men-
tioned above (see [100]).

Proposition 7.3. Let E be an end of M. Then E is non-parabolic if and only
if there exists a bounded harmonic function h : E — R such that mingg h >
infgh =liminfgs,—o0 h(x). In fact, if E is non-parabolic, it can be arranged that
h =1 on OF and infg h = 0. Furthermore h has finite Dirichlet integral, and it
is minimal in the sense that, if h:E—>Risa positive harmonic satisfying h>h

on OF, then h>h on E.

Proof. Corollary 7.2 above implies that if there exists a bounded harmonic function
h satisfying infg h < mingg h, then E' is non-parabolic.

Conversely, assume that E is non-parabolic. Then, again by Corollary 7.2,
there exists a function ¢ : £ — R which is superharmonic and bounded below
on E and such that infg ¥ < mingg 1. By the maximum principle, this implies
that the sequence mingg, 1 is eventually decreasing. By translating and scaling,
we may assume that infg ¢ =0 and ¢ > 1 on OF.
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Next, for every i, let h; be the solution of the following boundary value
problem:

Ah =0 in Ei,
h=1ondFE, h=0ondE;.

It follows from the maximum principle that 0 < h; < 1 on FE; and that the
sequence {h;} is increasing, and therefore h; converges to a positive harmonic
function h on E satisfying 0 < A <1 and h =1 on JE. On the other hand, again
by the maximum principle, h; < v on Ej, and passing to the limit, h < 1. Thus
1nfEh S 1nwa = 0.

We note in passing that since h is harmonic on F, it follows that the sequence
mingg, h is strictly decreasing.

The minimality of h is proved in the same way. Indeed, let h be as in the
statement. Then, by the maximum principle h > h; for every 1, and the conclusion
follows by letting ¢ — +oo.

Finally, since h; is harmonic on FE; with boundary values h; = 1 on OFE,
h; = 0 on OF;, integrating by parts and denoting by v the outward unit normal
to OF, it follows that, for every i, < i,

/ |Vhi|2s/ Vhif? =
E.

o

Oh;
31/ S9E ov ’

Now, by elliptic estimates up to the boundary, all derivatives of h; are uniformly
bounded in compact subsets of E; (see, e.g., [15], Section 5.6), and therefore, by
passing to a subsequence if necessary, h; converges to h with all its derivatives
uniformly on compact subsets to E. Thus letting i tend to infinity in the above
inequality we obtain

/ |Vh|2§11minf/ |Vhi|2:—lim/ hi%:/ ha—h.
E; E; o OV op Ov

o

An alternative proof, which does not use refined regularity estimates goes as
follows: Note that h; minimizes the Dirichlet integral [, |Vu|? subjected to the
boundary conditions © =1 on OF, u = 0 on 0F;. Thus, if'i < J, and we extend h;
to Ej; by setting it equal to zero in E; \ E;, we have

|owni < [ vk = [ wonr
E; E; E;

showing that the Dirichlet integral [, |Vh;|? is a decreasing function of j, and
J
therefore there exists a constant C' such that

[ wne<c v

Ej
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Now, since h; converges to h uniformly on compact subsets of £, Vh; — Vh

weakly in leoc, and we deduce that for every compact K in F,

/ |Vh|* < lim‘inf/ |Vh;|? < C.
K J K

The conclusion is obtained by exhausting F by a family of compacts. Observe
that one could also use standard interior estimates to deduce that, by passing to
a subsequence if needed, Vh; converges to Vh locally uniformly in E. a

Definition 7.4. Let E be a non-parabolic end, and let i be the harmonic function
constructed above. A sequence {x,} C E which tends to infinity is said to be
regular if lim,, h(x,,) = infg h = 0.

Remark 7.5. Clearly, (a subsequence of ) the sequence g; = 1 — h; converges
locally uniformly on E to a harmonic function g on E such that 0 < g < 1 on
E, g =0 on 0F and limsupgs,_ . g(z) = 1. For future use, we also note that
given a relatively compact domain  with D CC , then infg\o g > 0. Indeed, by
construction g; > g on E;, and g > 0 on 02N E so there exists a constant ¢ > 0
such that g; > ¢ on 02N E. Moreover, by the maximum principle g; > mingong g:
on E; \ Q. Now, fix i, such that Q C Ej, . Since g; converges to g uniformly on
E; ,0< g;,—g<c/2for every i > i, sufficiently large, and we conclude that

9g=9i—(g—9i) >¢/2 on E; \Q.

Letting i, — 400 yields the required conclusion

Small modifications of the last part of the proof allow us to establish the
validity of the following lemma ([100], Lemma 2.2).

Lemma 7.6. Let E be an end of a non-compact manifold M, and let f be a har-
monic function on E which is C* up to the boundary for some o € (0,1). Assume
that there exist an exhaustion of M by relatively compact domains with smooth
boundary D; and a sequence of harmonic functions f; on E;, C° up to the bound-
ary, satisfying the boundary conditions f; = f on OF and f; = 0 on OF;, and such
that lim f; = f. Then f has finite Dirichlet integral and, if v is the outward unit

normal to OF, we have
of
Vi< —/ ==, 7.1
[vie<—| i3 (71)

The same conclusion holds if the end E is replaced by the complement of a relatively
compact set D with smooth boundary.

Remark 7.7. The assumption that f is C?® up to the boundary ensures that so
are the functions f; (see [60], Theorem 6.14). This in turn yields, via boundary
elliptic estimates (see [60], Theorem 6.6), that f; together with its first and second
derivatives are locally Holder up to the boundary with constants independent of
i, and therefore a subsequence of f; converges locally uniformly in C?(E).
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Using the function A constructed in Proposition 7.3 as barrier, we easily
obtain the following lemma ([156], Lemma 2.2).

Lemma 7.8. Let E be a non-parabolic end of M and let h be the harmonic function
constructed in Proposition 7.3. Then:

(i) If f is harmonic on E, continuous up to OF, and satisfies f <0 on OF and
f < Ch on E for some constant C > 0, then f <0 on E. If f =0 on 0F
and |f| < Ch on E, then f =0 on E.

(ii) If f is bounded and harmonic on E, continuous up to OE and such that
|f| < Ch on E for some C > 0, then f has finite Dirichlet integral.

Proof. We follow the proof in [156]. To prove (i) , consider the function h — C~1f
which is positive on E and greater than or equal to h on 0F. According to the
minimality statement in the proposition, we conclude that h — C~'f > h and
therefore f <0 on E.

To prove (ii) , assume first that f is C*® up to the boundary. For every i let
fi be the harmonic function which solves the boundary problem f; = f on OF and
fi = 0 on OF;. As in the proof of Proposition 7.3 a subsequence of f; converges
locally uniformly in C2(E) to a bounded harmonic function f on E with finite
Dirichlet integral. By the maximum principle, |f;| < C1h on E; for some constant
C1 and passing to the limit |f| < Cihon E. Thus, |f — f] < (C +C1)h on E and,
by (i), f = f and f has finite Dirichlet integral. The conclusion in the case where
f is only assumed to be continuous up to the boundary is obtained by applying
the argument to E \ U where U is a suitable neighborhood of 0F. |

A variation of the argument above allows us to show that a bounded harmonic
function defined on a parabolic end, has automatically finite Dirichlet integral (see,
g., [156], Lemma 2.3).

Lemma 7.9. Let E be a parabolic end of a manifold M. Assume that f : E — R
is bounded harmonic on E and continuous up to the boundary. Then f has finite

Dirichlet integral. In fact, if f is C*>* up to the boundary, then f satisfies estimate
(7.1).

Proof. As above, we may assume that f is C>“ up to the boundary of E. Further,
by adding to f a suitable constant, we may suppose that f is positive on E.
Arguing as in the proof of (ii) above yields a function f which satisfies f = f on
OE,0< f < fon E and satisfies (7.1). Since f — f is bounded on £ and vanishes
on OF, f — f =0 on E by Corollary 7.2. O

We are now ready to present the proof that the number of non-parabolic
ends of M is bounded above by the dimension of the space of bounded harmonic
functions with finite Dirichlet integral (see [102] and [71]).

Proposition 7.10. Let M be a complete non-compact Riemannian manifold, and
assume M has two non-parabolic ends E; and Eo (with respect to the compact
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domain D). Then there exists a bounded harmonic function f : M — R with finite
Dirichlet integral such that 0 < f <1, supg, f =1, and infg, f = 0.

Proof. Denote by e, and E4 the parabolic and non-parabolic ends of M with
respect to D, respectively, and, for every i, let f; be the solution of the boundary
value problem

Afl:O in Di,
fizl on aDiﬂEl, f1:0 on 6Dlﬂ(M\E1)

Then, 0 < f; < 1, and, by the Harnack principle, (a subsequence of) f; converges,
locally uniformly, to a harmonic function f on M, satisfying 0 < f < 1.

For every A, let h 4 be the harmonic function on E4 constructed in Proposi-
tion 7.3. By construction, and the maximum principle, for A # 1, f; < hg on Ey4.
Thus 0 < f < ha, so that 0 <infg, f <infg, ha =0, and, by Lemma 7.8, f has
finite Dirichlet integral on E 4.

Similarly, since 1 — f; < hy on E7, we conclude that supg, f =1, and that f
has finite Dirichlet integral on Fj.

Finally, since f is bounded harmonic, by Lemma 7.9, it has finite Dirichlet
integral on each parabolic end e,. We may therefore conclude that f has finite
Dirichlet integral on M, as required to complete the proof. O

Theorem 7.11. Let HE (M) denote the space of bounded harmonic functions with
finite Dirichlet integral on M, and by N (D) the number of non-parabolic ends of
M with respect to the relatively compact domain D. Then

N(D) < dim H (M).

It follows that, if HF (M) is finite-dimensional, then the M has finitely many
non-parabolic ends, whose number is bounded above by dim HY (M).

Proof. Since the constants are in H¥ (M), we may assume that N (D) > 2. Let E 4,
A =1,...,N(D) be the non-parabolic ends of M with respect to the relatively
compact domain D. According to the previous proposition, for every A there
exists a bounded harmonic function on M with finite Dirichlet integral fa such
that supg, fa =1 and infg, fa =0if B # A.

To complete the proof it remains to be shown that the functions fa are
linearly independent. To this end note that for every A there exists a sequence of
points {z 4} going to infinity in the end E4 such that lim, ha(za,) = 0, and
therefore, lim,, fa(xa,) =1 and lim,, fg(xa,) =0if B # A.

Now if Zg(:?) cgfp = 0, evaluating the sum along the sequence x4, we
obtain c4 = 0 for every A, proving that the functions f4 are linearly independent.

|

An immediate application of Theorem 6.1 and Corollary 5.4 yields the fol-
lowing
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Corollary 7.12. Let (M, {,)) be a complete, non-compact, connected Riemannian
manifold satisfying

Ric > —p(x) (7.2)
for some non-negative continuous function p, and let L = —A — p. Then
(i) if M(Lar) >0, then M has at most one non-parabolic end;

(ii) if M(Lank) > 0 for some compact set K, then M has at most finitely many
non-parabolic ends.

We note that one may estimate the number of all ends, parabolic and non-
parabolic, in terms of the dimension of suitable spaces of harmonic functions on
M. More precisely, if we denote by n(D) the number of parabolic ends with respect
to D, and by HT (M) the space spanned by the positive harmonic functions on
M and by H°(M, D) the space spanned by the harmonic functions which are
bounded from one side on every end with respect to D, then Li and Tam prove
that n(D) + N(D) < dimH"(M, D), N(D) < dimH¥ (M) and if N(D) > 1, then
n(D)+ N(D) < dimH* (M) (see [102], Theorem 2.1).

It should be also noted that, more recently, C.-J. Sung L.-F. Tam and J.
Wang improved on the above result (see Theorem 2.1 in [156]), by establishing
isomorphisms between the spaces H°(M, D), H™ (M, D) and H¥ (M) and direct
sums of spaces of harmonic functions defined on each end, which yields:

(i) if N(D) > 1, then dim H (M) = SN2 dim HES (Ea),
(ii) if N(D) > 1, then dimH (M) = SV D dim HEZ (Ea) + 3" D) dim H (ea),
(iii) if N(D) = 0 and n(D) > 2, then dimH°(M, D) = >NV dim H* (e,),

where the spaces H¥ (E4), H' (e,) and H™ (e,) are defined as in the case of the
corresponding spaces of functions on M, but with the additional assumption that
the functions vanish on the boundary of the end.

In order to deduce topological consequences from the results on the triviality
respectively, finite-dimensionality, of the space of bounded harmonic functions with
finite Dirichlet integral on M, we need to find conditions which ensure that all
ends of M are non-parabolic.

We begin with the following lemma which states that if M supports an L2-
Sobolev inequality, then every end is either non-parabolic or has finite volume (see
[25], Lemma 1 and [104], Theorem 3).

Lemma 7.13. Let M be a complete Riemannian manifold, and assume that for
some 0 < o < 1, there exists a constant S («) > 0 such that the L*-Sobolev—

Poincaré inequality
, -«
S(a)! (/ Um) g/ Vo] (7.3)
M M
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holds for every smooth function (H' is enough) compactly supported in the com-
plement of a compact set K. Then every end E of M is either non-parabolic or it
has finite volume.

Proof. Let E be an end with respect to the domain D. Without loss of generality,
we may assume that K C D. Maintaining the notation introduced above, we
proceed as in the proof of Proposition 7.3 and, for every i, we let h; be the solution
of the boundary value problem

Ahl:O in Ei,
hi=1on OFE, h;=0 on OFE;

so that 0 < h; < 1, and, by the gradient estimate, (a subsequence of) h; converges,
locally uniformly, to a harmonic function h on E, which satisfies 0 < h < 1 and
h=1on JE.

We claim that if vol(E) = 400, then h is non-constant, and therefore
E is non-parabolic by Corollary 7.2 (or directly, since h is non-constant, (su-
per)harmonic and satisfies 9f/0v > 0, v being the outward unit normal to OF).

To this end, fix ¢, and let ¢ be a smooth cut-off function such that supp ¢ C E,
¢=1on E\ E;, and |V¢| < C.

For every j > ¢ the function ¢h; is compactly supported in £, and vanishes
off E;, so that, by the Sobolev inequality

( / <¢hj>2/<1a>) < 5(a) / V()

J J

= S(a) [ (V6K + 61V, + V(). V02).

J

On the other hand, since h; is harmonic in F; and vanishes on 0E;, while ¢
vanishes on JF, integrating by parts,

1

[ STl == [ 6thin 1 hy (62, V) = = [ (V(67,V03)

J
which, inserted into the above inequality, gives

-«
(/ (¢hj)2/“">> SS(a)/ IVo[2h2.
E; E;

J

Since |V¢| < C and V¢ = 0 outside E;, this in turn yields

11—
2/(1-a)
(/ h; ) gS(a)c/ h,
Ejo \Es Ei
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for every j > jo, > i.

To conclude, suppose that the limiting function A is constant, so that, by
the boundary condition, h =1 on E, and h; /' 1 on E. Letting j — 400 in the
inequality above, and applying the monotone convergence theorem, we obtain that

(vol E;, \ vol E;)' ™ < S(a)Cvol (E;),
so that, letting j, — 400, we deduce that vol (E) < +oo. O

Remark 7.14. In the statement of Lemma 7.13 we assumed that the L2-Sobolev
inequality holds outside a compact set. It is worth noticing that G. Carron has
shown that if an L?-Sobolev inequality holds in the complement of a compact set,
then it holds on M (see [26], Proposition 2.5).

Suppose now that M supports an L'-Sobolev inequality outside a compact
set K, namely for some « > 1 and there exists a constant S7(«) > 0 such that

sl(a)—l(/w)l/a < /|W|, (7.4)

for every smooth function u or, equivalently, for every u € W (M), compactly
supported in M \ K.

As mentioned in Section 5.3, the validity of an L'-Sobolev inequality like
(7.4) is equivalent to isoperimetric inequality

S(a) " (vol())/* < vol (99) (7.5)

for every relatively compact domain @ CC M \ K with smooth boundary. In
particular, if € is a ball of radius r, we obtain that in R™ the only « for which an
L'-Sobolev inequality may (and in fact does) hold is o = —2=. On the other hand,
recalling that the local geometry of a Riemannian manifold is almost Euclidean,
we see that in a general setting « is restricted to satisfy the inequality o < ™.

Indeed, we have the following elementary lemma (whose first point is in fact

implied by the more general (7.5)).

Lemma 7.15. Suppose that the L'-Sobolev inequality (7.4) holds for some o €
(1, 72| and for every function u € W compactly supported in M \ K. Then
the following holds:

(i) There exist a constant C depending only on « such that the volume growth
estimate

vol (Bg(z)) > CRY/ (@~

holds for every geodesic ball Br(x) C M\ K. In particular every end with
respect to K has infinite volume.
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(il) Assume that o < 2 (this condition is automatically satisfied if m > 2). Then
the L2-Sobolev inequality

sz<a>1(/|v|f°‘a)2%° < [1vop

holds for every v € W12(M) compactly supported in M \ K, and with

Sa(a) = (M)Q

2—«

Proof. Let ¢ be a family of smooth cut-off functions such that ¢. =1 on B,.(x),
=0 off Byte(z) and |[Vo| < 2/e, for every € > 0. Applying (7.4) we deduce that

Si(e)H(vol B,(z)) " < %VO] (Brye(z) \ By (2)).

Letting ¢ — 0 and applying the co-area formula yield, for a.e. r,

d
(251 () (vol B, (z))Y* < vol (OB,(z)) = %(VOIBT(J))),
whence (i) follows by integrating the differential inequality between 0 and R.
To prove (ii) one proceeds as in the proof of Theorem 5.11. We recall the
argument: let v be a smooth function compactly supported in M \ K. Applying
(7.4) to the function u = |v|*/(?~®) and using Schwarz’s inequality yield

1/a
Sl(a)fl(/|v|2a/(27a)> < /|V|v|2/(27°‘)|

- 2 (/|U|2a/(2_a)>1/2(/|V11|2>1/27
2—-«a

and (ii) follows by rearranging and simplifying. a

As a consequence, it follows that if the Sobolev inequality (7.4) holds for some
a € (1, %} and for every function u € W' compactly supported in M\ K, then

every end of M with respect to K is non-parabolic and, therefore, if M has at
least two ends, M supports a non-constant bounded harmonic function with finite
Dirichlet integral. In particular, if M supports an L!-Sobolev inequality off a
compact set, and the version for harmonic functions of Theorem 6.1 is applicable,
we may conclude that M has only one end. A situation where this occurs is
described in the next section (see also Section 9.2 where a slightly better result is
obtained by a different method).

As a matter of fact, using isoperimetric considerations (a la Faber—Krahn),
Carron, [27], observed that even an L2-Sobolev inequality is related to volume
growth properties of M. More precisely, we have the following result that we state
without proof.
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Theorem 7.16. Let (M, {,)) be a complete Riemannian manifold supporting the L?-
Sobolev inequality stated in (ii) of Lemma 7.15. Then, the volume growth estimate
stated in (i) of Lemma 7.15 holds.

As a corollary, the above considerations on the nature of the ends supporting
an L'-Sobolev inequality can be generalized in the following

Corollary 7.17. Assume that the L?-Sobolev inequality in (ii) of Lemma 7.15 holds
for some 0 < a < 1 and every function v € W2 compactly supported in M\K.
Then, every end of M with respect to K is non-parabolic. In particular, if M has
at least two ends, then M supports a mon-constant harmonic function with finite
Dirichlet integral.

So far, we have been mainly concerned with non-parabolic situations. We now
take a closer look at the parabolic setting. To begin with, we recall the following
classical result by M. Nakai, [116], [144].

Theorem 7.18. Let E be an end of the Riemannian manifold (M, (,)) with respect
to a bounded domain D with smooth boundary. Then E is parabolic if and only
if there exists a non-negative, continuous, proper function f : E — R which is
harmonic on E and satisfies f|og = 0.

The harmonic function f in the above statement is called an Evans-Selberg
potential of E. Note that, by boundary elliptic regularity, f € C*° (E), see, e.g.,
[9], Theorem 3.59.

Starting from Nakai’s theorem, and using the gluing technique developed
by L. Sario and collaborators, T. Napier and M. Ramachandran, observed the
following (see the proof of Theorem 2.6 in [117]).

Theorem 7.19. A Riemannian manifold (M, (,)), with at least two ends, is para-
bolic if and only if the following holds. Let E+, ..., E;, 1 > 2, be the ends of M with
respect to a compact set D with smooth boundary. Then, given by, ..., b € {+o0}
(not all equal) there exist proper harmonic functions f : M — R and f; : E; = R
satisfying the further properties:

(l) fj'an = O;
(ii) f; has constant sign and therefore f; (x) — b; as x tends to oo in E;;
(iii) supg, |f — fj| < +oo. In particular f (x) — b; as x tends to oo in Ej.

Imposing some further property on the underlying manifold (M, (, )), this
result can be substantially improved by specifying the maximal growth rate of the
energy of f. For instance, if (M, (, )) satisfies

inj (M) >0, Ric>—K,

then T. Napier and M. Ramachandran are able to deduce that the energy of f
must be finite. In the case of complete manifolds with almost non-negative Ricci
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curvature, we have the following remarkable result first observed by P. Li and M.
Ramachandran; see the proof of the Main Theorem in [98].

Theorem 7.20. For every m > 2, there exists a constant € = € (m) > 0 such that
the following holds. Let (M, { ,)) be a complete, parabolic Riemannian manifold of
dimension m. Assume that, for some reference origin o € M, the Ricci curvature
of M satisfies

Ric > — (6 5 forr(x) >>1 (7.6)
r(x

where r (x) = dist (z,0) . Let f: M — R be one of the proper harmonic functions
described in Theorem 7.19. Then

/ IVf]> =0 (R?) as R— +oc. (7.7)
Br (o)

Later on, in Section 8.2, we shall employ Theorem 7.20 to study the structure
of complete Kéhler manifolds. We are going to provide a somewhat detailed proof
of Theorem 7.20. To this end, recall the volume growth estimate by Li—Schoen
and Li-Ramachandran contained in Theorem 2.26 of Section 2.2, stating that for
every m > 2, there exists a constant € = € (m) > 0 such that if M satisfies (7.6)
with constant ¢, then, for every d > 1,

vol (B% (x)) — 400, as 1 (z) — +o00.

Theorem 7.20 is then an easy consequence of the next more general lemma
which is modelled on some results by Li and Tam; see Lemma 3.2, Lemma 3.3,
Corollary 3.2, Theorem 4.2 in [102].

Lemma 7.21. Let (M, {(,)) be a complete Riemannian manifold such that for some
oeM, K >0, andd> 2,

K
Ric (1) > ————, (7.8)
1+7r(x)
on M, and
vol (Br ) (:C)) — 400, as r(x) — +00, (7.9)
d

where 1 () = dist (z,0) . Let E be a parabolic end of M with respect to a compact
set D with smooth boundary, and let f : E — R4 be the Fvans—Selberg potential
of E given in Theorem 7.18. Then

ww feo(®) and [ iteo(m) (710
6BR(O)ﬂE BR(o)r‘]E

as R — +oo.

Let us show how to deduce Theorem 7.20 from Lemma 7.21.



7.1. Ends and harmonic functions 159

Proof of Theorem 7.20. Having fixed a smooth compact domain D C M, let
E1, ..., E; denote the (parabolic) ends of M with respect to D. Let f and fi,..., f;
be the smooth, proper harmonic functions constructed in Theorem 7.19. For any
fixed j, since f — f; is a bounded harmonic function on the parabolic end E;, by
Lemma 7.9 we deduce that

/ IV (f = f) < +oo.

E;

On the other hand, according to Theorem 2.26, the energy estimate of Lemma
7.21 applies to f; and we have

/ |ij|2:o(R2),asR—>—|—oo.
BR(O)ﬂEj

It follows that

Vi = 0(R?),as R — 400
Br(o)NE;

which implies, for every R >> 1,

ViP= [ V] \is
/ s [ v [ I

!
:C+Z/ IVf]> =0(R?) as R — +o0.
j=1"8

R(O)ﬂEj

O

It remains to prove Lemma 7.21. The argument makes an essential use of
a version of the weak Harnack inequality for Schrédinger-type operators under
curvature conditions. In the form we need, it follows applying to the function
g = uexp(—At/ (1+ RQ)) the parabolic Harnack inequality due to Li and Tam
[101], Theorem 1.1.

Theorem 7.22. Let (M, (, )) be an m-dimensional Riemannian manifold with (pos-
sibly empty) boundary OM. Let o € M and R > 0 be such that the closed ball
Bar (0) C M\ OM is compact, and assume that

K
Ric (z) >

= _H—Rz on Bag (0),

for some K > 0. Finally, let A € R and d > 1. Then, there exists a constant C > 0
which depends on A, m, K, d but not on R such that, if u > 0 is a weak solution of

A
—u >
Au+1+ 2u700ntR(o),
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then, for every x € Bp (o),

C
u(x) < o (B% (m)) /Bg(z) u.

We will also need a localized version of the celebrated gradient estimate of
Cheng Yau, which we recall for the convenience of the reader (see Schoen and
Yau’s book, [147], Theorem 3.1).

Theorem 7.23. Let (M, (, )) be an m-dimensional Riemannian manifold with (pos-
sibly empty) boundary OM. Let x, € M and R > 0 be such that the closed ball
Bar(z,) C M\ OM s compact, and assume that

Ric (z) >

= —m on Bsg (x0)7

for some K > 0. Then, there exists a constant C' which depends only on m such
that for every positive harmonic function f on Bag(x,),

1+ VK
R

IVf(z) < c( )f(gc), Vi € Bp (z,).

We are now in a position to give the

Proof of Lemma 7.21. For ease of notation, in the sequel we will denote by Bp
the geodesic ball of radius R centered at o. Assume that D C Bp,. First, we show
that, for any R > Ry,

[ wiks sw s <—Qf), (7.11)
BrNE OBRNE OE v

where v denotes the outward pointing unit normal to OF. Let

T'=T(R)= sup f= sup f,
BrNE dBrNE

so that
BrnEc 1 (0,7)).

For the sake of simplicity, we assume T is a regular value of f. The general case
can be handled by choosing a sequence of regular values {T,,} \, T' by applying
the reasonings below on [0,7;,] and, finally, by taking the limit as n — +o0. We
set

g=T-—f.



7.1. Ends and harmonic functions 161

Integrating by parts, and recalling that f is harmonic (enough superharmonic)
and that f~1({0}) = OF, we obtain

[ et
BrNE f£=1([0,T])
=/ Vgl?
f=1([0,1])
dg / dg
= 95+ 95
A—l(T) (’)u f‘l(O) (’)u
8f)
= T _—
/8E <3V
RE
OBrNE JOE ov

proving (7.11).
Next, we show that there exists a constant C' > 0 independent of R such
that, whenever R > Rod/ (d —2),

C of
6;1;213 |Vf|2 = inf vol (Bg (x)> (agggE f> /aE (_$> . (712)

r€EOBR

Note that, for every x € dBg,

2
dist (x,0BRr,) = R — Ry > TR

which implies
B% (x) Cc F.
Now, the Bochner formula and the curvature assumption imply that

2K
1+ (d—2)°R?/d?

AVF?+ V1> >0 on Bag (x),

where K is the constant in (7.8). Using the weak Harnack inequality of Theo-
rem 7.22, we deduce that there exists a constant C; independent of R such that,
for every y € Bgja(x),

ik G Vi?. 7.13
VI ) < — (or0) /B %(y)| /l (7.13)
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Specializing (7.13) to y = x € 0Br(0) and using (7.11) we obtain

C1 9
sup VP < — / vy
OBRNE we@lgng vol(B% (z)) win AE
Cy / ( 6f)
- sup f —— .
xealglme VOI(B% ()) (8B(d+d1)R ne ) oFE v

Now, let z, be the point where f attains its supremum on the set 0B (14 r/qa N E.
According to Theorem 7.23, there exists a constant Co which depends only on m
and d and K such that

VA
f
Integrating this inequality along the unit speed minimizing geodesic y joining o to
Zo, for t between R and (14 d)R/d, yields

sup = flwo) < e/ (v(R)) < eP/? sup f,
8Bgd+1)R nE OBRNE
£)

Vi < SR Barya(wo). (7.14)

which, substituted into the above inequality, yields (7.12).

Similarly, integrating |V f| along the part contained in E of the unit speed
geodesic joining o to x € 0B, N E, recalling that f|sr = 0, and using the funda-
mental theorem of calculus, we have

sup f= sup f<r sup |Vf]. (7.15)
9B,.NE B,.NE B,.NE

Therefore, inserting these inequalities into (7.12), we get

2 CR of
S VIS — 5 vol(Bgu))(B?fE'W')/aE (‘5>' (7.16)

2€0BRr(0)NE

We claim that, in view of the volume growth assumption (7.9), this implies
that
sup |Vf|=0(R),asr — +oo. (7.17)
BrNE
Indeed, suppose by contradiction that there exists a positive constant A such that,
along some sequence Ry, — +00,

sup |V f| > ARy.

BRk NnE

Without loss of generality, we can assume

sup |Vfl= sup |Vf],

BRk nE 8BRkﬁE
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and we deduce from (7.16) that

ARy < Ry / <—ﬁ) :
infop,, vol (Bﬂ (x)) op \ O
d

Thus 9
inf vol (Bﬁ (J:)) <cA! (——f> )
9Bg, d oE ov
which contradicts (7.9). This proves (7.17). Hence, by (7.15),
sup f=o (RQ)
OBRrNE

as r — 400, which together with (7.11) yields

/ VF = o (R?)
BrNE

as R — +o00, as required to complete the proof. O

To complete the picture, we point out that, up to avoiding the properness
assumption, the result of Theorem 7.20 still holds even in the non-parabolic setting.
This observation is proved in the Li-Tam paper [102] in a quite implicit form and is
further remarked in Li-Ramachandran, [98]. A direct, explicit construction using
a gluing technique can be readily obtained following Napier—Ramachandran, [117].

Theorem 7.24. For every m > 2, there exists a constant € = ¢ (m) > 0 such
that the following holds. Let (M,{(,)) be a complete, non-parabolic Riemannian
manifold of dimension m with at least two ends. Assume that, for some reference
origin p € M, the Ricci curvature of M satisfies

Ric > — c 5 forr(z) >>1 (7.18)
r(x)
where r(x) = dist (x,p). Then, there exists a positive non-constant harmonic

function f on M satisfying
/ \is =0(R?) as R — 4oo. (7.19)
Br(p)

Proof. Having fixed a smooth compact domain D, we denote by e1,...,e,p) and
by Ei,..., En(p) respectively the parabolic and the non-parabolic ends of M
with respect to D. According to Proposition 7.3, for every A =1,..., N (D) and
a— A > 0, we find a harmonic function g4 = as(1 —ha) : E4 — R satisfying

(1) 0 < ga <1, (ii) ga = 0 on OEa, (iii) |Vga| € L*(E4). (7.20)
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On the other hand, applying Lemma 7.21, for every j = 1,...,n (D), we get a
proper harmonic function f; : ¢; — R such that

(i) f; > 0 on ej, (ii) f; = 0 on de;, (iii) / IVfiIP =0 (R?). (7.21)
Br(p)ne;
To get the desired function f we now glue the various harmonic functions together.
Let Q be a relatively compact domain with D CC €2, and note that according to
Remark 7.5 there exists a constant € > 0 such that g4 > 3¢ > 0 on E4 \ . Next
let x : R — R be a smooth function such that x' > 0, x” >0, x (t) =0 for ¢t < ¢,
X (t) =t — 2¢ for t > 3. We define a function o : M — R by setting

X (fj) onej,
a(z) =4 x(ga) on Ea, (7.22)
0 on D.

Direct computations show that « (z) is a non-negative subharmonic function on
M. Note that since f; is proper, the level set {x € e; : 0 < f;(z) < 3e} is compact
for every j. As noted above, this also holds for every g4, and, since x(¢) is linear
if t > 32 > 0, we deduce that a (z) is harmonic off a large enough compact set,
and therefore, 0 < Aa € C° (M) . Let 8: M — R be the solution of the Poisson
equation

AB = Aa (7.23)
given by

5@) =~ [ Glay)Baly)dy
M

where G (z,y) is the positive Green function of M, which exists because of the
non-parabolicity assumption. Recall that 3 < 0 is bounded, |V3| € L? (M) and
B(x,) — 0 along any regular sequence. See Appendix 7.2. Finally, define f : M —
R as
f@)=a(z)—p6(x).

Clearly, f(z) > 0 and, by (7.23), f(x) is harmonic. Moreover, since 3 (x) has
finite Dirichlet integral, recalling definition (7.22) of « (z), and properties (7.20)
(iii) and (7.21) (iii), we see that

n(D)

N(D)
/ viP<co+ Y / V-V Y / Vg — VoI
Br j=1 BRﬂej A=1 BrNEA

n(D) N(D)
ccery [ guppery [
j=1 A=1 /BrNEA

:o(RQ),asR—>—|—oo.

Vaal*+2 [ V5P
M

BRﬂ6j

Finally, the non-constancy of f is obvious if M has at least one parabolic end.
Otherwise, lim,, f(x,) = lim,, g(x,) = aa — 2¢ along any regular sequence {z,} C
FE, and it suffices to choose the a4’s not all equal to conclude. O
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7.2 Appendix: Further characterizations of parabolicity

In Section 7.1 we gave a self-contained introduction to parabolic manifolds and
parabolic ends using the point of view of function theory and maximum principles.
As a matter of fact, parabolicity is related to a wide class of equivalent properties
involving the Green kernel, Brownian motion, capacity of condensers, L? differ-
ential forms, and so on. We invite the interested reader to consult the very nice
survey paper by A. Grigor’yan, [72]. Here, we collect those characterizations of a
parabolic manifold that shall be employed at some isolated points in the book.

The Green kernel and the Poisson equation. Let (M, (,)) be a connected manifold
of dimension m = dim M. We do not assume that M is geodesically complete.
Given a smooth, compact domain Q@ CC M, the Dirichlet Green kernel Gq (x,y)
of  is defined as a positive, symmetric, fundamental solution of the Laplace—
Beltrami operator satisfying Dirichlet boundary conditions. Namely Gq :  x Q\
{(z,z) : € Q} — R is a smooth function such that:

(P)

Positivity) Gg (z,y) > 0.

(
(S) (Symmetry) Go (2,y) = Ga (y,2).
(H) (Harmonicity) z — Ggq (z,y) is harmonic, for every fixed y € Q.
(A) (Asymptotic behavior)

—logd (x,y) m=2

Ay ™ m>3 ,asd(z,y) — 0.

G (a.9) ~ Cm) {

(F) (Fundamental solution) For every f € C° (),

A/Qcm,y)f(y)dy:/Qagu,ymf(y)dy:—f<x>, on Q.

(D) (Dirichlet condition) Gq (z,y) = 0 on z € 9%, for every fixed y € .

By the maximum principle, Gg increases with €. Therefore, letting Q / M (in
the sense of an exhaustion), G converges pointwise to a well-defined limit G :
M x M — RsoU{+oc0}. In fact, by the Harnack principle, G converges uniformly
on compact subsets of M x M\ {(z,z) : « € M} and the limit function G is either
identically equal to +oo or it is finite for every x # y. In this latter case, G is
called the positive Green function of M, and satisfies conditions (P), (S), (H),
(A), (F) listed above, with Q replaced by M. Moreover, G enjoys the following
further properties:

(M) (Minimality) If G (z,y) is a second function satisfying (P), (S), (H), (A), (F),
then G (x,y) > G (z,y). In particular inf; G (x,y) =0, for every y € M.
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Indeed, it is an easy consequence of the maximum principle that é(x,y) >
Gq (z,y) for every z,y € Q CC M. As for the infimum property, note that, for
every constant C' € R, the function G (z,y)+ C is again a symmetric fundamental
solution of the Laplacian, satisfying (A).

(LU) (Locally uniform integrability properties) Having fixed relatively compact
domains Dy CC Dy CC M,

y+— G (2,y) € Lipe (M) N L* (M \ Dy),

uniformly for x € Dy.

Indeed, the uniform, L}, -integrability follows easily from (A). On the other hand,

by the local Harnack inequality applied to the family of harmonic functions
{G(~y)}, en—p,, there exists a constant C' independent of z € D; and such
that

G (z,y) < CG(o,y),Vy € M — Ds.

Moreover
sup G(o,y) < +o0.
M—D,

Indeed, let €2, be an exhaustion of M by open sets containing o and with smooth
boundaries, and let G,, be the Dirichlet Green kernel of €,,, so that G, (x,y)
G (z,y) locally uniformly in M — {z}. Let C' > supyp, G (0,y) . Then, for every
sufficiently large n, C > G (o,y) > G, (0,y), for y € D2 and, clearly, C >
G, (0,y) = 0 on 99Q,,. Thus, by the comparison principle, C' > G, (0,y) in Q,\ Ds.
Whence, letting n — 400, G (0,y) < C for every y € M \ Da. It follows that there
exists a constant C’ > 0 independent of z € D; and y € M \ D3 such that

G (z,y) <C.

This proves that G € L*™ (M \ D3) uniformly for z € D;.

(C) (Convergence along regular sequences) Let E be a non-parabolic end. Then
{zy} is regular for F if and only if G(x,,,y) — 0 as n — +oo for every y € M.

We state the following result whose proof can be found in [72].

Theorem 7.25. The Riemannian manifold (M, (,)) is non-parabolic if and only if
it supports a positive Green function.

Property (F) above states that the positive Green function of a non-parabolic
manifold inverts the Laplace-Beltrami operator and, for any f € C° (M), enables
us to solve the Poisson equation

Au = f(z) on M.

Using the integrability properties (LU) one can show that the same conclusion
holds in the more general case f (z) € O (M) N L' (M); see Lemma 8.5. We
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explicitly note that, if f is compactly supported, then the solution u satisfies
|Vu| € L? (M). Moreover, if {z,,} is a regular sequence relative to a non-parabolic
end, then u(z,) — 0 as n — +o0. Indeed, let f € C (M), f > 0 and f # 0.
Then

u(@)= [ )Gy

M

is a smooth, positive, bounded solution of the Poisson equation
Au=—f(z).

As remarked by T. Lyons—D. Sullivan, [110], in some limit sense and for the special

solution u, one has
/ |Vul|® :/ uAu:/ uf < +oo.
M M M

To be precise, following Napier-Ramachandran, [117], consider a smooth exhaus-
tion {;} of M such that suppf C Qo, let G; denote the Dirichlet Green function
corresponding to ;. and recall that G; " G. Next, define

w@ = [ 166 @)y
M
and note that u; is the unique positive solution of the boundary value problem

Au; = —f on §y,
u; =0 on 0f;.

In particular, u; is a harmonic function on Q;\suppf. The sequence {u;} is mono-
tone increasing and converges to u, uniformly on compact subsets of M\suppjf.

Using the local gradient estimates by Cheng—Yau (or the Harnack principle), we
deduce that Vu; — Vu uniformly on compact subsets of M\suppf. Now, inte-

grating by parts,
=]
Q; Q

Whence, letting j — o0,

+o0 > / uf = lim |Vuj|2 > / lim inf {|Vuj|2 XQJ,\QO} :/ IVul®.
M J=too Jo, M It M\

Finally, the last statement follows from (LU), (C) and dominated convergence.

ujAuj :/ |V’U,j|2.

J J

Condensers and capacity. The next characterization of parabolicity that we need
to recall involves the concept of (absolute) capacity of a compact set.
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By a condenser we mean any couple E = (K,Q) where K is compact and
Q) C M is an open set with K C 2. The capacity of the condenser E is defined as

cap (K, Q) eLm}f(ﬂ)/ Vul?,

where L (K, Q) is the space of Lipschitz functions 0 < v < 1 on M which are
compactly supported in ©Q and satisfy v = 1 on K. In case = M one can
simply write cap (K) and speak of the (absolute) capacity of the compact set K.
We remark that if both K and € are smooth, relatively compact domains, then
the infimum is realized by a function ug € C*° (2 \ K) solving the boundary value
problem

Aug=0 onQ\ K,

ug =0 on 01,

ug =1 on 0K.

The extremal function ug is called the equilibrium potential of E. The following
result can be found in [72].

Theorem 7.26. The Riemannian manifold (M, {,)) is non-parabolic if and only
every compact set has positive capacity.

L%-vector fields. There is a further characterization of non-parabolicity that we
would like to recall. Essentially, it represents a global form of the divergence the-
orem for L? vector fields. By comparison, recall that if (M, (,)) is geodesically
complete and X is a vector field on M satisfying X,divX € L' (M), then

/ divX =0.
M

Indeed, since M is geodesically complete there exists a family of smooth cut-off
functions ¢r such that ¢g = 1 on Bg, ¢r = 0 off Bag and |Vogr| < C/R. Using
the function ¢ as test function in the definition of weak divergence, we obtain

C
/ ordivX = —/<V¢R,X> < — |X|
M R Bar\Br

so that letting R — 400 and using the dominated convergence theorem gives

/ divX <0.
M

Applying the same argument to —X yields the required conclusion.

This is a celebrated result by P.M. Gaffney, [56]. In a sense, X € L' (M)
has vanishing “boundary values”. In the L? setting, without the completeness
assumption, we have the next result which is known in the literature as the Kelvin—
Nevanlinna—Royden criterion for non-parabolicity; see [110], and [72] for historical
remarks. We also advise the reader that there is a non-linear extension of the
criterion due to Gold’stein and M. Troyanov, [62].
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Theorem 7.27. Let (M, {,)) be a complete manifold. Then M is non-parabolic if
and only if there exists a (C*) vector field X on M such that

(i) [X]eL?(M),
(i) divX € LL, (M) and (divX)_ € L' (M),

(i) 0< [, divX < +oo.

Proof. Assume first that M is non-parabolic. Let f be a smooth, compactly sup-
ported, non-negative and non-identically zero function, and let G(z,y) be the
Green kernel of M. Let

u=- [ Gl
M

According to the discussion after the statement of Theorem 7.25 the vector field
X = Vuisin L? and divX = Au = f is compactly supported, smooth, non-
negative and not identically zero, as required.

To prove the reverse implication we show that if M is parabolic, and X is a
vector field satisfying conditions (i) and (ii) , then f[,, div X < 0. To this end, let
D =Dy CC Dy --- CC D, be an exhaustion of M by relatively compact domains
with smooth boundary, and, for every n, let ¢, be the solution of the Dirichlet
problem

A¢, =0 on D, \ D,

¢n=1on 0D, ¢, =0 on 0D,
and extend it to a Lip function on M by setting it constant on D and on M \ Dy,.
The sequence ¢, converges monotonically to a harmonic function ¢ on M \ D,
and, since ¢ = 1 on 9D, then ¢ = 1, by the assumed parabolicity of M. Further,

according to Remark 7.7, the convergence is locally uniform in C?(M \ D), so that,
in particular V¢,, — 0 uniformly on 9D, and we have

0
/ Von|* = —/ ¢n—¢n — 0, as n— +oo.
D, \D oD ov
Using the Lip function ¢,, as test function, and arguing as above, we write

/qbndivX _ —/<v¢n,x> < —|Voul| 21X | 2-

The required conclusion follows by noting that as n — +o0o the right-hand side

tends to zero, while
/¢ndiVX—>/divX

by an application of the monotone convergence theorem to the positive and neg-
ative part of ¢,div X. O
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As noted above, if we assume that M is parabolic and divX € L', applying
the theorem to X and —X we conclude that

/ divX =0.
M

As an immediate consequence, if (M, (,)) is parabolic, every subharmonic function
u: M — R satisfying |Vu| € L? (M) must be harmonic. Indeed, u turns out to be
constant

Corollary 7.28. Let (M, {,)) be a parabolic manifold. If ¢ € C? (M,R) is a sub-
harmonic function satisfying |V| € L? (M), then ¢ is constant.

Proof. Let ¢ be subharmonic with gradient in L?. According to the previous re-

1
mark, ¢ is in fact harmonic. Consider now the smooth function f = (1 + @2) .
Direct computations show that f is subharmonic. Moreover

VI <[Vl

so that |V f| € L? (M). Applying the first part of the proof yields that f is har-
monic. Since f > 0 and M is parabolic we conclude that f is constant. As a
consequence, ¢ must be constant. O

We also observe that in the Kelvin—Nevanlinna—Royden criterion it suffices
to consider gradient vector fields only. We refer to Appendix B for notation and
basic facts concerning differential forms.

Proposition 7.29. Let (M, (,)) be a complete manifold of dimension m > 3. Then,
for every vector field X € L* (M) there is a function u € Wlif (M) satisfying
Vu € L* (M) and

div X = Au weakly on M.

Proof. By the Hodge-Kodaira decomposition (see Appendix B), given the L2-
differential form w = X° € L?A' (M), there are sequences {uy} C C (M),
{vr} € C®A? (M) and a harmonic 1-form v € L*H' (M) such that

2

(a) dug Lo, (7.24)
(b) dur & B,
and
w=a+0+7.

Fix any Q CC M with smooth boundary. Since {|dux|} is bounded in L?(Q), it
follows from the local Poincaré inequality that {ug} is bounded in W12 (Q). By
the Rellich-Kondrakov compactness theorem,

2
{ug, } 5 u
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for some u € L? (). As a matter of fact, according to (7.24) (a), {us, } is a con-
vergent sequence in I/Vl{)c2 and therefore u € W12 () with du = a. Repeating the
argument on a smooth, compact exhaustion of M gives a function u € I/Vllof (M)
satisfying du = a on M.

To conclude, note that since d is a closed operator on L2, then so is §, and
08 = 0 by (7.24) (b). Obviously, v = 0. Thus, divX = dw = da = ddu =
—Au. |

7.3 Appendix: The double of a Riemannian manifold

Following J. Munkres, [115], we recall the construction of the Riemannian doubling
of a manifold with boundary.

Let M be a differentiable, m-dimensional manifold with smooth compact
boundary M. The interior of M is denoted by M = M \ M. Let us consider two
copies of M, say M x 0, M x 1. The (topological) double of M is defined as the
topological manifold (without boundary) D (M) obtained from M x 0U M x 1,
identifying points = x 0 and = x 1 for every z € 0 M. The homeomorphic images of
M x0and M x 1in D (M) are denoted by Mg and M;. In order to introduce a
smooth structure on D (M), recall that OM has a product neighborhood, i.e., we
can find an open set W C M and a smooth diffeomorphism p: W — M x [0,1)
whose restriction p|y,, : OM — OM x 0 is the identity map p (x) = = x 0. Without
loss of generality, we can always assume that W is relatively compact. Applying
this construction to each copy M x0 and M x1 of M we get product neighborhoods
po: Wo — OM x [0,1) and p; : Wi — OM x (—1,0]. Let W be the union of Wy
and W; in D (M) and note that the maps pg and p; induces a homeomorphism
p: W — OM x (—1,1). A differentiable structure on D (M) is defined by imposing
the following conditions:

(1) The homeomorphism p is a smooth diffeomorphism.

(2) The inclusions ip : OM x 0 — D (M) and i1 : OM x 1 — D (M) are smooth
imbeddings.

Although the differentiable structure thus obtained depends on the choice of
the product neighborhoods, it can be shown that the resulting smooth manifolds
are diffeomorphic to each other.

Suppose now that M is endowed with a smooth Riemannian metric (,).
Obviously, this induces metrics (, ), (,); on M x 0 and M x 1 which, in turn, give

rise to the metrics (), and (,) ., on Mo and M;. Thus, each (Mj, {, >M,-) is an

isometric copy of (M, {, )) in D (M). Let (,),,, be the Riemannian metric on W C
D (M) obtained by pulling back via p the product metric (,)|,,, +dt @ dt of OM x
(—1,1). Next, choose a relatively compact, open set V = p~! (OM x (—¢,e)) CC W
and consider a smooth partition of unity {vo, ¢1, ¢y} of D (M), subordinated to
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the open cover { My, M1, V}. A Riemannian metric on D (M) is then defined by
the formula

(7):900<7>M0+301 <7>M1 +902<7>W'

We remark that the parabolicity of the double D is independent of how the metric
is defined in a compact neighborhood of the gluing, which makes the definition of
a parabolic end consistent.

7.4 Topology at infinity of submanifolds of C-H spaces

In order to put the next results into the appropriate perspective, we recall that
the topology at infinity of a submanifold M™ of R" is influenced and, in some
cases determined, by the size of its second fundamental tensor II.

In the setting of complete, minimal hypersurfaces in Euclidean space, J. Tysk,
[158], has shown that the L™-integrability of |II| forces the submanifold to possess
only a finite number of ends. See also the more recent paper by L. Ni, [120], for
a different proof and related results. If we also add the stability assumption, by a
result of Y.-B. Shen and X.-H. Zhu, [151], the immersion is totally geodesic. On
the other hand, H. Cao, Y. Shen and S. Zhu have shown in [25] that stability alone
implies that the hypersurface has simple topology at infinity, i.e., it has only one
end.

We note that a suitable control of the L™ size of |II] implies stability; see
[153] and Lemma 7.34 below. According to an isolation phenomenon pointed out
by M. Anderson, [7], and quantified by P. Berard, [12], if we allow the codimension
of the minimal immersion to be greater than 1 and the L™ size of |II| is sufficiently
small, then the submanifold is again an affine space; see also Theorem 7.36 below.

Finally, we know from the aforementioned paper by Ni, [120], that if we relax
the bound on |II| the minimal submanifold still has only one end.

Our main purpose is to extend the results both in [25] and in [120] by show-
ing that small perturbations of the minimal immersion (so that minimality is lost)
do not modify the topology at infinity of the submanifold. In fact, we are able
to quantify the amount of such perturbation and to replace the Euclidean ambi-
ent space with a Cartan—-Hadamard manifold, i.e., a complete, simply connected
Riemannian manifold of non-positive sectional curvature; see Theorems 7.31 and
7.35 below. We should remark that G. Carron has obtained in [28] a similar result,
with a different method and a less precise condition on the second fundamental
form of the immersion.

We recall that, according to D. Hoffman and J. Spruck, [83],if f : (M, (,)) —
(N, (,)) is an isometric immersion of a complete manifold M of dimension m > 2
into a Cartan—-Hadamard manifold NV, and H denotes the mean curvature vector
field of f, then the following L!-Sobolev inequality holds:

s.007 ([ 1u

m—1

L) " g/ (IVul| + |H| [u]), Yu e WE (M) (7.25)
M
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with -
72m=1 (g 4 1) T
S1(m) = —= ( ) , (7.26)
wm m—1

wy, being the volume of the unit ball of R™. In particular, if we assume that
H € L™(M), so that, for a suitable compact K,

1H]

—1
k) <S1(m)

then, applying Hoélder inequality, the term involving the mean curvature can be
absorbed in the left-hand side, showing that the standard L'-Sobolev inequality

C </|u 1> "< /|Vu| (7.27)

holds for every u € Wol’1 (M) supported in M \ K. According to Lemma 7.15,
every end of M \ K is non-parabolic, and, if m > 3, the L?-Sobolev inequality

m—2

C </|@ > "< </|Vv|2>é (7.28)

holds in M \ K. We are therefore in the situation considered at the end of Sec-
tion 7.1, and we have the following lemma.

Lemma 7.30. Let f : (M, {,)) — (N, (,)) be an isometric immersion of a complete
manifold M of dimension m > 3 into a Cartan—Hadamard manifold N. Denote
by H the mean curvature vector field of f and assume that H € L™(M). Then,
each end of M is non-parabolic, and therefore the cardinality of the ends of M is
bounded above by the dimension of the space of bounded harmonic functions on M
with finite energy. In particular, if M has at least two ends, then M supports a
non-constant, bounded, harmonic function with finite energy.

We are now in a position to prove our first result on the topology at infinity of
an immersed submanifold of a Cartan-Hadamard space with controlled extrinsic
geometry, which generalizes [25], Theorem 1. We note that assumption (7.32)
below is the counterpart of the stability condition assumed there.

Theorem 7.31. Let f: (M, (,)) — (N,(,)) be an isometric immersion of a com-
plete manifold M of dimension m > 3 into a Cartan—Hadamard manifold N whose
sectional curvature (along f) satisfies

(0>) NSectpa) > — VR () (7.29)

for some non-negative function NR € C°(M). Denote by H and II the mean

curvature vector field and the second fundamental tensor of f respectively, and let
a(z) € C°(M) be the function defined by

a(z)=(m—1) YR (x)+ 1| (|II| + m|H]|) (z). (7.30)
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Assume that H € L™(M), and let L = —A — a(z).
If
M (Lang) >0, (7.31)

for some compact set K, then M has only finitely many ends.
If
A1 (Lar) >0, (7.32)

then M has only one end.

Proof. Indeed the Gauss equations imply that the Ricci tensor of M satisfies
MRic (z) > —a ().

According to Lemma 7.30, all ends of M are non-parabolic. The conclusion now
follows from Corollary 7.12. |

At the end of [7], M. Anderson observed that a complete minimal subman-
ifold f : M™ — RY of finite total scalar curvature |II| € L™ (M) is necessarily
totally geodesic provided it has only one end; see Theorem 5.2 in [7]. Combining
this result with Theorem 7.31 we obtain the following theorem which was first
proved, with different arguments and in case N = m + 1, by Y.B. Shen and X.H.
Zhu, [151].

Theorem 7.32. Let f : M™ — RN be a complete, minimal submanifold of finite
total scalar curvature. Suppose that f is stable, in the sense that A (—A — |II|2> >
0. Then f (M) is an affine m-plane.

Our next task is to quantify the heuristic idea according to which the bottom
of the spectrum of L = —A—a(z) is non-negative provided the norm of the function
a(z) in (7.30) is small.

It is well known that if an L2-Sobolev inequality holds on M, then A (LM) >
0 provided a suitable LP-norm of a is strictly less than the Sobolev constant (see,
e.g., [153]).

In the next lemma, we obtain the same conclusion in terms of an L2-Sobolev
inequality with a potential like (7.33) below.

Lemma 7.33. Suppose that the following Sobolev-type inequality

S(a)~! (/MU%Y_Q < /M (|W|2 + h(x)112> , Yo € C (M) (7.33)

holds on M, where 0 < o < 1, S (a) > 0 is a constant, and h (x) € C° (M) is a
non-negative function. Consider the Schridinger operator

L=-A-a(x)
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with a(z) € C° (M), and set ay (x) = max{a(z),0}. If

I (@) +as (@), 1y, < S @7 (7.34)
then
A (La) > 0.
If
1h(@) +ar @, 1 ) < +oo, (7.35)

then there exists a sufficiently large compact K such that
A1 (LM\K) > 0.

Proof. Let K be a, possibly empty, compact set in M and let @ = M \ K. For
every v € C2° () \ {0}, using (7.33) and applying Holder inequality, we have

/Q (IVol? — a(z)e?) > /Q (V0] + h(z)?) - /Q (a () + h(z))?
> [ 0VoR +n@p®) = llay + 1l g ([ 207)
> (1= S(@)llar +ll 3 ) [ (V0 +hia)e?)

If (7.34) holds, then, taking K = (), from the variational characterization of the
bottom of the spectrum, we immediately obtain that A;(Lps) > 0. On the other
hand, if (7.35) holds, then we may find a compact set K such that the term in
brackets on the right-hand side of the above inequality is positive, and we conclude

There are a number of geometric situations where the Sobolev inequality
(7.33) is satisfied for some choices of a, S (a),h(x). The interested reader can
consult, e.g., [80].

Assume now that (M, g) is a submanifold of a Cartan-Hadamard manifold, so
that the L'-type Sobolev inequality (7.25) holds. As above, we apply this inequality

2(m—1)

to the function u = |v| m-2 with v € C°(M) to get

Sy ()2 (/M v > " {% </M |Vv|2)é + (/M |H]? |v|2)é}2.

Expanding the square on the right-hand side and applying the inequality 2ab <
e2a® + £72b% with £ > 0, we finally obtain the L2-Sobolev inequality

Sy (m, )" (/M M%) E S/M|vv|2+aQH/M HI?o?,  (7.36)
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where
4(m—1)214¢2

(m—2)2 g2
We observe that in case f is a minimal immersion, the best L?-Sobolev constant
in (7.37) is achieved by choosing € = +oc. In this situation, we set

Sy (m,e) = Sy (m)?. (7.37)

Sz (m) = Sa (m, +00).

In particular, from Lemma 7.33 we immediately conclude

Lemma 7.34. Let f : (M, (,)) — (N, (,)) be an isometric immersion of a complete
manifold M of dimension m > 3 into a Cartan—Hadamard manifold N. Denote
by H the mean curvature vector field of f. Consider the Schrodinger operator

L=-A-a(x) (7.38)

with a € C° (M). If, for some & > 0,

H%uﬂ +ap@)|| < Sa(me), (7.39)
L2
then
A1 (Lar) > 0.
If
H E |H| +ay (2)|| < Hoo, (7.40)
L2

then, for a sufficiently large compact K,
M (Lank) > 0.

Lemma 7.34 allows us to obtain a version of Theorem 7.31 above, where
the assumption on the bottom of the spectrum of —A — a(z) is replaced by a
suitable control on the second fundamental tensor of the immersion. We note that
our result extends the above mentioned result of Ni, [120], valid for a minimal
submanifold of R", and yields a quantitative improvement on the result of Carron
(28] where the constant in the integral bound is not explicit. We also note that
since
(m — 2)%? —2

Sa(m, &)t < msl(m) )

the norm estimate in the statement of Theorem 7.35 below implies that | H|| pm <
S1(m)~t. Thus in this case, the standard L!-Sobolev inequality (7.27) holds on
M and we may conclude that L2-Sobolev inequality (7.28) is valid on M, without
having to appeal to Proposition 2.5 in [26].
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Theorem 7.35. Maintaining the notation of Theorem 7.31, assume that the sec-
tional curvature (along f) of N satisfies (7.29) and that

S ‘92 (m7 6)_1

H : = HP 4+ (m — 1) YR() + 1) (1 + m |H]) (0) L

for some & > 0, where Sy (m, €) is the L?-Sobolev constant defined in (7.37). Then
M has only one end.
If the norm on the left-hand side is finite, then M has finitely many ends.

Finally, combining Lemma 7.34 with some careful computations of Berard,
[12], we obtain the following isolation phenomena for minimal submanifolds of the
Euclidean space. Note that our constant improves on that of Proposition II.1 in
[12].

Theorem 7.36. Let f : (M, {,)) — R™ be a complete, minimal, immersed subman-
ifold of dimension m > 3 whose second fundamental tensor 11 satisfies

3>

2

(/M |H|"‘) < @52 (m)~L. (7.41)

Then f is totally geodesic.

Proof. From Proposition 1.2 of [12] we know that the function ¢ = |II| is a (weak)
solution of

1 P )

Moreover, by (7.41), ¢ € L™ (M) so that
1
Jop, ™

We define the differential operator

L:—A—T<2— ! >|II|2,
2 n—m

and we note that, according to (7.41), we can apply Lemma 7.34 to obtain that
A1(Lps) > 0. This means that there exists a positive solution ¢ € C* (M) of the
equation

¢ L' (+00).

1
Agp+@<2——> 72 o = 0.
2 n

. . . 1 2 m
Applying Theorem 4.5, case 1, with the choices a (z) = m) ", H = %,
=51 A= —m, we therefore conclude that 1 is constant and
a(z)=0,ie., [II] =0. O
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7.5 Line bundles over Kahler manifolds

Suppose (M, {(,),J) is a complete K&hler manifold of complex dimension m and
Ricci form Rj. Let E be a holomorphic line bundle over M endowed with a
Hermitian metric (,) with curvature form Q7. The complex vector space of L”

holomorphic (k, 0)-forms with values in E is denoted by LPAEL]Z’Z?)) (E). We also set

LPT ot0 (®kE) for the space of LP holomorphic sections of tensor powers of E.

In [121], L. Ni, Y. Shi and L.F. Tam investigate geometric conditions forcing
dim LZPAEL}Z’IOO) (E) = 0. In the L? setting, vanishing results and corresponding
quantitative finiteness theorems for dim L?T'j,010 (®kE) are established, e.g., in
works by N. Mok, [112], and by L. Ni, [119]. In this section, as a direct application
of Theorem 5.1, we prove qualitative L finite-dimensionality results in both these
situations.

To begin with, we consider the space LpAglko’loo) (E) . To simplify the writings,
let

a(x) =4 (8(33) T i (e m)) ;

where v1, ..., v, are the eigenvalues of the Ricci form R of M and s(x) is the
trace of the curvature form 5 of E with respect to (,).

We have the following

Theorem 7.37. Suppose that H > 0 and let 'L = —A — Ha(x). Then, for every
0<p<H,if
Ind ("L) =0, then dim LAY (E) = 0.
If
Ind (L) < 400, then dim L*A%Y (E) < cc.

Proof. Assume that Ind (HL) < 400. As noted at the beginning of Section 5, (see
Lemma 3.16, Corollary 3.18 and Lemma 3.10) the index assumption guarantees
the existence of a positive solution ¢ of

Ap+ Ha(x)p=0 on M\ K

for some compact set K C M. Moreover, the Kodaira—Bochner formula states

that, for every & € Agf)ﬁ) (E), the smooth function u = |¢|* satisfies

ulAu+ a(z)u® — |[Vu)> >0  on M;

see [113] Chapter 3, Section 6. Therefore, the result follows directly from (a slightly
modified version of) Theorem 5.1. The case where Ind (HL) = 0 is similar. g

We now come to the case of LPI'j,10 (®kE) .
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Theorem 7.38. Let k € N, let H > 0, and define 'L = —A — 2Hks (z). Then, for
every 0 <p < H, if

Ind (7L) < 400, then dim L*The, (9FE) < +oo.

If
Ind (L) =0, then dim L*T}q, (®"E) =0.

Proof. The proof goes as above. The only difference is that now we use the Bochner
formula

€] (A €] + 2ks (z) [¢]) — |V [€]]* > 0

which is valid, in the sense of distributions, for every £ € I'yo0 (®kE) ; see [119].
O

7.6 Reduction of codimension of harmonic immersions

From a somewhat different perspective, Theorem 5.1 applies to codimensional
problems for (non-isometric) harmonic immersions into Euclidean spaces.

R. Greene and H.H. Wu, [67], [68], proved that any m-dimensional Rieman-
nian manifold (M, (,)) can be imbedded into R>™*! and immersed into R*™ via
a proper, harmonic immersion f : M — R (d = 2m,2m + 1 respectively). The
properness condition insures that the induced metric f*cangs is complete. Ob-
serve that, due to, e.g., volume growth restrictions, the immersion is in general
non-homothetic, and, in particular, non-isometric; see Remark 7.42 below. Equiv-
alently, in general |df |2 = const.

Theorem 7.39. Let (M, (,)) be a complete Riemannian manifold of dimension
m > 3, satisfying
Ric > —a(z) on M (7.42)

and assume that
Ind (—A — Ha(z)) < 400 (7.43)
for some H > 2—:% Then, there exists a compact set K C M and an integer
n > m depending on H and on the geometry of (M, {,)) in a neighborhood of K
such that the following holds.
Let f : M — R%, d > n be a harmonic immersion whose energy density
satisfies the growth condition

/ dfI”* = o (R?), as R — +o0, (7.44)
Br

for some ::;—:2 p < H. Then, there is an n-dimensional affine subspace A™ of

RY such that f(M) C A
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Proof. Let H, be the real vector space of harmonic functions v : M — R satisfying
/ |du|* = o (R?), as R — +o0,
Br

with p as in the statement. Define V,, = Im d|Hp , and observe that, by the Bochner
formula and the refined Kato inequality, we have

1
|dul (Aldul + a(2)|dul) = ——|V|dul[* > 0

for every du € V,. On the other hand, according to (7.43), there exists a solution
@ >0 of
Ap+alz)p=0 on M\ K,

for some compact set K C M. Thus, we can apply Theorem 5.1 to deduce that
there exists n € N depending on p and on the geometry of (M, (,)) in a neighbor-
hood of K such that,

dimV, <n. (7.45)

Let f = (f'): M — R% d > n be a harmonic immersion satisfying (7.44). Note
that, for each 1, A
df* € Vp,

and from the estimate (7.45) we deduce that
span{df!,... df*} = span{df®,... df'"}

for some i1,...,17,. Note that since f is assumed to be an immersion, n > m.
Without loss of generality, we can assume i1 = 1,...,4, = n, so that

df* =Y _Mdf', a=n+1,...4d,
i=1

for some appropriate real coefficients {A¢'}. This clearly implies that there exist
suitable constants {¢*} such that

FE=D A e
i=1

It follows that f (M) is contained in the affine subspace A™ of R™ passing through
(0,...,0,¢" 1, ... ,cd)t and spanned by

span{ei—l—(0,...,0,/\?+1,...,/\f)t:i:l,...,n},

where {e;} is the standard basis of R. O
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Remark 7.40. The result of Theorem 7.39 is qualitative. It would be very inter-
esting to get a quantitative version, where the dimension n of the affine ambi-
ent subspace is estimated in terms of the geometric data. In particular, forcing
n = dim M would yield a Bernstein-type result.

Remark 7.41. The above arguments can be applied to obtain holomorphic immer-
sions of Kihler manifolds into C?.

Remark 7.42. Note that according to Theorem 2.28 in Section 2.3, if f : M — R"
is an isometric harmonic (=minimal) immersion, then

vol Br(z,) > ¢ R™, (7.46)

where ¢, is the volume of the unit sphere in R™. It follows that the harmonic
immersion f in the statement of Theorem 7.39 cannot be isometric, for otherwise
(7.44) and |df| = 1 would imply

vol (Bg) = o (R?) as R — +o0

contradicting (7.46). In fact, if m > 3, the immersion f cannot be conformal,
because conformal harmonic maps are homothetic; see, e.g., [47].

Some restrictions apply even if f is only assumed to be bi-Lipschitz. Indeed,
if there exist positive constants A and B such that

A(X, X) < (df(X), df (X))zn < B(X, X)
for every X € T'M, then, again by Theorem 2.28,
vol Bg(x,) > CRV™AR/B  for R > 1,
which is compatible with the energy growth condition (7.44) in the statement of
the theorem only if /mAB~! < 2.
Here are some special situations where Theorem 7.39 applies.

Corollary 7.43. Let (M, {,)) be a complete, m-dimensional Riemannian manifold
satisfying both
vol(Bgr) =0 (RQ) as R — +o0,

and
MRic >0 on M\ K

for some compact set K C M. Then, there exists n € N depending on the geome-
try of (M, {(,)) in a neighborhood of K such that, any (non-isometric) harmonic,
Lipschitz immersion f : M — R, d > n, must satisfy f (M) C A™ for some
n-dimensional affine subspace A" C RY.

We say that a Riemannian metric (, ) on the smooth manifold M is dominated
by the metric (,) if there exists C' > 0 such that (,) < C?{(,), in the sense of
quadratic forms.
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Corollary 7.44. Let (M, (,)) be a complete, m-dimensional Riemannian manifold
satisfying
MRic >0 on M \ K
for some compact set K C M. Then, there exists n € N depending on the geometry
of (M, (,)) in a neighborhood of K such that the following holds.
Let f : M — R, n > d, be a harmonic immersion whose induced metric

f*can is dominated by a metric (,) in the conformal class of {,) satisfying
vol (M) < +oc.
Then, f is in fact a harmonic immersion into some n-dimensional affine subspace
A" C R4,
Proof. We set (,N> =u?(z) (,) and we note that

/ |df|™ dvol < c/ u™dvol = Cvol (M)
M M

for some constant C' > 0. 0

Suppose f : (M,(,),,) — (N,(,)) is a smooth map between Riemannian
manifolds of dimensions m and n respectively. As in Section 6.2, we denote by

A (x) > A (@) > > A (2) >0

the eigenvalues of the quadratic form f}(,) and we say that f has bounded k!
dilation if

A1 (z) < CrpAp () on M
for some constant Cj, > 1. When k = m we say (perhaps improperly) that f is of
bounded distortion (or, equivalently, quasi-regular).

Corollary 7.45. Let (M, (,)) be a complete, m-dimensional Riemannian manifold
satisfying

MRic >0 on M \ K
for some compact set K C M. Then, there exists n € N depending on the geome-

try of (M, (,)) in a neighborhood of K such that, any (non-isometric) harmonic
immersion f: M — R, d > n, of bounded distortion and satisfying

VOlf+can (M) < 400,

is in fact a harmonic immersion into some n-dimensional affine subspace A" C R?.

Proof. We set (,) = f*can, where can denotes the canonical metric of R, and we
observe that

|d]i[” _ {tr (f*can)}® _ ()% < C<£>% <CC,, .
dvol  {det (f*can)}% (HM)% - Am -

Thus the energy density of f satisfies the integrability condition (7.44) and The-
orem 7.39 applies. O




Chapter 8

Constancy of holomorphic maps and
the structure of complete Kahler
manifolds

8.1 Three versions of a result of Li and Yau

The aim of this section is to prove three versions of a vanishing result by Li and
Yau for holomorphic maps. The first theorem is a strengthening of the original
formulation and its proof follows the lines of [107].

Theorem 8.1. Let (M, (,),JJu) be a complete Kahler manifold of real dimension

m = 2s such that
MRic > —p (z) (8.1)

for some p € C° (M) N LY(M). Assume that py € LY(M), satisfies

[ pie) <o, (8.2)
M

and
/ pr () =0 (rﬁ(p*1)> , as T — +00, (8.3)
B,

for some constants, § > 0 and p > &. Let (N, (,),Jn) be a Hermitian mani-

fold with holomorphic bisectional curvature bounded above by k(z), z € N, k €
C°(N). Let f : M — N be a holomorphic map such that

E(f(x)) <0 on M; k(f(x))g—r(x)u on M\ Bpg, (8.4)
for some Ry, B >0 and p > 0. If
u% +ﬁ(% “1)<2, (8.5)

then f is constant.

Remark 8.2. As will be clear from the proof of Theorem 8.1, the same constancy re-
sult holds if f is a pluriharmonic function which is bounded on one side on a Kéhler
manifold M satisfying the curvature assumptions listed in the statement of the
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theorem with u = 0. Indeed, suppose for instance that inf,; f > —C for some con-
stant C' > 0. Then, according to Proposition 1.26, the function u = |V log(f + C)|?
satisfies inequality (8.15) below, with k (z) = —1. The constancy of log(f + C),
and hence of f, now follows, applying without changes the arguments in the proof
of Theorem 8.1. For later purposes, we also note that u < |Vf|2 /(f+ C)? and,
therefore, u inherits the same integrability properties of |V f |2.

The proof of Theorem 8.1 is based on the important estimate contained in
the next

Lemma 8.3 ([107]). Let (M,(,)) be a complete Riemannian manifold. Let also
a(x), b(x) € C° (M) with b(z) >0 on M and o > 1. Assume that u > 0 is a
C?-solution of the differential inequality

ulu + a(z)u® > b () u" + |[Vul* on M. (8.6)

Set ay () = max{a(z),0}, a_ () = max{—a(x),0} so that a(x) = at (x) —
a_ (z). Suppose that

ay (r) € LY (M) (8.7)
and that
/ w’ =o(r?), asr — 4oo (8.8)

r

for some constant p > 0. Then, a_ (x),b(x)u°~t € L* (M) and

/M b(z)u~t < /M a(z). (8.9)

Proof. We fix R > r and let ¢ : M — [0, 1] be a smooth cut-off function such that

V3

¢p=1lonB,; ¢=0o0n M)\ Bg; |V¢|§R_ronM. (8.10)
We fix €,6 > 0 and consider the vector field
+0)P?
W = o2 (u )
) 7@ i EuVu
We compute its divergence and use (8.6) and Schwarz’s inequality to estimate
. *(u+ 6)P—2 2 +1 ¢(u+ 6)P2
d > 72 (- b ) -2
vV > CE (—a(z)u® + b(z)u”") R 6|Vu| [Vl
¢*(u+9)"° u(u +0)P 2
—2 1) - 2u—p—m"— .
(urop e | W o=2u—rar 2 (Ve

Since the term in braces on the right-hand side is equal to
epu epu

26
+ (u+d0)P+e ~ (u+d0)P+¢e’
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rearranging and applying the divergence theorem on Bp yield

2 (u+ 5)p_2 ut! 2 (ut 5)p_2 u?
/BR¢ wrorte L@ Tt @

5 p—3 2 5 p—2
< _/ &*pu(bQM ) ¢w |v¢| |Vu| ,
Br [(u+6)" + €] Br (u+0)" +¢€

whence, using the elementary inequality,
2, 1
2a3 < epa +E—ﬁ , p,e>0
p

in the second integral of the RHS, we finally get

2 (u+ 5)p_2 ut! 2 (ut 5)p_2 u?
(u+0)f +¢ b@_/&f @royre®

1 _
<= [ u(@+o)P Ve,
€D JBgr

¢
Br

Next, we let § — 0T and we apply the Lebesgue dominated convergence theorem
to deduce

pto—1 4 1
[ et - [ etaw == [ e,
Br Up+€ B Up+5 Ep Br

R

We choose R = 2r and we use the properties of ¢ to infer

ybto—t uP uP 3
/ . b(x)—/ X a+(x)+/ (@) 2
B, U +e¢ By, UP +¢€ B uP +¢ EPTe JB,,

"

and letting r — +o00, because of (8.8), we obtain

b upPto—1 uP
_ — <0.
/M (z) . +/M s (x) /Ma+(x)70

Now, as € \, 0,

up+071

uP +¢ S P+e

monotonically, and since a (z) € L' (M) and b (m) > 0 by assumption, it follows
from the monotone convergence theorem that a_ (x) and b (z)u°~! € L (M) and

that
st o [

which is (8.9). O
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In order to verify that condition (8.8) holds we will appeal to the following

Lemma 8.4. Let (M, (, )) be a complete Riemannian manifold, and let a(x), b(z) €
CO(M) with b(z) > 0 on M. Assume that u > 0 is a C? solution of the differential
inequality

uAu + a(x)u? — b(z)ut > —A|Vul?, (8.11)

for A< 1 and o > 1. Then for every q > 1, ¢ > A+ 2 there exist constants C,
Cs > 0 which depend only on q, o and Ry > 0 such that, for every R > Ry,

/B b(a)utto—? < Oy R ’Z/B b(x)*é‘%+cz/3 (“Zj(;‘s))g_‘lla+(x).
" B B (8.12)

Proof. Observe first that we may assume that u # 0, for otherwise there is nothing
to prove. Thus, there exists Ry > 0 such that v £ 0 on By for every R > Ry.

Next, for every R > Ro, let ¢ = ¢r : M — [0, 1] be a smooth cut-off function
such that

$=1 on Br, ¢$=0 on M\ Bag, and |V¢| < %¢Q£;i2 on Bap, (8.13)

for some C which depends only on ¢ and 0. Note that this is possible since the
exponent (¢ — 1) / (¢ + o — 2) is strictly less than 1. Having fixed € > 0, we let W
be the vector field defined by

W = ¢*(u+ )7 *uVu.
A computation that uses (8.11), ¢ — A —2 >0 and u > 0 yields

divW > ¢*(u+ €)™ 3 {—a(z)u® + b(z)u” + (g — A — 2) )|Vu| }
+ 2¢(u + e)q_3u<Vu, Vo).

We use the Cauchy-Schwarz inequality and Young’s inequality 2a3 < Aa?+A~"132
with A = ¢ —2 — A > 0 to estimate the last term on the right-hand side from
below and obtain

1

> (] 3 O'—‘rl
div W > ¢*(u+ )9 *{—ay(z)u® + b(z) b PR

u(u+ )" |[Vo|*.
We integrate the above inequality, apply the divergence theorem, rearrange, let

€ — 0+ and use the monotone and dominated convergence theorem, in that order,
to deduce that

[ weurrre o [ wwep s [ @t s
Bar q_2_A Bar Bar
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If ¢ = 1, the conclusion follows immediately using (8.14). If ¢ > 1, we denote by
I and I the two integrals on the right-hand side, and use Hélder inequality with
conjugate exponents

q+o—2
qg—1

q+o—2
> 1 d —
(>1) and T2

and the assumption that b(z) > 0, to estimate

o—1
9qto—2 ) qto—2

1< ([ s@pgture?) ([ gy vap
Bar Bar

and
o—1
qto—2 g—1 ) qto—2

= (/B b(g:)¢2u‘1+0—2>“+q;71*2( s ¢*ay(x) o1 b(x) or

Inserting the above into (8.14), noting that the integral on the left-hand side is
strictly positive by the choice of R, and simplifying, we obtain

o—1
1 a 2(1+rr—2> ato—2

b(z)p?u?to 2 < ——— 280 () 1 V12
[ o <{ ([ o v
qto—2

o—1
+(]  Sa@ T @ )T
Bar

The required conclusion follows using again (8.13) and the elementary inequality
(a+b)" <27(a” +b7) valid for a,b, 7 > 0. O

Proof of Theorem 8.1. We let u = |df|*, and use (8.1) and Corollary 1.29 to de-
duce that
ulu+ 2p (z) u® > =2k (¢ (z)) u® + [Vul? (8.15)

so that (8.6) is satisfied with a () = 2p(z), b(x) = —2k (¢ (z)) and o = 2. Since
p+ € LY(M) by assumption, (8.2) and (8.4) imply, via (8.9), that u = 0 as desired,
provided we can apply Lemma 8.3. In order to do this, we only need to show the
existence of ¢ > 0 such that

/ u? =o(r?), asr — 4oo. (8.16)
B,

Towards this end, we first observe that, since py € L'(M), by Holder in-
equality, for every 1 < v < p we have

/p+<x>”<{/&'p+<x>}m{/3

r

y—1 y—1

oy (x)”}“ < C{/ oy (x)”}“ ,

r r
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so that, using (8.3) and (8.5) we may choose v satisfying

m
5 <7sp wy+Bly-1)<2 (8.17)
and for which
/ py () =0 (W”‘”) , as 1 — +00. (8.18)
B,

Next, (8.18) and v > % allows us to apply Corollary 2.21 to obtain
volB, = o (r27+ﬁ(7*1)> , as T — 400. (8.19)

Now, since u satisfies (8.15), using (8.4) we see that it also satisfies

B
Zu® 4+ |Vul> on M (8.20)

ulu + 2py (x)u® > T @

for an appropriate constant B > 0. Conditions (8.18) and (8.19) enable us to apply

Lemma 8.4 with the choices 0 =2, A = —1,a(z) = 2p(z),b(x) = B(1+r(z))" ",
q =~ > 1 to obtain

/ u’ =o (7"‘”"’5(7_1)) =0 (7"2) , as 1 — 400,
B,

as required. 0

In order to give a second version of this result we need to solve the Poisson
equation on a generic non-parabolic manifold.

Lemma 8.5. Let (M,(,)) be a complete, non-parabolic manifold and let a(x) €
Co*(M)NLY (M), 0 < a < 1, be a non-negative function. Then, there exists a
solution v € C% (M) of the Poisson equation

Av=a(zx) on M (8.21)

satisfying v < 0.

Proof. Let G (x,y) be the positive Green kernel of M, which exists by the non-
parabolicity assumption (see Appendix 7.2). Recall that:

i) G (x,y) is symmetric.

ii) For any fixed R > 0,
y+— G (2,y) € Lipe (M) N L™ (M \ Bar),

uniformly for x € Bg.
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iii) If o € C° (M), then u (z) = — [, G (z,y) ¥ (y) dy is smooth and satisfies

Au@%=—AfH%wAw@My=w@%

We claim that the function

j/G@wM@My
M

is a well-defined, locally bounded distributional solution of the desired Poisson
equation. Then, by standard elliptic regularity theory it follows that v (x) is a
classical C? solution; see Theorem 3.54 in [9]. Let R > 0 be fixed. If we write

t@G@W”@””:LM+ANMG@W”@”%

using the integrability properties ii) above, we can estimate each of the summands,
uniformly for x € Bg, and deduce v € L2, (M). Moreover, for every ¢ € C° (M),

G (z,y)a(y)p(z) € L' (M x M),

as one realizes using again property ii). Therefore, applying Fubini’s theorem, and
recalling property iii), for each ¢p € C° (M) we get

/Mv(x) /Aw /G 2.y a (y) dyds

_—/ /Ga:y)Aw( ) dzdy
- [ e w).

proving the claim. O

Theorem 8.6. Let (M, (), Jyr) be a non-parabolic, complete, Kdihler manifold such
that

MRic > —p () (8.22)
for some p € C° (M) satisfying
py (x) € LY (M). (8.23)
Suppose also that
. . .logvolB,
liminf ——— < 400 (8.24)

r—+4o00 r2—p
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for some 0 < p < 2. Let (N, (,),Jn) be a Hermitian manifold with holomorphic
bisectional curvature bounded above by k(z), 2 € N, k€ C°(N). Let f : M — N
be a holomorphic map such that

B

B <0 M; k() <~

on M \ Bg, (8.25)

for some Ry, B > 0. Then f is constant.

Remark 8.7. Note that, for non-parabolic manifolds, Theorem 8.6 extends Theo-
rem 8.1. Indeed, in Theorem 8.6 the assumptions on p are relaxed; condition (8.2)
implies (8.23) and condition (8.3) implies, via Corollary 2.21, that M has at most
polynomial growth so that (8.24) is satisfied (see 8.19).

Proof of Theorem 8.6. As before, we let u = |alf|2 so that, using (8.22) and (8.25)

we deduce

°B' )

for some constant B’ > 0. Since p; (z) € L' (M) we can apply Lemma 8.5 to
deduce the existence of a solution v < 0 of

ulAu+2p (x)u® >

Av =2py (z) on M.
We set ¢ = eV so that, from the above, we get

_ Vel

Ap+2p4 () @ on M (8.27)

with ¢ > 1. We define w = ¢~ 'u and we use (8.26) and (8.27) to compute

2B’
Aw> ———  ow? 2
YT r (529
2B,

> —w
T ltr@)”

Assumption (8.24) and 0 < p < 2 enable us to apply Theorem 6.16 and deduce
that w, and therefore u, vanishes on M. O

As explained in Remark 8.2, the result still holds in the case where M is as in
the theorem, and f : M — R is a pluriharmonic function which is bounded on one
side. Since this result will be used in the next section, we state it as a corollary.

Corollary 8.8. Let (M, (,), Ja) be a non-parabolic, complete Kihler manifold such
that
MRic > —p (x) (8.29)

for some p € C° (M) satisfying
py (z) € LY (M). (8.30)
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Suppose also that
log vol B, -

lim inf 5

r——400 r

+o0. (8.31)

Then every pluriharmonic function f : M — R which is bounded from below on
M 1is constant.

Indeed, as already observed, according to Proposition 1.26, the function u =
|V log(f + C)|? satisfies the inequality

ulu + 2pu? > 2u® + |Vul?

and therefore (8.28) holds with p = 0.

In our third, and final, version of the theorem of Li—Yau, we avoid the request
p+ () € L' (M); see Theorem 8.11 below. Towards this end, we first prove

Theorem 8.9. Let 0 > 1 and a (z),b(z) € C° (M) satisfy
)0Z£b(x) >0 and ii) a(x) <Cb(z) on M (8.32)

for some constant C > 0. Given a > 0, suppose that, for some

1+a)’
H> %, (8.33)
the operator Ly = —A — Ha (x) satisfies
M (PLy) > 0. (8.34)
Then the differential inequality
Au+a(x)u>b(x)u’ (8.35)

has no bounded, non-negative, non-identically zero, C?-solutions u satisfying

i) a(z)u'™™ e L (M); ii) {/83 u1+0‘}1 ¢ L' (+00). (8.36)

Remark 8.10. Note that (8.36) i), ii) are satisfied if a (z) is bounded and u'** €
L' (M). Note also that if b(x) > 0 on M and a(z) < Cb(x) for r(x) > 1 and some
constant C' > 0, then condition (8.32) (ii) holds, possibly with a bigger constant
C > 0.

Proof. Assume by contradiction that u € C? (M) is a bounded, non-negative, non-
identically zero solution of (8.35) satistying (8.36). We claim that, without loss of
generality, we may assume that

a(z) <b(x) on M (8.37)
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and
supu < 1. (8.38)
M
Indeed, let
1
A = max {supu, —Cﬁ, 1}
M2
and

u(z) = (24) " u(a).
Then, sup,, 4 < 1/2 and @ satisfies

At +a(z)a > b(x)a” (8.39)
with -

b(x) = (24)° " b(z) > Cb(z) > a(x)
on M, proving the claim.
We now proceed by dividing the argument in four steps.

Step 1. There exists a sequence {ry} " +o0o such that

lim u“|Vu| =0 (8.40)
k—+4o00 8Brk

Let € > 0, define W, = (u + ¢)® Vu, compute its divergence using (8.39) and apply
the divergence theorem to get

/ (u+a)“<vu,w>—a/ (u+ &)V |V (8.41)
OB,

B,

> /B (b(2)u” — a(2)u) (u+ o) (8.42)
z/B a (@) (u” — ) (u+e)°

T

where, in the last inequality we have used 8.37. Letting ¢ — 07 the last term on
the RHS of (8.42) tends to the finite quantity

/ a(z) (u? —u)u®

r

and the first integral on the LHS tends to

/ u® (Vu, Vr) .
aB,

Thus, by the monotone (or dominated, depending on whether o« < 1 or > 1)
convergence theorem ,

J

(u+e)* " |Vu|® — / w1 [Vul? < +o0
B,

r
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as e \, 0. In particular u*~*|Vu|® € L}, (M) . Moreover

/ u® (Vu, Vr) — a/ w1 | Vu)? > / a(z) (u? —u)u®.

oB, B, B,

Now, since u < 1, and ¢ > 1, and w is bounded, it follows from (8.36) ii) that
u'™) € L' (M) and, letting r — +00, we obtain

a(z) (ute —
lim inf {/ u® (Vu, Vr) — a/ u* |Vu|2} =B > —c. (8.43)
r—+oo (JaB, B,
We claim that
w1 |\Vul® € LY (M).
To see this, we define
G(r)= / u | Vaul? .

Since u*~1|Vul* € L},

absolutely continuous and that
G (r) = / u [V
dB,.

is defined a.e. and is locally L!. Assume by contradiction that G (r) — +o0 as
r — 400. Then, for large enough » > R, G (r) > 0 and B > — (/2) G (r) so that,

(M), it follows from the co-area formula that G (r) is

by (8.43),
/ u® (Vu, Vr) > el (r)
OB, 2

and therefore, by the Holder inequality,

{aG(r)}2 < {/BBT u® <VU,V’F>}2 <G'(r) /8& u®Th,

2

It follows from this that

-1
G’ (T) > Oé_2 {/ ua—i—l}
Gr)? ~ 4 Uss,
and, integrating over [R, 7], we get

1 1 o [T !
_ _|_—2—/ {/ uo"H} dt.
G(R) — 4 Jr /s,
Whence, letting r — 400, we contradict assumption (8.36) ii), proving the claim

It follows that u® 1 |[Vu|® € L' (M) and therefore
/ w1 |Vl € L' (0, +00)) .
aB,
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Because of (8.36) ii), this in turn implies that there exists a sequence {ry} / +0o0

such that
lim / u®tt / uw |Vl | = 0.
k—=+oo \ JoB,, 4B,

To conclude we apply the Cauchy—Schwarz inequality,

1
3
/ u®|Vu| < / u*t / w Vel =0
8B, 0B, 0B,
as k — +oo.

Step 2. The condition A; (HLM) > 0 implies that there exists ¢ € C? (M), ¢ > 0,
which is a solution of

1
2

Ap+ Ha(z)p=0on M. (8.44)
We claim that
w2 |Vy|® e LY (M). (8.45)
Indeed, let V = u®ttp~ V. Using Schwarz’s inequality, (8.44) and the elemen-
tary inequality 2ab < a? + b2, we compute
divV = (a+ D) ue~ " (Vu, Vo) + u® o Ap — u o2 V| (8.46)
1)2 1
< O oo |9u — Ha(@)u — L2 v,
and apply the divergence theorem,

o, — 1 @, - 2
[t v g [t vy
9B, B

1 2
M/ uOtfl |VU|2 S BeR
B,

r

<-H a(x)u*t +
B. 2

where, in the last inequality, we have used the fact that a (z) u®™, u®=* |Vu|* €
LY (M).
Setting, for ease of notation,
1
Kn=j [ e e,
2B

T

we can write the above inequality in the form
/ u TV, Vr) < —K (r) + B.
9B,

Now, assume by contradiction that K (r) — +oo as r — +oo. Thus, for each
r > R sufficiently large, K (r) > 1B, so that

/ WG (Vo V) < LK ().
o8, 2
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On the other hand, by Schwarz’s inequality,

. : :
ki< / ul+w—1<w,w>s{ / ul+a} { / ulw—ﬂwf},
2 OB, OB, OB,

that is,

K(r) < {/83 u1+a}% (8K' (r)}* .

Squaring and integrating over [R, 7] give

KR ™ '—K@) ' > %/R{/OB uHO‘}_ldt

and, letting » — 400, we contradict (8.36) ii).
Step 3. We note that

lim u ™ (Vy, Vr) = 0.
=+ JsB,

Indeed, by (8.45) of Step 2 and assumption (8.36) ii), there exists a sequence
{rr} / 400 such that

lim / ulte / w2 [Ve|* b =0
k=too | Jom,, 8B,
and therefore
2
/ u't o™ (V, Vr) S/ u't® /
9By, 8B, B

as k — —+o0. It remains to show that the desired limit exists. According to (8.44),
(8.46) and the divergence theorem, we have

U1+a<,0_2 |VS0|2} =0

"k

/ ultep ! (Vo,Vr) = (a+ 1)/ u®p~ Vo, Vr) (8.47)
OB, B

—H/ u't?a (m)—/ o2 |Vy|?.
B

T

Thus, we are reduced to showing that each of the (algebraic) summands on the
RHS of (8.47) has a finite limit, as r — 4o00. This easily follows from assumption
(8.36) i), and from the following fact from Step 1:

1
|u0‘<p_1 (Ve, Vr)| < —uot |Vu|2 + §u1+“30_2 |V<,0|2 e L' (M).

N =
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Step 4. Fix € > 0 so small that sup,; u + ¢ < 1 and define the vector field

7 _Hflua+1v<p_ (u+6)a
.=

—7 Vu.
2 1—(u+e)

Then, using (8.39), (8.44) and (8.37), we compute

divZe = H™ (a+ 1) ue™ Vo, Vu) + HuF o™ Ap
M |Vu|2
1—(u4¢e)7!
(u + €)a+a—2 ) (u I g)o‘

2 |Vaul” — I

1—(u+ 5)071} 1—(ute)”

— H 't 2| Vel —

Au

— (-1

<H ' (a+1)'u® Ve, Vu) — H 'uH o2 |Vl
a—1 a+o—2

u—+e U+ €
B A UL
—(u+e) [1—(u+5)” }

—(u+5)0‘ a(x —u YN u—a(z)ute
1—(u—|—5)a_1 ()(1 ) (@) '

2
5 | Vul

Integrating over B, and applying the divergence theorem give

(u+e)®

Vu,Vr
)(771 < >

H [ w1 Ve, Vr) —/
dB, 0B, 1 —(u+e

<I+1I1+41I

where we have set

I:/ H {(a+1) g7 (Vo, V) — w72 [V}
B

T

(u+e)* " (u+e)*to? )
II=- a— oc—1 Vul®,
/37' 1-— (U + 5)071 T ( ) |:1 _ (u + 6)0‘—1:|2 | |

=— a(x u1+a—M —uw Hu
= /B (){ 1—(U+6)071(1 )}

r

Letting € \, 07 and applying the dominated convergence theorem, the LHS of the
above converges to

H™' [ utte™ ! (Ve, V) —/
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while
ua—l 9 ua+a—2 9
II—- - a——|Vul"+ (6 —1) ——— [Vu ,
/B{ o IV (o 1) e

and finally

IIT — 0.
Thus, using assumption (8.33):
H1(04'21)2 <a,
and completing the square in I, we obtain
H! u* ™t (V, Vr) — /a& : _U;(;F1 (Vu, Vr)

oB
2, (a+1) 2
<—at [ 3ottt o+ L T — (a4 1) (T Vot
B,

4
uafl ua+0'72 (Oé-l- 1)2
o - ) = _ H*li a—1 2
/B,, {al — o +(oc—1) T u”*1]2 U |Vl
2 o—1 —1
1 o—1 o
< —Hil/ u® ! at? 1Vu — EVgo —a/ e u2 |Vu|2u(a*1)+("*1).
B, (% B, (l—wu°"1)

Now, letting r — 400 along the sequence {ry} constructed in Step 1 and using
Step 3 yields

0 S _Hfl/ uozfl
M

Let now A # () be a connected component of the set

a+1 2

2

1421 _go-1
_a/ (1a—1)2 [Vul* w772 < 0.
_uo'f

Vu — EV@
¥

{reM:u(z)>0}.

The above inequality forces Vu = 0 on A and thus u = ¢; on A. So, either ¢; = 0 on
A, contradicting the definition of A, or else A = M and u = ¢; > 0 on M. But then
¢ 1 V| =0 on M and therefore ¢ = c2 > 0 on M, and since Ay + Ha(x)p =0
this implies a(x) = 0 on M. Finally, since 0 = Au > —a (z)u+b(z) u” =b(x) 7,
we conclude that b(xz) = 0 on M, contradicting (8.32) (i) . O

We are now ready to prove our third version of the Li—Yau vanishing result.

Theorem 8.11. Let (M, (,), Jur) be a complete Kdhler manifold satisfying

MRic > —p (x)
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with p € C° (M) such that
A

r(z)"’

0<p(x)< r(z) >>1, (8.48)

for some constants 0 < pu < 2 and A > 0. Assume also that, for some H > 2, the
operator 'L = —A — Hp () satisfies
M (FLy) > 0.

Let (N,(,),Jn) be a Hermitian manifold with holomorphic bisectional curvature
bounded above by k (z), z € N, k € CO(N). Let f : M — N be a holomorphic map
such that (8.25) holds true, i.e.,

B
r(x)t

k(4 (x)) <0 on M; E@(x) <-— on M — Bg, (8.49)

for some Ry, B > 0. If
\df|” € L (M) (8.50)

0<g<H++H(H-2),

for some

then v is constant.

Remark 8.12. As already remarked, this is the only instance where one allows
integrability exponents greater than H.

We also note that even in this case the result holds in the case of a plurihar-
monic function which is bounded on one side of M. See Remark 8.2.

Proof. As before, set u = |df|*. Then, u satisfies
Au+2p (z)u > —k (f (z)) u® on M.

Our assumptions on the Ricci curvature and the volume comparison theorem con-

tained in Corollary 2.17 imply that
1 1B

lim inf 208 VO Dy

< +0o0.
r—-+00 7’2*M +

Setting b (z) = —k (f (z)) and a () = 2p4 (z), and writing 7L = —A — La(z) we
see that (8.49) and (8.48) guarantee that the remaining assumptions of Theorem
6.16 are satisfied with E = A/B. It follows that u € L> (M) . Combining this fact
with (8.50), recalling the range of ¢, and interpolating, we deduce

we L (M) (8.51)

with

q@=H++H(H-2).
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We set @ = gg — 1 and we note that

H (1+oz)2.

2 4o

Now, (8.51) and the fact that p € L (M) imply the validity of (8.36) i) and ii)
while (8.49) and (8.48) show that (8.32) holds with some constant C' > 0. An
application of Theorem 8.9 gives u = 0 on M, that is f is a constant map. |

Remark 8.13. Let f : M — N be a harmonic map with bounded dilation T
between Riemannian manifolds M and N of dimensions m and n, respectively.
According to formula (6.26) and to the refined Kato inequality, if the Ricci curva-
ture of M is bounded below by —p(x) and the sectional curvature of N is bounded
above by a function k(z) satisfying k(f(x)) < 0, then the function u = |df|? sat-
isfies the inequality

W) s

Au > VA
use= T min{m, n}?

m
| Vu]? = 2p () u® +
Ty Vil - 20 (0)

It follows that one may give a version of the above theorem in this setting. Note
that the coefficient of the gradient term on the right-hand side is now less than
1. It may be interesting to investigate if even the first two versions of the Li and
Yau result admit similar extensions.

8.2 Plurisubharmonic exhaustions and a structure
theorem for Kahler manifolds

A smooth function p : M — R on a Riemannian manifold (M, (,)) is said
to be an ezhaustion function if, for every r € R, the sublevel sets M, (r) =
{z € M : p(x) < r} are relatively compact. In particular, by the well-known Sard
theorem, OM, (r) are compact, smooth hypersurfaces for almost every r € R.
Clearly, every open manifold (M, (,)) supports an exhaustion function. For in-
stance, using a celebrated theorem by H. Whitney, one can embed M into some Eu-
clidean space RY via a proper map f : M — R¥ and the function p (z) = |f (J:)|2
gives the desired smooth exhaustion. In fact, according to R. Greene and H.H. Wu,
[67], [68], we can require f to be a harmonic map and, therefore, p (z) = | f ()|
to be a strictly subharmonic exhaustion function. Despite this fact, the possibility
of constructing a special exhaustion usually reflects topological and geometrical
properties of the underlying manifold. By way of example, if a complete manifold
(M, {,)) supports a smooth, non-negative, strictly convex exhaustion function,
then, by standard Morse theory, M must be simply connected. Indeed, according
to work by Greene and Wu, [69], in this situation M is diffeomorphic to Euclidean
space R™ and such a strictly convex exhaustion function exists, for instance, when
M has strictly positive sectional curvature, thus recovering the conclusion of the
Gromoll-Meyer theorem, [74].
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As an application of the above versions of the Li—Yau vanishing theorem, see
especially Corollary 8.8, this section aims to prove the existence of a plurisubhar-
monic exhaustion on a complete Kahler manifold with almost non-negative Ricci
curvature; Theorem 8.17 below. The result will then be used to deduce information
on the structure of such manifolds; Theorem 8.19 below.

To begin with, we point out the following

Lemma 8.14. For every s > 2, there exists a constant € = € (s) > 0 such that the
following holds. Let (M, (,),J) be a complete Kihler manifold of real dimension
m = 2s and Ricci curvature satisfying

Ric > —% forr(z) >>1. (8.52)
r(x

If (M, (,),J) is parabolic, then there exists a smooth, proper, pluriharmonic func-
tion f: M — R satisfying

/ IVf]> = 0(R?) as R— +oc. (8.53)
Br(o)

Proof. Simply recall that, by Theorem 7.20, (M, (,)) supports a proper harmonic
function f satisfying (8.53). On the other hand, according to Theorem 1.20, a
harmonic function with sub-quadratic energy growth on any Ké&hler manifold is
necessarily pluriharmonic. O

The next parabolicity result is due to Li and Tam; see Theorem 4.2 in [102].

Lemma 8.15. For every s > 2, there exists a constant € = £ (s) > 0 such that the
following holds. A complete, Kihler manifold (M, {,),J) of real dimension m = 2s
is parabolic provided M has at least two ends, and Ricci curvature satisfying

Ric > —p (z) on M, (8.52)

where 0 < p () € C° (M) is such that

3

r(z)

Proof. By contradiction, suppose M is non-parabolic, that is, M has a non-
parabolic end. Recall from Theorem 7.24 that M supports a non-constant, positive
harmonic function f with sub-quadratic energy growth. According to Theorem
1.20, f is pluriharmonic. Since, by volume comparison (see Theorem 2.14 and
Proposition 2.11), condition (8.54) (ii) ensures that the volume of balls grows at
most polynomially, we may apply Corollary 8.8 to conclude that f is constant, a
contradiction. |

(i) p(z) € LY (M); (ii) p(x) < 5 as T (x) >> 1. (8.54)
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Remark 8.16. Conditions (8.54) are both satisfied, e.g., if p(z) = a(r(z)) for
some non-increasing function « (¢) such that

t" o (t) € L' (+00). (8.55)
Indeed, because of the monotonicity of «, the above implies
at)y=o(t™™) as t — 400, (8.56)
so that, in particular, (8.54) (ii) is met. Furthermore, by volume comparison,
vol (0B,) = O (r"™~1) asr — oo,

and therefore, integrating in polar coordinates and using the co-area formula yields

+oo +o0o
Lo [ mozef e
M 0 OBt

for some positive constant C, proving the validity of (8.54) (i). For the sake of
completeness, let us verify (8.56). By contradiction, suppose that a (tx) > At ™
along some divergent sequence {t;} " +00 and for some constant A > 0. Without
loss of generality, we can assume ty41 — &g > tx. Using the monotonicity of a ()

we conclude
+oo tet1
/ tm_la(t)dt:z:/ "L () dt
kot

tet1
> Z/ " (b)) dt

ktk

—Ztﬁri e — 1)

Ax( ()}

Combining Lemma 8.14 and Lemma 8.15 yields the following existence result
alluded to above. This is one of the main achievements of the paper [98] by P. Li
and M. Ramachandran.

I V

I V

contradicting (8.55).

Theorem 8.17. For every s > 2, there exists a constant € = €(s) > 0 such that
the following holds. A complete, Kdhler manifold (M, {,),J) of real dimension
m = 2s, with at least two ends, and Ricci curvature satisfying (8.52) and (8.54)
supports a smooth, non-negative, plurisubharmonic exhaustion function.
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Proof. We first apply Lemma 8.15 to deduce that M is parabolic. Using Lemma
8.14, we next construct a proper, pluriharmonic function f on M. Finally, we
observe that

(Dar?)"Y = 21 (Dap) ™ + 2 (d) M0 @ ()@Y
=2@df)"” @ (@) >0

in the sense of quadratic forms. Therefore f2(x) > 0 is the desired plurisubhar-
monic exhaustion. O

Motivated by applications to Lefschetz-type theorems and to a conjecture
of L.R. Shafarevich in complex geometry, in their paper [117], T. Napier and M.
Ramachandran obtain structure results for complete Kéhler manifolds (M, (,) , J).
Their main assumption is that M has a complex atlas of locally uniformly bilip-
schitz charts, i.e., there exists an absolute constant C' > 0 such that, for every
x € M, there is a biholomorphic map 1, of the unit Euclidean ball By (0) C C™
onto an open neighborhood U, of z, satisfying v, (0) = z and

C~Ycancm < 4% (,) < Ccancem, on By (0).

This is a special kind of 0-order bounded geometry in the complex setting which
is obviously satisfied if M is a co-compact covering manifold. See also Appendix
B.

In the same paper, [117], Napier—Ramachandran also consider the situation
of manifolds supporting a plurisubharmonic exhaustion. In fact, they are able to
develop a reduction procedure to the locally uniformly bilipschitz Euclidean case.
The deep structure theorem by Napier-Ramachandran looks as follows. Since its
proof is quite long and requires tools from complex geometry that go beyond the
scope of the present notes, we limit ourselves to stating it.

Theorem 8.18. Let (M, {,),J) be a complete Kahler manifold of real dimension
m = 2s. Assume that either M has a complex atlas of locally uniformly bilipschitz
charts or M supports a plurisubharmonic exhaustion function.

(1) If M has at least three ends, then there exists a proper holomorphic map ¢ :
M — S onto a Riemann surface S, whose fibres are compact and connected.

(2) If H* (M,Z) = 0, then M has only one end.

Note that, in case M is parabolic, the base Riemann surface .S must be para-
bolic as well. To see this, observe that, given a holomorphic map f: (M, {,), Ja)
— (N, (,), Jn) between Kéhler manifolds and any function u : N — R, one has

Dd(uo f)"Y = Ddu™V (df, dF) .

In particular,

A(uo f) = trar {Ddu(l’l) (df, E)}



8.2. Plurisubharmonic exhaustions 203

proving that A (uo f) has constant sign whenever the complex Hessian Ddu (")
is semi-definite. In the special case where N is (complex) one-dimensional, i.e., N
is a Riemann surface, we have Ddu(™') = Au (,) and the above reduces to

A(uo f) = |df|* Au.

Summarizing, the holomorphic map ¢ in the statement of the theorem pulls
(sub)superharmonic functions on S back to (sub)superharmonic functions on M.

On the base of this observation, combining Theorem 8.17 with Theorem 8.18,
we get the following result by P. Li and M. Ramachandran, [98], that completes
the section.

Theorem 8.19. For every s > 2, there exists a constant € = e (s) > 0 such that the
following holds. Let (M, {(,),J) be a complete Kahler manifold of real dimension
m = 2s. Assume that, having set r (z) = dist (z,p) for some reference origin
p € M, the Ricci curvature of M satisfies

Ric > —p(x) on M

where 0 < p (z) € C° (M) is such that
€

r (z)

(1) If M has at least three ends, then M is parabolic and there exists a proper
holomorphic map ¢ : M — S onto a parabolic Riemann surface S, whose
fibres are compact and connected.

(2) If H (M,Z) = 0, then M has only one end.

(i) p(z) € L (M); (ii) p(x) < 5 as T (x) >> 1.



Chapter 9

Splitting and gap theorems in the
presence of a Poincaré—Sobolev
inequality

9.1 Splitting theorems

Up to now, we have been using Theorem 4.5 to show that solutions of a differential
problem of the type

YA +a(x)P? > —A|VY|?,
>0

have to be identically zero. The aim of this section is to present a geometrical
problem in which the second alternative of Theorem 4.5 does actually occur, that
is, 1 becomes a positive solution of the linear equation

A +a(x)y =0.

We shall focus our attention on splitting-type theorems depending on spectral
and Ricci curvature bounds. To say that the complete manifold (M, (,)) splits
usually means that M is isometric to the Riemannian direct product

(N1 X NQ?(»)Nl + (’)Nz)

for suitable complete Riemannian manifolds (Ni (,) N) , 1 = 1,2. Manifolds that
do not split are said to be irreducible. By way of example, the fundamental struc-
ture theorem by G. de Rham asserts that any complete, simply connected mani-
fold splits, according to its holonomy, into simply connected, geodesically complete
factors (R™, can) , (Ng, (, )Nz) ey (Nk, (, )Nk); furthermore, the decomposition is
uniquely determined and the complete manifolds (Nq;, (,) N) are irreducible. See,
e.g., [142].

Actually, the results we present in this section involve with a more general
notion of splitting which allows warped factors. Accordingly, we say that (M, (,))
splits even if it is isometric to the warped product

(Nl X N27(7)N1 +f2 (7)N2)

where (Nj, (,)y.), @ = 1,2, are complete Riemannian manifolds and f € C*° (Ny)

i

is a suitable positive function.
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Our purpose is to give a somewhat simplified proof of the following result
due to P. Li and J. Wang, [103]. It extends previous work by X. Wang, [161] on
the structure of conformally compact Einstein manifolds.

Theorem 9.1. Let (M, {(,)) be a complete manifold of dimension m > 3 satisfying
A=)\ (—AM) > 0.

Suppose also

MRic > — (m—_l) AL (9.1)

m— 2
Then, either
(1) (M, {,)) has only one non-parabolic end,
or

(2) (M, {,)) splits as the warped product R x ¥ with metric

(,) = dt? + cosh? (t@) () 9.2)

where (X, (,)) is a compact, isometrically imbedded hypersurface of (M, {,))
satisfying
ZRic > —\;. (9.3)

Remark 9.2. According to Lemma 7.13 above, the presence of a Sobolev—Poin-
caré inequality implies that non-parabolic ends are precisely the infinite volume
ends.

The proof of Theorem 9.1 has its root in the classical splitting theorem by
J. Cheeger and D. Gromoll, [32]. This latter states that if a complete manifold
(M, {,)) of non-negative Ricci curvature contains a line, i.e., a minimizing geodesic
v :R — M, then M splits as the Riemannian product R x N where N C M is a
totally geodesic hypersurface. Note that in the case where M has more than one
end, N is necessarily compact. The (very) original argument supplied by Cheeger-
Gromoll relies on the existence of a harmonic function u of distance-type, i.e.,
satisfying the condition |Vu| = 1. A substantial part of the proof is devoted
to showing that, under the assumptions of the theorem, the Busemann function
corresponding to (a half-line in) v has the desired properties. Note that the integral
curves of the gradient vector field Vu are geodesic lines of M, so that, in particular,
Vu is complete. Moreover the level sets of u are smooth hypersurfaces with Gauss
map Vu. Let N be such a level set. Using the flow ¢; of Vu through N, one
establishes a smooth diffeomorphism between R x N and M. Finally, one observes
that ¢; is, in fact, a Riemannian isometry with respect to the product metric
on R x N. Indeed, obviously, (¢¢), (&%) = Vu which is a unit vector field of M.
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Moreover, using the harmonic function u in the Weitzenbock formula and recalling
the refined Kato inequality yield

[Hess (u)|* = ——— |V |Vu||* = 0,

i.e., Vu is a parallel (hence a Killing) vector field, and N is totally geodesic. Thus,
by the very definition of Lie derivative, for every V. W € T, M, it holds that

(B0 V. (60, W) = 2Hess () (60), Vi (60), W) = 0

showing that, obviously, ¢; is a one-parameter group of isometries of M. In par-
ticular, for any orthonormal basis e, ..., em,—1 of T, N = (Vu (m))l Cc T, M, the
tangent vectors (¢y), €1, ..., (¢¢), €m—1 € (Vu (¢ (z)))" remain orthonormal in
Ty, (x)M. This completes the proof.

We note in passing that a differentiable splitting can be obtained by simply
assuming that there exists a smooth function v without critical points such that
|Vu| is constant on the level sets of u. Indeed, one considers the flow ¢; of the unit
vector field Vu/|Vu|, which, by the assumption that |Vu| = a(u), moves level
sets of u onto level sets of u. Therefore, having chosen a level set ¥,, the map
¢ : R x X, — M realizes the splitting.

A generalization of this kind of argument led, first M. Cai and G.J. Galloway,
[23], and later X. Wang, [161], and P. Li and J. Wang, [103], to obtain the following

Theorem 9.3. Let (M, (,)) be a complete manifold of dimension m > 2 and Ricci
curvature satisfying
MRic > —p

for some constant p > 0. Suppose that u € C™ (M) is a non-constant harmonic
function such that, setting

1/) = |Vu| S Liploc (M),

it holds that 1
VAY + pY? = —— [VY|* on M, (9.4)

in the weak sense. Then, the level sets of u are smooth hypersurfaces, and (M, {(,))
splits as the warped product R x Yo with metric

(,y=dt* +w(t)(,)
for a suitable level set g of u endowed with the inherited metric, and where

C1 exp (t\/g) + Oy exp (—t ﬁ) ’

Ci + Oy ’

w(t) = (9.5)
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for some non-negative constants Cy and Cy which are not both zero. Moreover, if
M has at least two ends, then Yo is compact and M has exactly two ends. If both
ends of M have infinite volume, we may chose ¥q in such a way that

w(t) = cosh? (t L) . (9.6)

m—1

If one end of M has finite volume, then, up to replacing t with —t, we have

w(t) = exp (2“/%) . (9.7

Remark 9.4. Since here A = —1/(m — 1), according to Lemma 4.12, for every
p> (m—2)/2(m — 1), we have ¢P € Wlif (M) and

VP = pp?~ Ve € L7 . (9.8)

This fact will be crucial in the arguments below.

The proof of Theorem 9.3 is reached by means of two main steps: first, we
show a differential splitting of the original manifold and, next, the metric rigidity
of the differential decomposition.

We need to recall some facts of both topological and analytical nature. Al-
though they are quite simple, we provide a proof for the sake of completeness.

Lemma 9.5. Let ¥ be a non-compact, connected manifold. Then, every compact
set [a,b] x K of R x X has a connected complement in R x . In particular, R x ¥
has only one end.

Proof. Let P; = (tj,x;) € RXx X —[a,b] x K, j = 1,2. We show that there is a
continuous path v in R x ¥ — [a,b] x K connecting P; to P,. Roughly speaking,
7 is obtained by circumnavigating around [a, b] x K. Four possibilities can occur:
(i) t1,t2 € [a,b] and z1,22 ¢ K; (ii) 1,22 € K and t1,t2 ¢ [a,b]; (iii) up to
interchanging P; with Ps, t; € [a,b], 21 ¢ K and t2 ¢ [a,b], 22 € K; (iv)
ti,ta ¢ [a,b] and 1,20 ¢ K. We limit ourselves to consider case (i), the other
cases being similar and left to the reader. Fix ¢ ¢ [a,b] and define the paths
Lj(s) = (ts+t; (1—s)) x xj, j = 1,2. Clearly, I'; (s) lies in the complement
of [a,b] x K and satisfies I'; (0) = P;, I'; (1) = (¢,z;). Next, observe that ¥ is
connected and locally path connected, hence a path connected space. Choose a
path ¢ in ¥ satisfying o (0) = 1, 6 (1) = x2 and define '3 (s) = t x o (s).
Since I'3 (s) € R x ¥ — [a,b] x K and I'5(0) = I'; (1), I's (1) = T'2 (1), we can
form a new path in R x ¥ — [a,b] x K from v(0) = P; to v(1) = P» by setting
y=I1%3 *F_g, where * means juxtaposition and T is nothing but I's taken with
opposite orientation. O

Lemma 9.6. Let 3 be a closed connected submanifold of a connected Riemannian
manifold (M, {,)). The normal exponential map exp™ : T+X — M, defined as the
restriction of exp to the normal bundle of X, is onto M.
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Proof. Since M is complete, given z € M, a standard compactness argument shows
that there exists z, € ¥ such that d(z, z,) = dist(z, ). Again by completeness of
M there exists a minimizing geodesic v with v(0) = z,, v(1) = = and length(y) =
d(x,z,). Since, exp® is a local diffeomorphism of a neighborhood of the zero
section of ¥ onto its image, and by Gauss’ lemma geodesics normal to 3 locally
minimize the distance from ¥, then 4/(0) L T,,,% and by definition exp(v/(0)) =
v(1) = x. O

Finally we shall need the following simple ODE result.

Lemma 9.7. Let p1 > 1, p2 > 0 and C1,Cy > 0. Then, the solution of the differ-
ential equation

BB" — p1(B)° + p2i8* =0
s given by

1
p1—1

B(t) = {C’l exp (t o2 (p1 — 1)) + Cs exp (—t p2 (p1 — 1))}

We are now in a position to prove Theorem 9.3.

Proof of Theorem 9.3. For the sake of clarity, we divide the argument into several
steps.
Step 1. The function ¢ = |Vu| satisfies 1) > 0 on M. In particular, ¢ is smooth

and the level sets of u are smooth hypersurfaces of M with (Gauss map) unit
normal Vu/ |Vul.

Indeed, let

m—2

g — wm,—l.

We insert the test function
(4 €)~m-TX, with A\ € Lip.(M)

in the weak formulation of (9.4), and perform a computation, similar to that
carried out in the proof of Theorem 4.5, to obtain

__m

/w—ﬁ(ﬁ)#w,m=/pw2<w+e> n

_% A(w*ﬁ|vw|>2(wi6>%wie.

Using (9.8) with p = 1 — % we may let ¢ — 0 and apply the dominated
convergence theorem to deduce that the function ¢ satisfies

m — 2
Ag+ ——pg=0
m—1
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weakly on M. Thus, the desired positivity of ¢ follows from a local Harnack
inequality (see, e.g., [60]).

Step 2. Let {e;} be a local orthonormal frame of M such that

e_Vu_@
PV e

Then, denoting by u,; the coefficients of Hess (u) with respect to this frame, it
holds that

U;lj:_(m_l)uélj? j:l,...,m, (99)

ul]:/j/él]a i)j:27"'ama
for some smooth function u. Equivalently,

Hess (u) (e1,-) = —(m —1)pf{er,-) onTM, (9.10)
Hess (u) () = p () on {e1)”

In particular, ¢ is constant on each path-component of the smooth, level hyper-
surfaces {u = const.} of u.

Indeed, note that (9.4) comes from the Bochner formula for harmonic func-
tions, once we replace the usual inequalities with the equality sign. In particular,
it forces equality in the refined Kato inequality of Proposition 1.3. Thus, setting
M = (u;5) € My, (R) and y = (u;) € R™, we deduce that

m—1 [y

H2 _ m |My|2

M

Application of the algebraic Lemma 1.5 with A = 1 enables us to obtain (9.9). As
for the second assertion, simply note that if ¢ is any curve in a path-component
of {u = const.}, then & is orthogonal to e; and, therefore, by (9.9),

d
7 |Vu| oo = Hess (u) (e1,5) = 0.

As a matter of fact, using a similar argument together with Sard’s theorem, one
can show that each of the path components of a.e. level set of |Vu| coincides with
a path component of some level set of .

Step 3. Let {e;} be as in Step 2. Then
De1 er =0,

so that the integral curves of the global unit vector field e; = Vu/|Vu| are
geodesics of M.
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Indeed, recall that
V |Vu| = Hess (u) (e1,)* (9.11)
=—(m—1)pes.

Therefore, by a direct computation we get

1 Vu
elel:WDqu
_ 1 1 u, ul) Vu ess w. ) #
_|Vu|{ |V|<V V |Vul) V +|V |H ()(V,)}
- |V1—u| {—Hess (u) (e1,e1) e1 + Hess (u) (eq, ,)#}
= g {(m =1 per = (m =1 er} =0

Step 4. Let ¥, be a connected component of a level set {u = wu,} of u, and let ¢;
be the flow of the vector field e;. Then for every z € 3, ¢:(z) is defined for all ¢'s,
and ¢ : R x ¥, — M is a smooth diffeomorphism which realizes a differentiable
splitting R x 33, dgﬁ M . Moreover, if M has more than one end, then 3, is compact,

1
and M has exactly two ends.

Indeed, according to the previous step, for every x in M the integral curve
t — ¢(x) of e1 is a geodesic. Since M is complete, the flow ¢, is defined for every
t (this actually follows directly from the fact that e; has bounded length), and for
every fixed ¢ gives rise to a global diffeomorphism of M.

In particular, if z € 3,, then ¢:(z) coincides with the normal exponential
map, namely ¢;(z) = exp’(te;(z)), and according to Lemma 9.6 the map ¢ :
R x ¥, — M is onto. We claim that it is also 1-1 so that it realizes a differentiable
splitting R x X, & M. Note that since for fixed ¢, ¢; : M — M is a global

diffeomorphism, if x; # o, then ¢;(x1) # ¢¢(x2). On the other hand, since Vu
never vanishes, u is strictly increasing along the integral curves of e;. Therefore if
t1 < tg, then u(dy, (z)) < u(gr,(x)), and ¢4, (x) # ¢4, (x). Thus, if ¢ isnot 1 —1
on R x X, there exist x1 # x2 € X, and t1 # {2 such that ¢, (z1) = ¢, (22) = .
But then, assuming, e.g., that t; < t3 we have xo = ¢_1,(Z) = d—t, 14, (P—1, (T)) =
D—totty (331) and this is impossible since z; and x2 belong to the same level set of
u, and u increases along integral lines of ¢,.

Note that, since u increases along the integral curve ¢;(x), the image of a
level set of u cannot intersect the same level set. Thus ¥, is necessarily connected.
Since ¥, = {u = t,} was arbitrary, all level sets of u are in fact connected, and
|Vu| is constant on every such set.

The last assertion follows from Lemma 9.5 and the fact that the flow of ¢
determines the ends of M.

Step 5. The map ¢ : R x ¥, — M moves Y, onto any other level set of u.
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Since |Vul is constant on level sets of u, there exists a function o defined
on the interval w(M) such that |Vu| = a(u). For fixed x € M and every t € R
we have |Vu|(¢¢(x)) = a(u(p:(z)), and since the right-hand side is a continuous
function of ¢, while t — u(¢¢(x)) is a continuous bijection of R onto its image, we
deduce that the function « is continuous. Moreover

d .
Eu 0 P (J?) = <Vu (¢)9 (1‘)) s Os (1‘)>
= a(uo g (1‘))

Whence, integrating and using the change of variable formula, we get

wogy (x) d
/ W _ t, on R.

In particular, the value u(¢¢(z)) is independent of the point z in any fixed level
set of u, showing that the image under ¢; of a level set of u is contained in a level
set of u. The conclusion now follows from the fact that ¢ is a diffeomorphism of
R x 3, onto M.

Step 6. The smooth, positive function

B(t) =|Vul o (z) = ¢ o ¢y (x) (9.12)
is independent of x varying in a given level set of v and satisfies the ODE
y__m_(8)
- = R. 1
B m—1 7 +p5 =0, on (9.13)

The first assertion follows directly from the fact that ¢; moves level sets of u
onto level sets of u, and that |Vu| is constant on such level sets. As for the second
assertion, direct computations that use (9.11) show

§ (1) = (V6) 0 4u(x), u(a)) = (VIVul0 6u(w), 1)

(9.14)
= (Hess (u) (e1,€1)) 0 d¢(z) = — (m — 1) po ¢y (),
and (again by (9.11))
V[* 0 e (2) = (m—1)° 1 0 1 (a) .
so that, in particular,
B (1) = Vi[* o g (). (9.15)
Moreover, since t — ¢; (x) is a geodesic in M with tangent vector eq,
d
8" (1) = 2 (Vi e1) ($1(2))) = Hess () (e, e1) (61 (). (9.16)
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To treat the Hessian term on the right-hand side we write

Hess (v) (e1,e1) = Ay — ZHess () (ej,¢€5) (9.17)
=2
and claim that
(m—1)p?

Hess (1) (¢, ¢j) = — (0.18)

(4

Indeed, using (9.11) and the fact that {e;} is an orthonormal frame, we obtain,
for every j > 2,

Hess () (e;,e;) = Hess (|Vul) (e5,€;) (9.19)
= (D¢, V |Vul,e;)

e; (V|Vul,e;) — (V|Vul, De,e;)

= ¢j (= (m = 1) pd1z) + (m — 1) p(e1, De,e;)

=—(m—1)p(De,e1,€5) .

On the other hand, using again (9.11), a direct computation yields

De,e1 = |Vu| ™! Do, Vu — |Vu| > e(|Vu|) Vu
= |Vu|"" Hess (u) (¢;, ) 4 V|2 Hess(u)(e;,e1)Vu
— §Hess (u) (e, )

Inserting this latter into (9.19) and using (9.9) establishes equation (9.18).
Now, substituting (9.18) into (9.17), inserting the resulting equality into
(9.16) and recalling (9.14) and (9.4), we conclude that

2
F'(1) = (& + (m = 1725 ) (6u())

V|2
= (A¢ + T>(¢t(x))
m_ |V

m—1

(9.20)

) (u(a))

Step 7. If 3¢ is a level set of M and ¢ : R x ¥y — M realizes the differentiable
splitting, then

-2/(m=1)
¢*<,):dt®dt+<%) (,). (9.21)
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Obviously, (b*% = e1 0 ¢ so that

¢* () (%, %) =1 (9.22)

Moreover, for every V € Ty = <61>J‘,

0
e 0V ) = 0. 9.23
(0.507) (9:23)
Indeed, if o is any curve in X starting with velocity V', by definition of 8 and the

fact that it is independent of the point x € ¥y, we have

d d

o . (IVul o) oo (s) = o S:OB (t) =0. (9.24)
On the other hand, using (9.10) and (9.14), we have
25| |Vulo(groo(s)) = Hess(u) (er, (¢1):V) (9.25)
s=0

= — (m — 1),M o ¢t <617 (¢t)*V>
=B (t) {ex, (1)V) -

Since ' (t) # 0 by (9.14), combining (9.24) and (9.25) gives (9.23), and proves
that ¢* (,) takes the form

¢*<7>:dt®dt+(¢t)*<7>'

Thus, the desired conclusion will follow once we show that

—2/(m—1)
<¢t>*<7>=<%) 0.

By the definition of Lie derivative we have, for all vectors V, W tangent to X,

(Dyer, W) + (Dwer, V) = Lo, () (V, W) = -

S @ mw.

s=0

On the other hand, recalling that |Vu| is locally constant on the level sets of u, so
that v )
u
Dyei =D (—) - — DyVu,
vel 1% vl Val vVu

and using (9.10), we deduce that

_ 1 _ K
(Dyei, W) = WHGSS (u) (VW) = V| (V.W)
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so that

S0y = 2
% S:O(¢s<7>)_ |Vu| <’>

As a consequence, recalling the definition (9.12) of 3, (9.14) and the group property
of ¢¢, we get

d * _2:uo¢)t
GO = o 6 )

:—w() 1
m—1 5

)¢t<7>'

Integrating over [0, t] we finally obtain

¢,’;<,>=(%)ﬁ 4 1)

as required.

Step 8. In view of (9.13) and by Lemma 9.7, the positive function 3 (t) = ¥ o¢: ()
has the expression

3(8) = {Crexp (1)) + Cexp (~/75) }7<mfl> |

for some non-negative constants C, Co which are independent of x € 3, since so
is 8, and cannot both vanish because v = |Vu| > 0. Up to replacing ¢ with —t,
we may assume that C; > 0. Thus

w(t):(&)zl: C1exp(t\/g>+02exp(—t #)

B(0) Cr + Cy ’

as required to prove (9.5).

Step 9. Assume now that M has two ends. Note that if both the constants Cy and
(5 are different from zero, then the positive function 3 (¢) tends to zero as t — +oo
and ( attains its positive maximum B at some tg € R. Without loss of generality,
up to using the translated flow ¢;1+,, we can assume to = 0. Accordingly,

B0)=B>0, §(0)=0

which implies that 3 (¢) has the expression

B(t) = Bcosh™ (™Y (t L )

m—1

—2/(m—1)
w(t) = (%) = cosh? (t #) .

and
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On the other hand, if C5 = 0, then

w(t) = exp (2t #) .

Since g is compact, in the former case both ends of M have infinite volume. In
the latter case, vol ((—o0,0] x ¥g) < 400, and one of the ends of M has finite
volume. O

In view of Theorem 9.3, the strategy of the proof of Theorem 9.1 is to use the
assumptions on the geometry of M to produce a non-constant harmonic function
satisfying the differential equation (9.4). This requires some preliminary results on
the energy of a special class of harmonic functions considered in Section 7.1.

We recall briefly the construction. Let D be a relatively compact domain D
with smooth boundary, and fix an exhaustion {D,,} of M by relatively compact
open domains with smooth boundary and D CC D,, CC Dy41.

According to Proposition 7.10, if M has at least two non-parabolic ends F,
and FEs, then the sequence of functions u,, which solve the boundary value problem

Au, =0 in D,
U, =1 on 0D, NE;, u,=0 on 8Dnﬁ(M\E1)

has a subsequence which converges locally uniformly to a bounded harmonic func-
tion u with finite Dirichlet integral such that 0 < u < 1, supp, u = 1, and
infg, u =0.

Lemma 9.8. Maintaining the notation introduced above, let E be an end of M with
respect to D, satisfying the Poincaré inequality

[ Vel
fE 2

where the infimum is taken over C® (E) \ {0}. Let u be the harmonic function

obtained with the approrimation procedure described above, and let 0 < § < \/A1.
Then, there exists a constant C = C(u) > 0 such that

O< =X\ (—AE) = inf (926)

1 fE=F
/ X (u—a)? < %, where o = if o (9.27)
E (VAL —9) 0 otherwise.

Remark 9.9. We observe that a similar statement, with appropriate values of «,
holds for linear combinations of the harmonic functions as considered in the state-
ment, that is, for harmonic functions obtained by the approximation procedure
assigning to each u,, a constant boundary value on E N 9dD,, (necessarily equal to
zero if E is parabolic).
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Proof. We consider the case where E # FE7, so that the approximating sequence
uy, satisfies the boundary condition u, = 0 on E N dD,,. The other case is dealt
with by replacing u with 1 — u. Let o € D and Ry such that D C Bg,(0),
fix R > 2Ry, and choose n € N sufficiently large that Br(o) C D,. We set
E, = END,, 0E, = ENdD,, E(R) = EN Bgr(o) and 0F(R) = dBr(o) N E.
Let also ¢ : M — [0, 1] be a smooth cut-off function such that

p=0o0n Bg,, w=10ff Bg, |V¢|< on M.

R— Ry

Fix 0 < § < v/A1 and integrate over E, to obtain

/E |V (cpe‘srun) |2 = / u? |V (gae‘s”) |2 + 2/E Up ped” (Vun,V (goe‘sr)>

n n n

+/ 2 26r|vu |
E.

n

:/ uz |V (goe‘s”ﬂ2 +/ 0% |Vu,|?
E

5 ) (V02), ().

Applying the divergence theorem, noting that u, vanishes on 0F,,, while ¢?e?°"
is zero on JF, and using the harmonicity of u,, in F,,, we have

5[ V)@ =1 [ )

n n

8026267"“ Aun—/ 2 26r|vu |
E

n n

S026267" |vun|2 ’

I

n

which, inserted into the above identity, yields

¥ e = [ v el

n n

By Young’s inequality, for every € > 0 the right-hand side is estimated from above

by
(1 + 5) 62/ ’U,2Q02626r (1 + 6_1)/ ui626r |VQ0|2,
E E

n n

so, using the Poincaré inequality to estimate the left-hand side from below and
rearranging, we get

4
(M —(1+e) 52)/ ulp?e®r < (1471 72/ u? e,
B, (R — Ro)” Je(R)\E(R))
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Choosing
VA s
N é

we obtain

2 4
(\/)\1 — 6) / ul p?e?" < 72/ u? e,
B (R — Ro)” JE(R)\E(R0)

n

whence, recalling that ¢ is non-negative and identically equal to 1 outside Bg,

2 4
(\/Al — 5) / ul e < —_— / ul e,
E.\E(R) (R = Ro)” JE(R)\E(RO)

Now, we choose R = 2R, and we let n — 400 to get
2 4
(\/x_ 5) / u2e?r < — w2,
E\E(2Ro) R E(2Ro)\E(Ro)
and (9.27) follows. O

Lemma 9.10. Assume that M has at least two non-parabolic ends, and that E is
an end of M with respect to D satisfying the Poincaré inequality (9.26). Let u be a
harmonic function as in the statement of Lemma 9.8. Then there exists a constant
c=C (u, \/X) > 0, such that for every sufficiently large R,

/ VN (4 —a)? < C, (9.28)
Er\ERr-1

where « is as in Lemma 9.8, namely, « = 1 if u is the limit of a sequence of
harmonic functions u, equal to 1 on ENJD,, and a = 0 otherwise.

Proof. Again we consider the case where a = 0. Let ¢ € Lip. (E). A straightfor-
ward computation shows the validity of the equality

2
/ ’V (e‘mrgouﬂ :/ {ezmruz |Vg0|2 +/\162\mr<p2u2
E B
+ 2/ e2YMTou? (Vop, Vr)y 4+ VA2 |Vul*
+ 26>V oy (Yo, V) +2¢/ M2V % (Vu, Vr)} .

The last three terms under the integral on the right-hand side can be written in
the form

<Vu, V(eQmeQu) >,

so that, integrating by parts and using the fact that u is harmonic, they cancel
out and the above equality reduces to

/ ‘V (¢eﬁru> ’2 = / eV (u2 [Vol? + 2/ Aipu? (Vo, Vi) + >\1<p2u2> .
B E
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We now apply the Poincaré inequality to the left-hand side and rearrange to obtain

—24/A / 2VAary2 0 (Vp,Vr)y < / VA2 |Vl (9.29)
E
We let Ry < R; < R and we choose ¢ to be given by the formula

He—Fo on B(R;)\ E(Ro),
P =1 T on B(R)\ B(Ry),

0 elsewhere.

Substituting into (9.29) we have

2VN
— / VT (R = 1) u? (9.30)
(R—R1)” JE(R\E(R)

- 1 / 2V 2+;/ 2VAIT2
" (R- R1)2 E(R)\E(R:1) (R — 30)2 E(R1)\E(Ro)

2/
+ \/_1 . / €2mr (7“ _ RO) u2
(R1 — Ro)” JE(R)\E(R0)

We fix 0 <t < R — Ry and we observe that

2t / Q2R 2 < 2 / (R — 1) VA2,
(R— Rl) E(R—t)\E(R1) ~(R- Rl) E(R—t)\E(R1)

Thus, from (9.30) we get

2ﬁv/\l / 2\/_1“ 2 < 1 / ezmruz
(R~ R1)? Je(r-t\B(r) ~ (R— R1)? Jemr)\BE(R)

! 2vh / e2V2ry2 (9.31)
E(R1)\E(Ro)

+
(Rl — R0)2 Rl - RO
Let R > maX{ZRO,R1 + 1/\/_} We choose Ry = R+ 1, t = 1/y/A\; and define

g(R) = / e
E(R)\E(Ro+1)

The above inequality gives

+

2\/)\17'”2.

2 1 1
< _4(r- <
(R_RO_1>29( JH)‘(R—RO—MZQ

for some A = A (Ro,v/A1,u) > 0, and therefore

g(R)g%g(R+\/LA_1>+A<R+\/LA_1>2. 9.32)

(R) + 24
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Now we let k be a positive integer and we iterate (9.32) k-times to obtain

g(R)SQLk <R+\/_)+ARQZ( ST )

and therefore

1 k
g(R) < 59 <R+ \/T) + CR?
1

for some constant C' > 0 which depends only on R,, /A1 and u. We now use
assumption (9.27) to show that

1 k
li — ] =0.
Indeed, if 0 < § < A1, applying (9.27) we have

k
R+ —— :/ 2T, 2
g( \/)\1> By, & \BRO+16 "
VA1

A1

:/ Q2(VXT-)r, 2 20r
BR+\/L\BR0+1
-2 2<R+ : )(m_a)
SC(\//\l—(S) e\ VA .
Therefore
1 k -2 2R(\//\776) ZL(\/)\*lfé)fklogQ
i | < _ 1 VA1
9 <R+m) <c(Va-o) e ¢’ VA —0

as k — 4o0, provided ¢ is sufficiently near to v/A;. Recalling the definition of
g (R) we have thus proved

/ VA2 < C'Rz, R>>1,
E(R)\E(Ro+1)

for some constant C' = C (u, Ry, \/)\1) > 0 and therefore
/ VA2 < OR?, R >> 1, (9.33)
E(R)

for some C' > 0. To improve (9.33) we use again inequality (9.31). For R large
enough, we choose Ry = Rg + 1, t = R/2 in (9.31) to obtain

R\/X/ e2Viry2 < / e2Viry2 +2AR?

E(5)\E(Ro+1) E(R)\E(Ro+1)
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and then applying (9.33)
/ e2Vry 2 <CR
E(§)\E(Ro+1)
or, equivalently,

VA2 < CR, R>> 1. (9.34)
E(R)

To conclude we set Ry = R —4/v/A1, t = 2/v/A1 in (9.31), and deduce that for
sufficiently large R,

/ 2mru2
E(R——2=)\E(R——2=)

VA1 V31
Sl/ 2\/_7" 2+C 62\/Kru2
4 ) R
\/ﬂ
for some constant C' = C' (u, Ry, \/)\1) > 0. Thus, using (9.34),
/ eQmTUQS%/ 2\/_7" 2+C
2 4 2

E(R—ﬁ)\E(R—ﬁ) E(R)\E( ﬁ)

We iterate this inequality k-times to obtain, with the aid of (9.34),

/ 2\/7ru2 < CZ 1 1 / 62mru2
E(R+—2-)\E(R) T B(Rt Z)\B(R+ 2420

Ny N
2%
<C+03—k<R+ >

VA1
whence, letting k — +o0o we deduce that the integral on the left-hand side is
bounded above by C. The required conclusion now follows at once. |

Lemma 9.11. Let (M,{(,)), u and E be as in the previous lemmas. Then, there
exists a constant C' > 0 independent of R such that, for R sufficiently large,

/ 2V |\vul? < CR. (9.35)
E(R)

In particular |Vul® € L* (E).
Proof. Let ¢ be the cut-off function

r(z)—R+1 on E(R)\ E(R—-1),
) on E(R+1)\ E(R),
p(2) = R—2—-7r(z) on E(R+2)\ E(R+1),

0 elsewhere.
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Consider the vector field
Z = p*uVu.

Using the divergence theorem, the fact that u is harmonic and the Cauchy—Schwarz
inequality, we have

/502|Vu|2 = —2/ ou <V<p,Vu>—/ YruAu
E E E

1

—/ <p2|Vu|2+2/ Vol u?.
2 /g E

Thus, using (9.28) and the definition of ¢,

/ Vul® < 4/ u? < Ce VM-,
E(R+1)\E(R) E(R+2)\E(R—1)

It follows that

IA

VAT vyl < e2W<R+1>/ IVul? < C.

/E(R+1)\E(R) E(R+1)\E(R) B

We set R = Ry + i and we sum over 1 < i < k to get
/ VN [T < Ck < C(Ro + k).
E(Ro+k)\E(Ro+1)

We have thus proved (9.35). The second assertion follows writing

/ IVuf? <Z/ e—z\/mRoJrk)/ 2V 72
E\E(Ro) 1 Y E(Ro+k+1)\E(Ro+k) OB,

<CY (Ro+k+1)e 2Rtk < yoo
k

We are now ready to give the

Proof of Theorem 9.1. Assume that M has at least two non-parabolic ends, and
that Ay = A;(—Aps) > 0. Then, there exists a non-constant harmonic function u
on M which is obtained as the limit of a sequence {u,} as in the assumptions of
Lemma 9.8. Having set ¢ = |Vul, and applying Lemma 9.11 to each end E of M
with respect to D (note that A;(—Ag) > A; > 0 by domain monotonicity), we
have the energy estimate

/ VA2 < OR (9.36)
Br

with R sufficiently large. From Bochner’s formula and assumption (9.1) on the
Ricci curvature of M, we obtain

m—1

vap+ P> Loy, (9.37)
m—1

m—2
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Now, the operator

1 ~9
L=-A-H" ")\ (H:m—)
m— 2 m—1

clearly satisfies A (Lps) = 0. Furthermore, using Hélder inequality and (9.36),

m—2

m— m—2
/ (62\//\1T,ll)2> U o223 VAL
Br

_1
< ORES </ 62<m2>mr> —
< .

By the co-area formula, (9.1) and the Bishop comparison theorem we have

R R
/ e—2(m—2)mr :/ / e—2(7n—2)mrdt < C/ eth(%_m—i_Q) dt.
Br 0By 0

1/)2 m—

Thus
¢2%<C Rﬁ for m = 3,
Br - Rm=1 form > 4.
It both cases it follows that

7"

I, 075

¢LW+w>

and therefore
¢ L' (+00).

f aB, ¥ ™

Since ¥ # 0, applying Theorem 4.5 with

1

6:A:H—1:——’
m—1

we deduce that equality holds in (9.37). The result now follows from Theorem 9.3,
noting that, since A\; > 0, the infinite volume ends are precisely the non-parabolic
ends. g

9.2 Gap theorems

We have seen in Chapter 4 that vanishing theorems may be obtained by imposing
spectral conditions, namely, letting # L be the Schrodinger operator —A — Ha(x),
then A\ (7 Ly;) > 0 implies that non-negative LP solutions of the differential in-
equality

YA + a(z)y? + AV >0
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vanish identically provided the coefficients A, a and H satisfy suitable conditions.
On the other hand, it was shown in Section 7.1 that the validity of Sobolev-type
inequalities can be used to obtain spectral information on the operator 7 L. In
particular, if an appropriate integral norm of (the positive part of) the potential
Ha(x) is less than or equal to the L2-Sobolev constant, then Ay (¥ L) > 0 (see
Lemma 7.33).

In this section we show that a direct use of a Poincaré—Sobolev inequality
can be used to obtain similar gap theorems, requiring that the integral norm of
Ha(x) be smaller than a suitable multiple(> 1) of the Poincaré-Sobolev constant.

We are going to apply this result to the investigation, already considered
in Section 7.4, of the topology at infinity of immersed submanifold, as well as to
other geometric situations like characterization of space forms and gap theorems
for harmonic maps.

Theorem 9.12. Let (M, (, )) be a complete manifold and assume that, for some 0 <
a < 1 and some non-negative function h, the inhomogeneous Sobolev—Poincaré-
type inequality

[ aweknet) zs@ ] [ o) (9.59

holds for every ¢ € C°(M) with a positive constant S (a) > 0. Suppose that
¥ € Lip,,. (M) is a positive solution of

VAY +a(z)p? + A|VY]> >0 (weakly) on M (9.39)
satisfying
/ [W|” =0(r?) asr — 400 (9.40)
B,
with A€ER, 0 —A—1>0,0#0, and a(z) € C°(M). Then
4(c—A-1 4(c—A—-1 _
P ICED E N (I S PPN
o Lé(M) o

Furthermore, if ¢ is assumed to be non-negative and not identically zero, then
(9.41) holds under the further assumption that o > 0.

We remark for future use that in the case where o = 0, then the constant
5(0)~! coincides with the bottom of the L?-spectrum A1 (Lys) of the Schrédinger
operator L = —A + h.

We also remark that in the case where h = 0, that is when a standard
Sobolev inequality is assumed to hold, then the theorem states that there are no
non-zero solutions of (9.39) satisfying (9.40) if the L'/®mnorm of the coefficient
a is smaller than a multiple, depending on the integrability exponent o, of the
Sobolev constant. Thus the result compares directly with Theorem 4.5, replacing
the spectral assumption with the validity of a Sobolev—Poincaré inequality and a
norm estimate on the potential.
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Proof. Note that the conclusion certainly holds if either a; or h are not in
LY*(M), so we assume that ay +h € L/,

We consider the case where v is only assumed to be non-negative, and 0 <
o < 2, the other cases being easier. Next, recall that, by (9.39), for every test
function 0 < p € H! we have

Jaswtoz [0(ve.95) + 0 - 90
Let ¢ = ¢ € C° (M) be a family of cut-off functions satisfying
4
¢ =1 on B,, ¢ = 0 off By, |V¢r|§;on M,

and apply the above inequality to the test function (12 +7) #(bQ to obtain, after
some manipulations,

o wz o=2
Jardwemt i 2 [T o, vv)
=52 ¥
We use the fact that
LA (9.43)
0 5y < .

and that 0 — 2 < 0, to estimate the LHS from above, and the second integral on
the RHS from below. Also, by Young’s inequality and (9.43), for every € > 0, the
first integral on the RHS is estimated from below by

g—2

@ EeP e [ )T

Inserting the resulting inequalities and rearranging, we conclude that

a | =

[asd @ +mE 4 ¢ [ mEve?
> (0= A-1-9 [ @@ )T IVeP. ©0.40
Fix € > 0 small enough that c— A—1—¢ > 0. Asn \, 0, by dominated convergence,
the LHS converges to
1
Jaservr+ 2 [wr1vop,

while, since ¢ — 2 < 0, by monotone convergence, the RHS converges to

(- A—1- e>/¢2w0*2|w|2.
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We may therefore conclude that
Jas@avr 2 [wrVof 2 - a-1-0) [ o2 vl @)

According to Lemma 4.13, the function ¢7/2 € Wlif and V(w”/z) = gzﬁ(%*l)vw.
By the Poincaré-Sobolev inequality, Young inequality and (9.45), we estimate

l—o

S(a)l{/(w%)lza} < [(9(wFo)P + ho*u7)

2
<+0% [vr vl + 1+ 3) [wIVeP + [ hoter
<Gt [(ar+ oty + (o +1+3) [wrIvap

where A A1
Coe= o ¢

T 02 144
Using Holder’s inequality in the first integral,

/ (ar + Co.ch)6*7 < [las + Co.chll e { / (o)™ }H’

and rearranging, we finally obtain

{60 = G llas + ot} ([030) 77}

§{6C15€+1+(15}I§; 1/,0.

To conclude, assume that (9.41) does not hold. Since, by dominated convergence,

o2

4(c —A—-1)
4(c0—A-1)

ngllcu + Cs,ch|p1/a — ay (z) : h

’
g

L& (M)
as €, — 04, we may choose ¢ and e small enough that the coefficient on the LHS
is positive. Since ¥ does not vanish identically, there exists R such that, for every

r > R the integral is strictly positive. The required contradiction follows by noting
that, according to (9.40), the right-hand side tends to zero as r — +oo. O

Theorem 9.12 allows us to obtain a quantitative improvement on the results
obtained in Section 7.4

Recall that if (M, (, )) is isometrically immersed into a Cartan-Hadamard
manifold N, the following L?-type Sobolev inequality holds:

m—2 2 2
L om \ 2 e%(m—2) / 2 o
v|m=2 < Vol + — H|"v=, 9.46
(/M| ) [+ S22 [ (9.46)
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where

(9.47)

2
2V14+e2(m—1)
S (m, €) = 1 )
(m—2) 51 (m)
and H is the mean curvature vector field of the immersion. We also recall that if
the immersion is minimal, then the best constant in (9.47) is achieved by choosing
€ = +00, and in this situation, we write Sa (m) = Sz (m, +00).
Applying Theorem 9.12 instead of Theorem 4.5, we obtain the following
improvements of Theorem 7.36 and Theorem 7.35.

Theorem 9.13. Let f : (M™,(,)) — R™ be a complete, minimal, immersed sub-
manifold of dimension m > 3 whose second fundamental tensor 11 satisfies

2 2
m T D (n—m)—2 +m — 1
(/ |H|m> < 48, (m)~t md2)lnmm) -2 . (9.48)
M

)
Then f is totally geodesic.

Theorem 9.14. Let f : (M™,(,)) — (N™,(,)) be an isometric immersion of the
complete manifold M of dimension m > 3 into the Cartan—Hadamard manifold N
whose sectional curvature (along f) satisfies

(0>) MSectyn) > — VR (x) (9.49)

for some function ¥R € C° (M). Denote by H and II respectively the mean cur-
vature vector field and the second fundamental tensor of f. Assume that, for some
>0,

e

e H? 4+ (m—1) YR (z) + 1| (11| + m|H|) ()

m

<

m -1
m—1 S (m7 5)
Then M has only one end.

Remark 9.15. For the sake of comparison, recall that Theorem 7.36 yields the
same conclusion under the stronger assumption that

m — 9)2e2
Hﬂu{f_k(m—l) NR (@) + [I| (|11 +m |H]) (z)

(m —1)?

LT

< Sy (m,e)" ' (9.50)

Observe that the proof of Theorem 7.36 relies on a vanishing result, Theorem 4.5,
which depends on the assumption that the bottom of the spectrum of a suitable
Schrodinger operator is non-negative. This in turn is obtained by combining the
integral bound (9.50) and the Sobolev inequality. By contrast, the argument in
Theorem 9.12 uses the Sobolev inequality in a more direct way, and allows us to
improve the constant.
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Our next result is a further application of Theorem 9.12, and it implies a
vanishing result for harmonic forms in L2.

Theorem 9.16. Let (M, (,)) be a complete Riemannian manifold supporting the
Poincaré-Sobolev inequality (9.38) for some 0 < a < 1, and assume that

Ric > —p(z)
for some continuous function p satisfying

4 (m-1)(p-1)+1

4m-Dp-1)+1
||P++F . -

p— S(a)™t,  (9.51)

h||L1/o< <

for somep > (m—2)/(m —1). Ifw is a closed and co-closed 1-form satisfying

[ el =o(2).

then w = 0.

The proof follows by noting that the norm of a closed and co-closed 1-form
satisfies the differential inequality

1

2
VAP + p(x)p? > m—1) [V

and applying Thoerem 9.12. Noting that a harmonic L? form is automatically
closed and co-closed, we recover the vanishing results of P.Li and J. Wang, [103],
Theorem 4.2, for manifolds with a positive spectral gap. In the case of LP harmonic
1-forms, which are not necessarily closed and co-closed, and therefore do not satisfy
a refined Kato inequality, one has a vanishing result provided the right-hand side
of (9.51) is replaced by 4(p — 1)S(a)~1/p?.

Similar results can be given for LP harmonic forms of any degree, or for
harmonic maps with L? energy density, provided one uses the appropriate Weitzen-
bock formula. For instance, we have the following

Theorem 9.17. Let (M, (, )) be an m-dimensional complete Riemannian manifold,
supporting the Poincaré—Sobolev inequality (9.38) for some 0 < o < 1, and assume
that

Ricci > —p(x).
Let f: M — N be a harmonic map into an n-dimensional non-positively curved

Riemannian manifold N. If |df| € LP(M), for some p > 2=2 and

m—1

4 (m-1Dp-1)

4 4 (m-1)(p-1)+1
||P++p2 m—1)

p2

+1 _
h“Ll/‘* < S(a) 17

m—1

then f is constant.
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9.3 Gap Theorems, continued

In this section we will employ Theorem 9.12 to obtain isolation phenomena for the
Ricci tensor of a scalar flat, conformally flat manifold.

A Riemannian manifold (M, (, )) of dimension m is said to be locally con-
formally flat if a neighborhood of each point of M can be conformally immersed
into the standard sphere S”. When m > 4 this is equivalent to the fact that the
Weyl tensor vanishes identically. The category of locally conformally flat spaces
contains the manifolds of constant sectional curvature, hence, in particular, the
space-forms R™, H™, ., S/, where the subscripts refer to the constant sectional
curvature of the space. Note that, according to the orthogonal decomposition of
the Riemann tensor into its irreducible components, a conformally flat manifold of
dimension m > 3 has constant sectional curvature if and only if it is Einstein, i.e.,
the traceless part of its Ricci tensor is identically equal to zero. As a consequence,
by the H. Hopf classification theorem, the space forms are (up to isometries) the
only complete, simply connected, locally conformally flat, Einstein manifolds. In
this section we investigate other possible characterizations of space forms from the
conformally-flat viewpoint.

Let (M, (,)) be a conformally flat manifold of dimension m > 3 with con-
stant scalar curvature S. We carry out the computations that follow assuming
that m > 4, but note that the conclusions we obtain also hold when m = 3. Con-
formal flatness and the decomposition of the Riemann tensor into its irreducible
components yield

(Rirdj1 — Rit0jx + Rj10ix — Rjrdir)

5
(m—1) (m—2)

Riji = p—

(0051 — dudjr), (9.52)

where we have denoted with R;; the components of the Ricci tensor. Taking co-
variant derivatives, tracing, and using the fact that S is constant give

Z Rijrii = ﬁ (Z Rik,i05 — Z Ry idjk + Rji i — Rjk,l)- (9.53)
B i B

Now, note that tracing with respect to the indices 7,m in the second Bianchi
identities
Rijkl,m + Rijmk,l + Rijlm,k =0

yields
Z R = — Z Rijir,g — Z Rijii e = —Rjr, + Rjk, (9.54)

and tracing again with respect to j,! and using the fact that S is constant we
deduce that the Ricci tensor satisfies

Rik,k =0.
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Inserting this and (9.54) in (9.53) we conclude that

m—3
m(le,k — Rjr1) =0,

showing that Ric is a Codazzi tensor, namely, the following commutation relations
for the coefficients of the covariant derivative of Ric hold,

Rijk = Rir ;- (9.55)

As a consequence, the traceless part

S
—_ 3 [
I' = Ric m<’>

is again Codazzi so that, as first observed by J.P. Bourguignon, [18], we have the
validity of the refined Kato-type inequality

m+ 2
m

\DTJ? > VT (9.56)
Further covariant differentiation of Ric yields the commutation formulas

Rijer — Rijak = Rit Rejrr + Rej Rkt (9.57)

Using (9.52), (9.55), (9.57), and the fact that S is constant, we compute

1
~A|Ric|> = |DRic|” + L (ric(?’))
2 m— 2

53
(m —1)(m —2)

where ric® is the third composition power of the Ricci endomorphism. Using the
identity

(2m —1)

s
~ 3 o Rl 059

52
IT” = [Ric|* — —,
m

and expressing tr (ric(3)) in terms of T' we obtain, with the obvious meaning of

the symbols,

1 2 2 m f S 2
SAIT)? = |DT ¢ (T(‘3)> 2 TP,
AP = 1DP + e (190 + Sy

m —

A simple algebraic lemma due to M. Okumura, [122], shows that

o (T9) > - mm(i;i ¥ T (9.59)
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Inserting (9.59) into (9.58) gives

m 3 S 2
T[" + T|".

1
AT > DT -
2 m(m — 1) m—1

Setting w = |T'| and using (9.56), we rewrite the above inequality in the form

m S 9 _ 2 2
_ > = .
uAu—f—(,/m o 1>u m|Vu| ) (9.60)

pointwise on {z € M : |T'| (x) # 0} and weakly on all of M.

In the late 1960s M. Tani, [157], showed that the universal cover of a compact,
orientable, m-dimensional, locally conformally flat Riemannian manifold (M, (, ))
with positive Ricci curvature and constant scalar curvature S is isometrically a
sphere. This result has been generalized by S.I. Goldberg, [61], in the complete
(non-necessarily orientable) case under the additional assumption that, for some
>0,

52 g2
— |Ric|” > e >0, on M (9.61)

(see also [79]). In fact, combining a classification theorem by S. Zhu, [170], with a
PDEs global symmetry result due to L. Caffarelli, B. Gidas and J. Spruck, [22], we
prove that the above characterization holds by merely assuming that the left-hand
side of (9.61) is strictly positive at one point.

Theorem 9.18. Let (M, (,)) be a complete, locally conformally flat Riemannian
manifold of dimension m > 3 and with constant scalar curvature S > 0. If

52
m—1

— |Ric|* >0, on M (9.62)

and the strict inequality holds at some point, then the universal cover of (M, (, ))
is 1sometrically a sphere.

Proof. We note that, by a lemma of Okumura, [123], inequality (9.62) implies that
Ric > 0 on M. Therefore, according to [170], the universal cover M of M is either
isometric to R x Sgﬁ;ﬁl)(mﬁ) or conformally equivalent to R™ or SP*. Since,
by assumption, inequality (9.62) is strict somewhere, the first case is excluded.
On the other hand, M cannot be conformally diffeomorphic to R™. In fact, from
Theorem 8.1 in [22] we know that a Riemannian metric on R™ which is of constant,
positive scalar curvature and conformally related to the canonical metric must be
a spherical metric, hence incomplete. It follows that M is conformally a sphere,
hence M is compact. The conclusion now follows from (the easy case of) Goldberg’s
argument. Namely, keeping the notation introduced above, we have only to show
that v =0, i.e., that M is Einstein. From (9.60) we obtain

Au? > b (z) u? on M (9.63)
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with

bz) = —> (5~ v m—Du().

m—1
On the other hand, according to (9.62) and the fact that the strict inequality holds
somewhere, we have

0% b(z) > 0{52 — (m — 1) [Ric|? (x)} >0,

for some absolute constant C' > 0. Since M is compact, applying the usual max-
imum principle we conclude that b(z) is a positive constant and u = 0, as de-
sired. 0

Analogous characterizations hold in the case where the scalar curvature is
non-positive.

Our first result in this direction deals with Euclidean space and can be
thought of as an extension of Theorem 9.18 to the scalar flat case.

Theorem 9.19. Let (M, (, )) be a complete, simply connected, locally conformally
flat Riemannian manifold of dimension m > 3 and zero scalar curvature. Assume

that )
Ri 2w (m—2)%vm—1
” IC”L%(M) < m2m

where wy, denotes the volume of the standard sphere S7*. Then (M, (, )) is iso-
metric to Buclidean space.

(9.64)

Proof. Maintaining the notation introduced above, we observe that in the present
setting « = |Ric| while (9.60) becomes
ulAu+ a(z)u? > (9.65)

with

Again, we have to show that v = 0. To this end we reason by contradiction. Since
(M, (,)) is simply connected and locally conformally flat, by a result of N. Kuiper,
[90], there is a (global) conformal immersion (in fact an embedding) of M into the
standard sphere S7*. It follows by a result of R. Schoen and S.T. Yau, [147], that
the Yamabe invariant @ (M) of M defined by

. J(Vel + 75275¢%)
beC(M)\{0} (16 2:"2)7’2

QM)

satisfies N
Q) = Qsp) = "2V (9.66)
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Thus, since S = 0, we have

m—2

[1we = aem ( / @) " for each p € € (M) {0}

which is the Sobolev inequality (9.38) with h =0, a = 2 and S (a) = Q (st
According to (9.65), conditions (9.39) and (9.40) are satisfied with A = —2 and
o = 3. By Theorem 9.12 and (9.66) we conclude that

2
2w (m—2)*Vm —1
L%(M) = mgﬁ )
contradicting (9.64). O

IRic|

In the case of negative scalar curvature, we establish the following result:

Theorem 9.20. Let (M,{,)) be a complete, locally conformally flat Riemannian
manifold of dimension m > 4 and constant scalar curvature S < 0. Assume that,
for some fized € > 0 and p, satisfyingm—1 < mp < (m—1)(m —2), the following
conditions hold:

i) € LP (M) (9.67)

m m

Ric— 2(, >’ <_eS, i) ‘Ric— S0y

and furthermore

A1 (=4) > %m(—s) {6 (T?m__l)lT o } (9.68)

where A1 (—A) denotes the bottom of the spectrum of the (positive definite) Laplace
operator —A. Then, the universal cover of (M, (,)) is isometric to m-dimensional
Hyperbolic space.

We remark that the restrictions on m and p follow from substituting into
(9.68) the values of the scalar curvature and the bottom of the spectrum of m-
dimensional hyperbolic space, for which (9.67) i) and ii) hold with € = 0 and every
p>0.

Proof. As in the previous arguments the key point is to show that wu, i.e., the
length of the traceless Ricci tensor, vanishes identically.
Using (9.67) i) in (9.60) we see that u satisfies

1 2
ubu— 8 (e 2 u? > = |Vul?,
m—1 m-1 m

and u € LP (M) by assumption (9.67) ii). If v were not identically zero, an applica-
tion of Theorem 9.12, with the choices A = —2Z and a (z) = -5 (6 e ﬁ),

m—1

would contradict (9.68). Thus, u = 0 as required. O




Appendix A

Unique continuation

It is well known that harmonic functions possess the unique continuation property,
namely, if they vanish of infinite order at a point, then they vanish identically in the
connected component containing the point. In fact unique continuation is shared
by solutions to a wide class of differential elliptic differential systems satisfying
the structural assumptions of Aronszajn—Cordes, and proves to be a vital tool in a
variety of localization techniques. The vanishing and finite-dimensionality results
which have been presented in previous chapters are no exceptions.

In this Appendix we describe, with only minor changes, the approach to
unique continuation due to J. Kazdan, [87]. We begin by setting some preliminary
definitions.

Definition A.1. Suppose we are given the elliptic system
Au(x) = F(z,u,Vu)  u= (ug,...,u): M™ — R (A1)

We say that (A.1) satisfies the structural conditions of Aronszajn—Cordes if, for
every p € M, we can find a small geodesic ball By (p) and a smooth function
f [0, R] — R satisfying

() f/(t) >0, (ii) £(0) =0, (iii) fit) eL'(0%), (A.2)

such that

(i) aZE5P fu (@) + b EEEY

r(a:)z |VU( )| m > 37

7"(36)
|F (2, u, Vu)| <

( ) (z ))]2 | ( )| bT(aﬁ)log(7( ) | ( )| 2

6] log
for every © € Bg (p) and some constants a,b > 0. Here r (z) = dist (z,p) denotes
the geodesic distance from p (which is Lipschitz on M and smooth in Br (p) \ {p},
for R > 0 small enough).

Definition A.2. A vector-valued function u € W,"> (M Rl) is said to have a zero

loc

of infinite order at p € M if, for every k € N, we have

r—0t T

lim inf ik/ lul> = 0. (A.4)
9B, (p)
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Remark A.3. It is easy to check, using Taylor expansion, that if derivatives of
all orders of u € C* (M; Rl) vanish at p, then u has a zero of infinite order. In
particular, if u vanishes identically on a domain © C M, then u has a zero of
infinite order at any point of Q.

Definition A.4. Let u = (uq) € W22 (M;R') be a weak solution of the elliptic

loc

system (A.1). This means that, for every ¢ = (pa) € C° (M;R'),

! !
- Z<V§0A,VUA>=/ Z@AFA (x,u, Vu).
M a=1

M p—1

We say that u has the unique continuation property if the validity of (A.4) at some
p € M implies that v is identically zero on M.

We shall prove the following

Theorem A.5. Let (M,(,)) be a connected Riemannian manifold and let u €
w2 (M,R") be a weak solution of (A.1). Suppose the structural conditions (A.2)

loc
and (A.3) are met. Then u has the unique continuation property.

Our proof of Theorem A.5 is a minor modification of the proof originally
given by Kazdan, [87]. To simplify the exposition, we shall limit ourselves to the
case of a scalar function u € C? (M, R). We begin with some elementary lemmas.

Lemma A.6. Assume that there exist positive constants R and k such that the
function K (r) € C* ((0, R)) is non-negative and satisfies

k
(i) K (R) > 0; (i) K'(r) < ;K(r) on (0, R]. (A.5)
Then, there exists a constant o > 0 such that
K (r) > ar® on (0, R). (A.6)
Proof. Condition (A.5) (ii) implies
d (K(r)
— <0.
dr { rk } =0

Therefore, for every 0 < r < R,

K(r) _ K(R)
>
rk = Rk’
proving (A.6) with a = K (R) /RF > 0. O

Thus, if K (r) satisfies the assumptions of Lemma A.6 it cannot have a zero
of infinite order at r = 0. Given a solution u of (A.1), the strategy of the proof
consists in applying the previous lemma to the function defined by

1 .
K,(r) = e /83 " u?, rp(x) = dist (z,p) , (A7)
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to show that either u is identically zero in a neighborhood of p or u does not vanish
of infinite order at p.

The following lemma will be instrumental in proving that the function K,
defined in (A.7) satisfies condition (A.5) (ii) .

Lemma A.7. Let 0 < 6 < R and assume that h € C((d, R]) is non-negative and
satisfies

/(fh(s)dsSC

for some non-negative constant C. If z : (6§, R] — R is non-negative and satisfies
the differential inequality

2 (r) > —h(r)z(r) on (4, R], (A.8)

then
z(r) <e“z(R) on (4, R].

In particular, z (r) is a bounded function.
Proof. From (A.8) we have
d
dr

Hence, using z (r) > 0,

{2(r) e 1 = o= IO £ () 4 B (1) 2 (1)} 2 0.

e 2 (r) < z(r) el h)ds < (R). O
We will also need to differentiate integrals over geodesic spheres. This is
addressed in the next lemma.
Lemma A.8. Let w € C' (M). Then, for 0 < R < inj (p),
d
— w :/ (Vw, Vr) +/ wAT. (A.9)
AR JoBr(p) 9Br(p) 9Br(p)

Proof. Let r(z) = dist (z, p). Applying the divergence theorem to the vector field
Z = wVr and using Gauss’ lemma we obtain

/ w :/ divZ :/ (Vw, Vr) +/ wAT. (A.10)
9Br(p) Br(p) Br(p) Br(p)

Note that since Ar = (m — 1)r~* (1 + o(r)) as r — 0, the singularity of Ar at p
does not affect integrability. By the co-area formula

R
Br 0 OB

for any locally integrable function u. It follows that the RHS, and therefore the
LHS, of (A.10) is differentiable. The desired inequality follows by differentiation.
0
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Remark A.9. Note that, choosing w = 1, formula (A.9) reads

d
—vol (0B, (p :/ Ar.
7 V01 (0B: (p)) Bt

Since R < inj (p), 9Brg (p) is a smooth, oriented hypersurface with Gauss map Vr
and, for any tangent vector fields X,Y € TOBg, the (scalar) second fundamental
form of OBg (p) is given by II(X,Y) = Hess (r) (X,Y). We have already noted
that, as a consequence of Gauss’ lemma, Hess () (Vr, Vr) = 0. Therefore

Ar = tryHess (1) = trpppHess (1) = trop, Il = (m — 1) H (),

with H (z) the mean curvature function of Bpg (p). Thus,

d
ﬁvol (0B, (p)) = /BBR(p) (m—1)H.

We point out that the 2-dimensional case of this formula is of special interest
in that, by the Gauss—Bonnet theorem, it takes the nice form

d
— (0B (p)) =21 — / MSect.
R Br(p)

We recall the argument for the sake of completeness. Having parametrized 0Bpr
by arc-length as a curve v (s), we see that H is nothing but the geodesic curvature
kg of v (with respect to the inward-pointing unit normal —Vr), that is,

ko= (Ds7y, —Vr) = H.
Indeed, note that r oy (s) = R implies
d2
0=a2"°7
= Hess (r) (7,%) + (D57, Vr)
=11(%,7) + (D57, Vr)
=H =+ <V’I", D,y’y> .
Now, for R small enough, Bg is homeomorphic (diffeomorphic in fact) to a Eu-
clidean disk. Therefore, applying the Gauss—Bonnet theorem we conclude

d
—/( (0B, (p :/ H
ar ( v dBr(p)
£(9Br(p))
:/ kg (s)ds
0

=27y (Br (p)) — / MSect

Br(p)

=27 — / Mgect,
Br(p)

as claimed.
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Now let 2 CC M be a relatively compact domain. Since the injectivity radius
inj (x) is a positive and continuous function of z, inj(2) = infq inj (z) > 0; see, e.g.,
[30]. Fix Ry < inj(Q2). For any p € Q, let r, (z) = distas (x, p) and suppose that
u is a non-null solution of (A.1) in Bg,(p). Applying Lemma A.8 to the function
K, (r(x)) defined in (A.7) we obtain, for every 0 < R < Ry,

m—1 2 1
K’(R):——/ u? + / u(Vu,Vr)—i——/ u?Ar,.
: R™ Joprw) B Jonnw) TR oy T

On the other hand, by the Laplacian Comparison Theorem,

k_
rpAry < (m = 1)(1+ =) + O(k2r3)) - in Br(p),

where k_ is a lower bound for the sectional curvature of M in B,(R). Therefore
there exists a constant C, which depends only on the lower bound for the sectional
curvature in an Rp-neighborhood of € such that, for every p in €2, and for every
R S ROa

K,;(R)gE %/ u(Vu,Vr,) v + C1RK, (R). (A.11)
R\ R Jopgp)

It is now clear that Lemma A.6 applies and, thus, u does not possess a zero of
infinite order at p, provided we are able to prove that, for a sufficiently small
R € (0, Ry), we have

K, (R) >0 (A.12)

and
1 _
ﬁ/ u (Vu, Vr,) » < cK, (R) on (0, R] (A.13)
R™2 JoBpm)

for some constant ¢ > 0. This is the content of Lemma A.13 and Lemma A.17
below, where it is in fact proved that if p belongs to a relatively compact set 2,
then both the radius R and the constant c in (A.13) depend only on the geometry
of M in a neighborhood of Q. A crucial ingredient in their proof is, of course, the
fact that (A.1) enjoys the structural assumptions of Aronszajn—Cordes.

The proof of (A.12) and (A.13) depends on a number of technical lemmas.
We begin with an integral inequality of independent interest, which is sometimes
referred to as a version of “the Heisenberg uncertainty principle”.

For ease of notation, we will understand that a point p has been fixed, and
we will usually drop explicit reference to it in symbols and formulae.

Lemma A.10. Let Q CC M be a relatively compact domain and let Ry < inj(€2).
Then, there exist constants 0 < Ry < Ry and «, > 0 depending only on m
and on the geometry of M in an Ro-neighborhood of Q such that, for every u €
C'(Br,(p)) and 0 < R < Ry,

U2 (0% 2 2
/ o) < = u® + g |Vul|”, form >3, (A.14)
Br OBRr Br
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while

U2 (0% 2 2
—_— < — u—l—ﬁ/ Vul®, form =2. A15
/BR {rlog (2R/r)}* ~ R Jop, Br [Vl ( )

Proof. Assume first that m = dim M > 3 and note that, by Gauss’ lemma,
w?div (r7!'Vr) = @ (r Ar — r 2| Vr?) = 1 2u? (rAr — 1), (A.16)

whence, integrating over Bg \ B, using Green’s identity, Gauss’ lemma again, and
letting € — 0, we obtain

2
/ u—z(rAr—l):/ u2div2
Br T Br r
2
:/ “——2/ L (vr, Vu)
oBr T Br T

for every 0 < R < Ry. We apply the Schwarz inequality and the elementary

estimate )

b
2ab§Aa2+TA>0,

with the choice A = (m — 2) /2, to estimate

9,2
—gu(Vu,Vr> < 2u

2
il Vul?
T - 2 r2+m—2| ul®,

whence, inserting and rearranging, we deduce that, for every 0 < R < Ry,

2 -2 1 2
/ u—2<7"Ar—1—m—)<— u2—|——/ [Vul?.
BRT 2 R OBr m— 2 Br

Clearly, to conclude the validity of (A.14) we have to prove that, up to choosing
0 < R; < Ry sufficiently small, and depending only on m and on the geometry of
M in an Rg-neighborhood of 2, we have

-2
inf (rAr 1 m—) > 0. (A.17)
Br, (p) 2
To this end, fix k1 > 0 so as to satisfy

k. > sup{ MSect(z) : dist(z,Q) < Ry}

and choose T' > 1 large enough that

s

Ry =
2T\ /s

< Ry (< inj(Q)).
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Then Bg, (p) is a regular geodesic ball of M and, by Hessian comparison, we
deduce
rAr > (m — 1) ry/ky cot ( k:+7">
T T
> _1) 2
>(m—1) 5T COt(2T> on Bg, (p),

where the second inequality follows from the fact that the function ¢ — tcott is
decreasing. Since tcott — 1 as ¢ — 0+, we conclude that

-2
rAr—l—mm Z(m—l)%cot(%> =a'>0 on Bg(p)

provided T is sufficiently large (and therefore R; is sufficiently small. This proves
the validity of (A.17).

In the case where m = dim M = 2 one argues in a similar fashion, replacing
(A.16) with

Vvr Ar 1 1

Vrlog (R/7) - rlog (R/r) o2 log (R/T) + r2log? (R/7)

di

and choosing A = 1/2 in the above elementary inequality. O

The next lemmas have a technical flavor.

Lemma A.11. Let Q, Ry and Ry be as in Lemma A.10. Given p € Q, let u €
C? (Bg, (p)), r (z) = distas (x,p), and define, for 0 < R < Ry,

A(R) = ﬁ /8  w{Vr V), (A.18)
B(R) = %/@BR (Vr,Vu)?, (A.19)
L (R) = ﬁ /B b (A.20)
I (R) = % /B (V) A (A.21)
I (R) = ﬁ /8 b (A.22)
D(R) = ﬁ/BR [Vul?. (A.23)

A'(R) — B(R) + = [(m — 2)1(R) 4+ L(R) — I3(R)]

1 / 1., ., Vu Vu )
= — —Ar® —Hessr*(—=—,—=—) — (m—2)||Vu A.24
[ (R o) — (m =2 IVal® (220
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and there exists a constant Co which depends only on m, R, and on the geometry
on M in an Rg-neighborhood of Q such that, for 0 < R < Ry we have

|4’ (R) - B(R) + % [(m—2) 11 (R) — I (R) + I5 (R)]| < CoRD (R). (A.25)

Proof. To start off, we note that, by the divergence theorem,

R™?A(R) = /

OBRr

(uVu, Vr) = /

div(uVu) :/ (uAu+ [Vul?)  (A.26)
Br

Br
and, therefore, by the co-area formula,

1 -2
A (R) = W/ (ulAu + |Vul?) — T];Lm_l / (uAu + [Vul?). (A.27)
9Br Br

We now want to get rid of the integral on the boundary of |Vu|?, which is the
only term on the right-hand side which does not appear in (A.19)-(A.23). To this
end, we apply the divergence theorem to the vector field

W = |Vul>rVr — 2r (Vr, Vu) Vu.
Recalling that, given smooth functions f, g, h,
(Vf,{Vg,Vh)) =V [f(Vg,Vg) =Hess g(Vf, Vh) + Hess h(V f,Vg)
we compute
diviV = %|VU|2AT2 + %w%vu, Vu) — (Vr?, Vu)Au — Vu(Vr?, Vu)
= %|Vu|2Ar2 — Hess r*(Vu, Vu) — (Vr?, Vu)Au

whence, integrating over Br, we obtain the following identity, first derived, in a
Euclidean setting, by Rellich,

R . {|Vu|2 —2(Vr, Vu)z}

= / {% |Vu|> Ar? — Hess (r*) (Vu, Vu) — 2r (Vr, Vu) Au} . (A.28)
Br

Solving for [, |Vul? we obtain

/ |Vul® = 2/ (Vr, Vu)?
8BR 8BR

1 1
{5 |Vu|> Ar? — Hess (r*) (Vu, Vu) — 2r (Vr, Vu) Au} , (A.29)

+_
R Jp,
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whence, substituting (A.29) into the expression (A.27) for A’(R) and rearranging,

A'(R) — % /613R (Vr,Vu)? — ﬁ /aBR uAu
+ m_—_2/ uAu + ——— 2 / r{Vr,Vu)Au
Rm=1 Jp. Rm—1 Br
= # /BR(%|Vu|2Ar2 - Heser(Vu, Vu) — (m — 2)|Vu|2).

Now (A.24) follows recalling the definitions (A.19)-(A.22).
In order to estimate the right-hand side, let k4, k_ > 0 be such that

—k_ < MSect < ky on {x: dist(z,Q) < Ro},
so that, by the Hessian comparison theorem, in Br, we have
k+rcot( k;.g“)( )+ (1= Vkyrcot(y/kyr))dr @ dr
< Hess < Vk_rcoth(y/k_r)(,) + (1 — \/k_r coth(y/k_7))dr & dr

(A.30)

and, tracing,

(m — 1)\/kyrcot(\/kyr)+1< Ar < (m—1)y/k_rcoth(y/k_r) + 1. (A.31)

We now observe that, as r — 0,

Vk_rcoth(\/k <|§u| |§u| — V/k_rcoth(\/k_r) r)?

|V |
= \k_rcoth(y/k_r) + O(1 — \/k_r coth(y/k_r))
=1+ O(kJ"Q)
and that an analogous estimate holds replacing k_ with k4 and coth with cot.
The term %ATQ can be dealt with in a similar way, thus showing that

Vu Vu

] |V—u|) —(m—2)| < Cor? in Bp, (A.32)

%Arz — Hess (

where C7 depends only on m, Ry and k. Using this estimate in (A.24), and
recalling the definition of D(R) yields (A.25). O

We next proceed to estimate the quantities introduced in the previous lemma.

Lemma A.12. Let p, Ry and Ry be as in Lemma A.10 and let u be a C?-solution
on Bg, (p) of the differential inequality

f() f()

|Au| < a lu| + b——=|Vu| (A.33)
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where a,b > 0 are constants and f is a C* function satisfying the structural
conditions (A.2). Then, there exist positive constants ci,...,cs, depending only
on m and on the geometry of M in an Ry-neighborhood of 1, such that, for every
0<R< Rl,

11 (R) < ¢;f (R)[K (R) + D (R)], j=1,2, (A.34)
I3 (R)| < eaf (R) |K (R) + D(R)+ VRK (R)B(R)|,  (A35)
I3 (R)] < esf (R) [K (R) + D (R) + RB (R)], (A.36)
ﬁ/@BRWuFSRB(R)—i—cs[ (R)+ D (R)]. (A.37)

Proof. We consider only the case m > 3. We start with the first of (A.34). In what
follows we shall make repeated use of (A.14), (A.33) and of conditions (A.2) on f.
1

We have
Il R)|=—— / uAu
| ( )| an—Q n

1 f 1 f
S an—Q ‘/BRG'%UQ—’_RWL—Q LR b$|u||vu|
by f(R) w? b f(R)
S (a+§)Rm—2 /BRT_2+§Rm—2 /BR|VU|
+3)f(R +5+B88)f(R
S Oé(Canlef( )/é)BR u2+ (6@ QRHL?;)JC( )/BR |vu|2.

This shows the validity of the first of (A.34). The estimate for | I3 (R)] is completely
analogous.
We now show (A.37). From (A.29) and (A.32) in Lemma A.11, we have

1 2
W/B [Vul® < T3 ~/63 (Vr, Vu)® (A.38)
R R
COR+(m 2)/ 2 /
onrv T M T 2) _ A
Tom 2 |Vl T3 BRT(VT,Vu) u,

and recalling the definition of I3(R) and the estimate
[L(R)| < cof (R) [K (R) + D (R)]
n (A.34) we conclude that

1

T / [Vu> < RB(R) + [CoR? + (m — 2)]D(R) + c2f (R)[K (R) + D(R)]
OBRr

< RB(R) + ¢3[K(R) + D(R)]
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for some constant ¢z > 0, and (A.37) is proved.
We now prove (A.35). From (A.33) and Schwarz’s inequality we obtain

1

g < -

15 (B) < s [ i1l

S [ M [ I

R Jopg Rm=3 Jop, T

R™=1 Jopg Rm23 oBp T R™=3 Jopg

1 2}%

Vu

(e ], 7

|5 (R)| < af (R) K (R) +bf (R) K (R)* {RB (R) + c5 (D (R) + K (R))}

IN

IN

=

=af (R) K (R) +bf (R) K (R)’

We now use (A.37) to get

[N

from which (A.35) follows immediately. Finally, (A.36) is a simple consequence of
(A.35). O

Lemma A.13. Let u be as in Lemma A.12 and let ¢c; > 0 be the constant in (A.34).
Choose 0 < Ry < Ry sufficiently small that

(A.39)

l\D|H

c1f (Re) <
Then, there exists § € [0, Ra] such that the function K (R) defined in (A.7) satisfies

0 for0 < R <,

K(R):{ >0 for§<R< Ro. (A.40)

Remark A.14. Notice that, since ¢; depends only on m, R; and on the geometry
of M in an Ry-neighborhood of €2, so does Rs.

Proof. Again, we consider only the case m > 3. From (A.26) we have
AR)=D(R)+ L (R).

Hence, applying the first of (A.34) we have, for 0 < R < Ry,

R —clf( )(K (R)+ D (R))
> ID(R) - K (R).

that is,
D(R)<2A(R)+ K (R). (A.41)
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Using (A.41) and the definitions of A(R),D(R) and K(R) into the Heisenberg
uncertainty principle (A.14), we obtain

u? o« 9
— < = u? +BR™ 2D (R
/BR 72 R JoBy ®)
<2 [ w24 28R™2A(R) + BR™ 2K (R) (A.42)
R JaBy

=203 u(Vr,Vu) + (a+ B) R"?K (R).
OBRr

Now, if K (R) = 0, then u = 0 on dBpr and therefore the right-hand side of (A.42)
vanishes. This forces u = 0 on B and proves the validity of (A.40). O

Lemma A.15. Let u be as in Lemma A.12 and let Cy be the constant in inequality
(A.25) in the statement of Lemma A.11. There exists a constant cg > 0 (depending
only on m and on the geometry of M in an Rg-neigborhood of Q) such that, having
fixzed e > 0, if R € (0, Ry] satisfies

C()R% + cof (Rg) < g, (A43)

then, for every 0 < R < Rs3, we have

|A"(R) - B(R)| < B (R) + % (K (R) + D (R)). (A.44)

Remark A.16. The radius R3 depends only on m,e and on the geometry of M in
an Rp-neighborhood of €.

Proof. According to (A.25),
m — 2 1 1
[4'(R) = B(R)| < CoRD(R) + ——=|L| + Fl L2l + 51L),

whence, applying Lemma A.12, we deduce that for every 0 < R < R; < Ry,

CoR? + cs f(R)

|A'(R) = B(R)| < cf(R)B(R) + 7

[K(R) + D(R)] (A.45)
where ¢ = [(m — 2)c1 + 2 + ¢5], and ¢; are the constants in Lemma A.12. Since
Co and c; depend only on m and the geometry of M in an Rp-neighborhood of
Q, so does ¢g. The required conclusion follows from (A.43) together with the fact
that f is increasing. O

Lemma A.17. Let u be as in Lemma A.12. There exists Ry € (0, R1] and a constant
c7 > 0, depending only on m and on the geometry of M in an Rg-neighborhood of

Q, such that, if 0 < R < Ry, then

A(R) < 1K (R). (A.46)
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Proof. Let Cy, c¢1 and cg be the positive constants of Lemmas A.11, A.12 and
A.15, respectively. Choose Ry € (0, R;] in such a way that

) CoRE Heof (R) < 5 (A47)

N =

(i) erf (Ra) <

Next, recall that it follows easily from the definitions of A (R) and K (R)
that
if K (R) =0 for some 0 < R < Ry, then A(R) =0, (A.48)

and in this case inequality (A.46) trivially holds for any choice of ¢; > 0. Therefore
we only need to verify (A.46) for those values of R € (0, Ry], for which K(R) > 0.
According to (A.47) (i) and Lemma A.13, there exists d € [0, R4] such that

{Re (0,Rd]: K (R) >0} = (6, Ra].

We let ¢ : (0, R4] — R be the C'-function defined by

Then the conclusion of the lemma amounts to proving that ¢ is bounded on
(0, R4]. To this end, we shall apply Lemma A.7. First of all, we observe that since
c1f(Rs) < 3, according to (A.41) in Lemma A.13, D(R) < 2A(R) + K(R) on

(0, R4] and therefore

o (R) > % {% + 1] >0, on (4, Ryl (A.49)

If we show that there exist constants p, > 0 such that

f(R)

7 + v)¢(R) on (6, R4l, (A.50)

¢'(R) > —(n

then, recalling that f(r)/r € L' (0%), we can apply Lemma A.7 with

and conclude that ¢ is bounded on (d, Ry]. We have

1
"(R) = =53 [A"(R)K (R) - K' (R) A(R)]. A51
@()K(R)g[()() (R) A(R)] (A.51)
Since ¢ (R) > 0 and f (R) > 0, (A.50) is surely satisfied for any choice of p,v >0
if R is such that ¢’ (R) > 0. Thus, we only have to consider values of R for which
¢'(R) <0, ie.,
A"(R)K (R) < K'(R)A(R). (A.52)
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Since CoR? + c1f(Rs) < & by (A.47) (ii), using Lemma A.15 with e = 1/2, we
have

|A'(R) — B(R)| < %B(R) + ﬁ[K(R) +D(R)]

and therefore

B(R) = A/(R) + [B(R) — A'(R)]
1 (A.53)
<24 (R) + i [K (R)+ D (R)], on (0, Ry
Now, since K (R) > 0, if we assume that A’(R)K(R) < K'(R)A(R) we may write

K (R)B(R) < 2K’ (R)A(R) + @ (K (R)+ D (R)]. (A.54)

Also, since ¢y f(Rs4) < %, by (A.47) (i), according to (A.34) in Lemma A.12 we
have

In] < 3IK(R) + D(R),
whence
AR) =D (B) 1 (5

)
<D(R)+ [ (R) + D (R)]
§2[K(R)+D(R)].

(A.55)

On the other hand, recalling the definition (A.18) of A (R) and the estimate (A.11)
we have

K'(R) < %A(R) + C1RK (R) on (0, Rd], (A.56)

with C1 > 0 depending only on m and on the geometry of M in an Ry-neighbor-
hood of Q. Using (A.55) and (A.56) into (A.54) we deduce that

KR B(R) < AB | o raR)K(R) + @ [K(R)+D(R)] (A.57)
L oalK®) + DR
= R

for some constant a > 0. Inserting this into the estimate (A.35) for I3, namely,
[s| < caf (R)[K(R) + D(R) +  RK(R)B(R)

we see that, if we assume that A’(R)K(R) < K'(R)A(R) we can improve (A.35)
of Lemma A.12 to

13| < Bf (R) [K (R) + D (R)],
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for a suitable constant 5 > 0. Using this latter and (A.34) in (A.25) of Lemma
A.11 we get the corresponding improvement of inequality (A.44) of Lemma A.15:
Loy v/ (R)

|A"(R) — B(R)| < o [K (R)+ D (R)]+ C1RD(R), (A.58)

for some v > 0, and therefore

A/(R) > B(R) _ Vf (R)

> 5 K (B)+ D (R)| = CiRD(R).

Plugging this back into the expression for ¢'(R) we conclude that
1

¢ ) = g WK (R) — K (R)A(R)
> K21( 7y [K(R)B(R) — K () A(R)] (A.59)
- i PR () + D) + CRD(R)),

To conclude, note that by the definitions of A(R), B(R) and K (R), and Schwarz’s
inequality,

%A%R) = $(/833 u(Vu, Vr>>2

2 / 9 1 / 9
<= YV, V)2 —— u? = B(R)K(R
an—Q 8BR< > Rm—l oBn ( ) ( )

so that, using (A.56) and (A.55) we may estimate

K(R)B(R) — K'(R)A(R) > %AQ(R) ~ A(R) [%A(R) + C\RK(R)]
= —C1RK(R)A(R) > —2C1RK(R)[K(R) + D(R)].
Inserting this into (A.59), yields

f(R)

o)z (1) 40, p) LR+ D)

K(®) 7

whence, recalling (A.49), the required inequality (A.50) follows with u = 2+ and

V= 601 R4. O
We are now in a position to give the

Proof of Theorem A.5. Suppose that u has a zero of infinite order at p € M. Let
Bpg, (p) be a geodesic ball with Ry < inj (p). Pick R > 0 to be smaller than the
value Ry in Lemma A.17. Note that, according to (A.47), Lemma A.13 applies.
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Furthermore, R can be chosen so to depend only on m and on the geometry of
a compact neighborhood of p. We show that u is identically null in Bj (p). By
contradiction, suppose that this is not the case. Let us consider the function

_ 1 2 D
K(R)—Rm_l/aBRu,O<R<R.

Note that, by assumption and according to Lemma A.13, we find 0 < ¢ < R such
that K (R) > 0 on (4, R]. In particular,

K (R) > 0. (A.60)
Now, by (A.56) of the previous lemma, we have

2

K'(R) < RA(R) +aK (R) on (0, R],

for some constant a = « (R) > 0. Thus, using (A.46) of Lemma A.17 gives that,
for a suitable k£ € N sufficiently large,

) k A
K'(R) < EK(R) on (0, R].

Combining this latter with (A.60) and applying Lemma A.6 we conclude that

1 K (R
lim inf 7/ u? = liminf (R)
R—0+ RFt+m—1 8Br R—0+ k

>0,

so that u cannot have a zero of infinite order at p. The contradiction shows that
u must vanish on By (p).

It remains to show that w is identically null on M. We use a connectedness
argument. Let

D ={z e M :u(z)=0Iin a neighborhood of =} .

Then, obviously, D # () is an open set. We have to show that D is closed. Thus,
let z € D', be a limit point of D, and consider any compact neighborhood € of
x. The radius R > 0 introduced in the first part of the proof can be required to
depend only on m and the geometry of M in a suitable neighborhood of . Let us
choose a point y € D N Q such that distys (z,y) < R. The function u vanishes in
a neighborhood of y, hence, u has a zero of infinite order at y. Applying the first
part of the proof we deduce that v must vanish in By (y). Since this ball contains
x, we conclude x € D. O



Appendix B

LP-cohomology of non-compact
manifolds

Throughout this section, we will always assume Riemannian manifolds to be ori-
ented. The main purpose of the appendix is to introduce the basic definitions con-
cerning the L? de Rham cohomology and to collect some classical results about its
dependence on the geometry and the topology of the manifold under consideration.
The role of LP harmonic forms will be also briefly discussed. For a more detailed
account the reader is referred to Pansu’s survey paper [126] for the case p = 2,
and to Chapter 8 of Gromov’s seminal book [75], for the general L? case. See also
the very recent notes by Carron, [29], where possible links between L2-cohomology
and the de Rham cohomology with compact support are established.

B.1 The L? de Rham cochain complex: reduced and
unreduced cohomologies

Suppose we are given a Riemannian manifold (M, (,)) of dimension m = dim M.
Set A (T*M) = R and, for any integer k > 1, let A* (T*M) denote the k-exterior
vector bundle over M. The sections of A* (T*M), k > 0, are called differential
k-forms (or differential forms of degree k). Clearly, differential forms of degree 0
are nothing but real functions. The real vector space of the measurable differential
k-forms on M is denoted by A* (M), while the symbol C*°A¥ (M) is reserved to
the vector space of the smooth ones. In case of smooth differential forms with
compact support, we write C°AF (M) . Thus, having fixed any (non-necessarily
orthonormal) local frame field {V;} and denoting by {w’} the dual coframe, a
k-form w is locally represented by

w= g Wiyeifg@ TN AP (B.1)
1< < <ig<m

where the (7;) local functions wj,..;, reflect the regularity of w (e.g., they are
measurable if w € A¥ (M)) and @’ A --- A ' denotes the alternating, k-linear
product of w™ ..., w"™ defined as follows: for any tangent vectors Xq,..., Xy

. . 1 . .
(w“ JANER /\w“‘) (Xl,...,Xk) = Hngn(U)w“ (Xo(l)) -~-w““ (Xo(k))7

the sum being extended to all the permutations o of k elements.
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The vector bundle A¥ (T*M) inherits from (M, (,)) a natural Riemannian
structure defined as follows.

For each x € M we have to prescribe an inner product (,), on the fibre
A* (T M), smoothly varying with z. To this end, let {§°} C C°°A' (U) be an
orthonormal co-frame on a small domain U C M, so that,

MNy=> 00 (B.2)
We know that, for every x € U,

{67 () A NG (B.3)

(@)} i< cim

realizes a basis of A* (T*M). We declare that such a basis is orthonormal in
(A*(TyM),(,),)- Thus, if w,n € AF (M) and, locally, w = 3" wj,...i, 0 A+ - AO*,
n=Mi.i, 00 A+ A% then

(w,m) = Z Wiy eoei, Min i -

1<i; << <m

The Riemannian vector bundle A* (T* M) is then supplied with a compatible

connection
DF: C=AF (M) — C® (A (T*M) @ T*M) , (B.4)

with I' (A* (T*M) ® T*M) the space of smooth sections of the tensor product
bundle. It is defined via the Levi-Civita connection D of (M, (,)) by the following
formula:

Let w € C°AF (M). Then, for all vector fields Xy, ..., Xy, Y of M,
(DYw) (X1,..., Xg) :== (D*w) (X1,..., X1y Y) (B.5)
= Dy (w(X1,..., X)) —Zw(Xhm,DyXuman)'

Recall that compatibility means
D¥(w,n) = (D*w,n) + (w, D*n)

for every w,n € A (M).

Via the connection D* we can introduce a further first-order, R-linear oper-
ator called the exterior differential. The k-th exterior differential is the degree +1
operator

d¥ . C®AF (M) — C®AF (M) (B.6)
defined as follows: take any local frame {V;} of M and denote by {w'} its dual

coframe. Then A
d'w=>"@' A Djw. (B.7)
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Obviously, the definition does not depend on the chosen frame and, in fact,
it depends only on the differentiable structure of M, whereas the Riemannian
metric (,) plays no role. It can be shown that the exterior differential d is an
anti-derivation in the sense that, for w; € C°A* (M) and wy € CA" (M),

dFHP (W) Aws) = dPwy + (—1)F dws. (B.8)
Furthermore, d enjoys the coboundary property
A" odt = 0. (B.9)

According to (B.9) the family of real vector spaces and linear maps
k
{COOAk (M) & ek (M)}

gives rise to a (algebraic) cochain complex which is usually called the (smooth) de
Rham complex of M. The corresponding cohomology

zZko (M
Hi (b1 = Zan 3
B (M)
with
Zhe (M) = kerd® and BY, (M) = Imd"™!
is the (smooth) de Rham cohomology of M.

It is readily seen that such a cohomology theory is a diffeomorphism invari-
ant of M and it is insensitive to the underlying Riemannian structure. Thus, for
instance, the Euclidean space R™ and the hyperbolic space H™ are the same space
from the de Rham cohomology viewpoint. To prove the above mentioned invari-

ance, one usually notes that every smooth map f : M — N between differentiable
manifolds induces a family of homomorphisms

(F)F: C®°A* (N) — C®A* (M)
which are called the pull-back maps. They are defined by the formula

(F)" @) (U1, yo) =w (fe (01) 5 fu (1)

where f. : TM — TN is the usual differential of a smooth map. For the sake of
notation, we simply write f*w = w (f,). In view of the commutation rule

dhpo (f)" = (f)" o dh, (B.10)

the family {(f *)k}k realizes a homomorphism of cochain complexes which, in turn,

gives rise to a cohomology homomorphism denoted by {( f#)k}k. Here, the k-th
map

(f#)": HYp (N) = Hig (M)
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is simply defined by
k *

(f7)" [w] = [(F) ).
The functioriality property of # asserts that, for any smooth maps between dif-
ferentiable manifolds

ML N2 g

it holds that

(go ) = f#og*
and, furthermore,

(Ida)™ = 1dg,,.

Accordingly, if f : M — N is a smooth diffeomorphism, then f# is a cohomology
isomorphism with inverse f#~1 = (ffl)# .

We now leave the smooth realm and enter the LP world. We fix 1 < p < +00,
and for every k =0, ..., m, we define the Banach space

LPA® (M) = C=AF (M),

the closure being taken with respect to the obvious norm

1/p
ol = ( / |w|p) |
M

Note that, without any further assumption on (M, (,)),
LPAR (M) = {w e A" (M) : ||lw||, < +oo}.
Let us now consider the Sobolev space
WHPAR (M) = CAF (M),
this time the closure being intended with respect to the norm
[wllwre = @l + ldwl Lo -
Due to the coboundary property, the exterior differential
d® . C°AF (M) — C°ARTY (M) ¢ LPA® (M)
extends to a bounded operator
d¥ : WHPAR (M) — LPAMTY (M)
Explicitly, for every w € W1PA* (M) take any sequence {w,} C C°A¥ (M) such
that w, Wl,pﬁf(M) w as n — o0, and define

d*w = lim d*w,.
n—-+o0o
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As a matter of fact, there is another natural way to extend the action of
the exterior differential to non-smooth forms, i.e., by means of the distributional
formula

(@w, ) = / (0,6 , ¥ € C2ART ().
M

Here, 6 : C°A*+1 (M) — C>°A¥ (M) stands for the k-th exterior codifferential of
M. Tt is the formal adjoint of d* in L2A* (M). The exterior codifferential depends
on d” in a rather explicit way. Let * : C*°A* (M) — C°°A™~* (M) be the pointwise
linear isometry (the Hodge-+ operator) defined, for any local, oriented, orthonormal
coframe {Hj } by

$ O A NG = £GTIN A GOk

where 0 A - A O A (:I:H%l /ARERWA 9%’""“) gives the correct orientation of M.

Then
§F = (1)L gk i

Coming back to the distributional differential, we are naturally led to intro-
duce a second Sobolev space of differential forms
WirAk (M) = {w € LPAR (M) : d*w € LPAR+ (M)} .
A direct application of the Gaffney cut-off trick shows that, on a complete manifold,
WLrAk (M) = WhPAF (M).
In particular the weak exterior differential and the densely defined one coincide;
see, e.g., [160].

From now on, unless otherwise specified, we will always assume that Rieman-
nian manifolds are geodesically complete.

Obviously, as in the smooth case, the exterior differential enjoys the basic
identity
A" odh =0 (B.11)

so that, the collection of bounded operators d*’s gives rise to the Banach cochain
complex

dil W17pAk+2 (M) .

C— WL;DAk (M) d_k) Wl,pAk+1 (M)
As usual, the corresponding spaces of cocycles and coboundariesare defined by
ZPP (M) = kerd® and B®? (M) =Imd*~!.

Differential forms in the (Banach) space Z¥P (M) are called weakly closed while
differential forms in the (possibly incomplete) space B¥? (M) are called weakly
exact.
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Note that, for w € Z*? (M), ||| \x» = |[w];» and we have the important
equality

BFP (M) = dC=AF—1 (M)

whose validity is an immediate consequence of the continuity of d*~' and the
definition of W1PA*(M). Furthermore, by (B.11) and the closeness of Z*P (M),
we have the inclusion of subspaces

BEP (M) cBF» (M)cZHP (M) .

We can therefore introduce two different cohomology spaces: the first one is simply
given by the quotient

LPH® (M) = Z8P (M) /B*P (M)

and is called the k-th de Rham space of unreduced LP-cohomology. The second one
is obtained by replacing B*? (M) with its closure

LV () — 240 (M) (B (3D)

and it is named the k-th de Rham space of reduced LP-cohomology. We endow both
these spaces with the quotient topology. Note that LPH* (M) inherits the norm
|-l .» of LPA (M) and, in this way, becomes itself a Banach space. Note also the
obvious inclusion

LrHE (M) C LPH* (M)

and the isomorphism
LvHK (M) ~ LPH* (M) / {[w] € LPH* (M) : ||[w]||;, =0} .

In particular, every topological isomorphism LPH* (M) — LPH* (N) induces a
topological isomorphism at the reduced level.

Example B.1. Following M. Gromov, [75], let us consider the standard m-dimen-
sional hyperbolic space (HTD can) which we identify with its Poincaré model

4> dz' @ da’
()

where B; (0) C R™ denotes the Euclidean unit ball. Then

Bl (0) 3

kp =m = LPH* (H™) # 0. (B.12)

To see this, we first observe that, on a generic m-dimensional Riemannian
manifold (M, (,)), condition kp = m implies that the Banach space LPA¥ (M) is a



B.1. The LP de Rham cochain complex 257

conformal invariant. Namely, let (,) = A? () (,) be a second Riemannian metric,
pointwise conformal to (,). Then, for every k-form w,

wlry = ATF lwl

and, furthermore,
dvol = \™dvol

where dvol and dvol denote the Riemannian measures corresponding to the given
metrics. As a consequence

/ |wlP- d&vol:/ |w|?\ dvol
IS a6
as claimed.

Now, since the hyperbolic metric is pointwise conformal to the Euclidean one
and the unit ball B; (0) has finite Euclidean volume, we deduce that the inclusion

i:B1(0) = R™
induces, for every hq = m, a bounded pull-back homomorphism
it AP (R™) — LIAM (H™) .

Let

and consider the closed differential forms

wy =1* (da:l A+ A dxk) c zkp (H’fﬁ) ,
wy =1 (da:k'H ARRRWAY dxm) e Zmka (HTl) .
We claim that both w; and wy represent non-trivial de Rham cohomology classes in

LrHk (HTl) and L1H™m—k (HTl), respectively. Indeed, by contradiction, suppose
that this is not the case. Without loss of generality we may assume that

wy € Bk (H™) (B.13)

so that @17, & wy, for some sequence {7, } C C2°A*~! (H™,). Since

/ d’Tn/\WQ—/ w1 N\ wo
H™, H™,

g/ [(d7, — w1) A wa
H™,

< ldmn = wnll Lo llw2]l Lo
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using Stokes theorem and the conformal invariance of L'A™ (HT_”l), we deduce

n—-+oo

0= lim dTn/\wQZ/ w1 N wo
H™, H™,

= / dz' A--- Adz™ = volgm (B1 (0)),
B (0)

i.e., a contradiction. Therefore w; represents a non-trivial de Rham class in
LrH* (H™,), proving (B.12).

Example B.2. The usual proof of the Poincaré lemma for the unit Euclidean
ball B; (0) C R™ works even in the LP setting. Accordingly, for the geodesically
incomplete manifold (B (0), cangm ), the following holds:

LPH* (B (0)) =0
for every k =1,...,m and for every p > 1. See, e.g., [127], Lemma 8.

As illustrated by Examples B.1 and B.2 above, diffeomorphic manifolds are
far from possessing isomorphic LP cohomology spaces. The reason is that a smooth
map, in general, does not pull back L? forms to LP forms and, even in this case,
the pull-back operator could be unbounded. However, it is easy to show that if a
map induces LP-bounded pull-backs, then the usual commutation rule (B.10) still
holds and we get again bounded cochain and cohomology homomorphisms sat-
isfying the contravariant functoriality property, as explained above. Bi-Lipschitz
homeomorphisms are the most natural example of maps enjoying these properties,
showing that the LP? de Rham cohomology essentially depends on the Riemannian
geometry at infinity of the manifold at hand. More precisely, recall that a contin-
uous map f : (M, (,)) — (IV,(,)) between Riemannian manifolds is said to be a
Lipschitz map if the following two conditions are met:

(1) f is differentiable almost everywhere (a.e.), i.e., denoting by dvoly; the Rie-
mannian measure of (M, (,),,), there exists a set Q& C M with dvoly; () =0
such that, for every x € M \ €, the differential map f., : ToM — Tt N
exists.

(2) There exists a constant C > 0 such that |f, |y (v) < C|v|,, for every z €
M\ Q and every v € T, M.

One also says that (M, (,)) and (N, (,)) are bi-Lipschitz equivalent if there exists
a homeomorphism f : (M, (,)) — (N, (,)) such that both f and f~! are Lipschitz
maps.

Remark B.3. In general, given a Lipschitz map f : M — N, the pull-back of
a p-integrable form on N is not p-integrable on M. Consider for instance the
Riemannian universal covering of the flat torus, say

T (Rm, Caan) — (Tm = Rm/Zm, Can’]]‘m) .
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Since 7 is a local isometry, we have

|7T* (U) ™ — |U Rm™ s

hence 7 is Lipschitz. Since T™ is compact, any continuous form is p-integrable, for

every p > 0. On the other hand, let dz!' A --- A dz* € C°AF (T™) be induced by
the coordinate functions z!,...,z™ of R™. Then

7 (dz' A+ AdaF) =da' A Adah ¢ LPAY (R™),
showing that the LP-integrability is not preserved.

Making an essential use of the change of variable formula for Lipschitz trans-
formations yields the invariance property alluded to above.

Proposition B.4. Bi-Lipschitz equivalent Riemannian manifolds have isomorphic
de Rham LP-cohomologies.

Example B.5. Suppose that the Riemannian manifolds (M, (,)) and (N, (,)) are
isometric at infinity. This means that there exists a diffeomorphism f : M — N
such that, for some (possibly empty) compact set K C M, setting M’ = M\ K and
N’ = N\ f(K), the restriction f' = f|,,, : (M’,(,)) = (N’,(,)) is a Riemannian
isometry. Then,
LPH®(M) ~ LPH*(N).

In this sense, the de Rham LP-cohomology depends only on the Riemannian ge-
ometry at infinity of the manifold.

The proof of the claimed property is a trivial consequence of Proposition B.4.

Example B.6. Suppose we are given a compact Riemannian manifold (M, (,)). Its
Riemannian universal covering is denoted by Py : (M ,{(,)) = (M, (,)). Then,
the LP de Rham reduced and unreduced cohomologies of M are diffeomorphism
invariants of the base manifold M. Namely, if (M, (,}) is diffeomorphic to (N, (,)),
then . B

LPH*(M) ~ LPH*(N)

where Py : (N, (,)) — (I, (,)) is the (Riemannian) universal covering of N. This
follows from the fact that any diffeomorphism f : M — N lifts to a Lipschitz
diffeomorphism f : M — N. Indeed, the composition f o Py : M — N defines
a second universal covering of N. Therefore, by uniqueness, there exists a fiber-
preserving diffeomorphism f : M — N such that Py o f = fo Pys. Since both Py
and Py are local isometries we see that

[felx = 1PNy [ el = [(Pn o f)aln = |(f © Par) |y = [l [(Par) | = [fel -
On the other hand, by the compactness of both M and N, we have
[fely <C

for some C' > 0. Therefore_ f is a Lipschitz map. Obviously, similar considerations
hold for the inverse map f~!, completing the proof.
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B.2 Harmonic forms and L?-cohomology

Recall that a differential form w € C°°A¥ (M) is said to be harmonic if
AHw =0

where Ay = dd + dd is a degree 0, second-order, differential operator called the
Hodge Laplacian. Note that, on functions, Ay is nothing but —A. The real vector
space of (smooth) harmonic k-forms of M is denoted by H* (M) . For the sake of
notation, we also set

LPH® (M) = H" (M) 0 LPAF (M) .

Let us now consider the space L2A* (M) with the usual scalar product

(0,6) 2 = /M (.60 (B.14)

As we pointed out earlier, since (M, (,)) is geodesically complete, the exterior
differential of an L?-form w € L2A* (M) can be defined via the (distributional)
formula

(dw,T) == (w,07) 2, VT € CAF (M). (B.15)

The L?-form w is said to be weakly closed if dw = 0 in the distributional sense.
Similarly, we can introduce the distributional co-differential of w by setting

(6w, T) := (w,dT) 2, V7 € C°A*H (M) (B.16)

and we say that w is weakly co-closed provided dw = 0. The following description
of L? harmonic forms is essentially due to A. Andreotti and E. Vesentini; see [160]
and [42]. Its proof combines Gaffney-integration by parts (which is based on the
Gaffney cut-off trick) with classical elliptic regularity theory.

Proposition B.7. Let (M, (,)) be geodesically complete. Then w € L*H* (M) if
and only if w € L2AF (M) satisfies both dw = 0 and dw = 0 in the weak sense.

Remark B.8. One may suspect that similar characterizations hold with different
degrees of integrability. In general, even for nice (e.g., with bounded geometry)
Riemannian spaces, this is false. In fact, D. Alexandru-Rugina, [4], obtains LP
harmonic k-forms on the hyperbolic space H™,, m > 3, which are neither closed
nor co-closed.

The next result is called a decomposition theorem by K. Kodaira; see [42],
[89].

Theorem B.9. Let (M, {,)) be a geodesically complete manifold. Then

L2AF (M) = d(CoAF=1 (M) @ 6 (C AL (M) @ L*H* (M),

P (B.17)
ZM2(M) = BR2(M) & L*H* (M).
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As a consequence, one gets the following L? version of the Hodge repre-
sentation theorem showing that, as in the compact setting, L? harmonic forms
completely describe the L? reduced cohomology of the manifold.

Corollary B.10. Let (M, (,)) be a complete Riemannian manifold. Then, the map
7 :L*H* (M) — L2H* (M)
defined by

s a linear isometry.

Example B.11. In view of the L? representation theorem, we can use classical
analytic tools from harmonic function theory to show that the standard Euclidean
space (R™, can) satisfies

dim L2H* (R™) =0, Vk=0,...,m. (B.18)

This amounts to showing that every L? harmonic k-form vanishes. In fact, we shall
prove the following more general statement

{0 if 1 <p< +oo,

A LR = (%) if p=4o0
" — oo,

(B.19)

To this end, take w € LPH* (R™). Using the definition of the Riemannian structure
of A¥ (R™) one can show that w can be globally written as

w = Zwil...ikdx“ A Adzt
where
Wiy iy € LpHO (Rm) .

The desired conclusion (B.19) therefore reduces to a quite standard Liouwville the-
orem for harmonic functions on R™.
First, we consider the case 1 < p < +o00. For any fixed § > 0 let

Vs = 1/ (wi1~~~ik)2 + 42,

Obviously, 0 < |w;;...i, | < vs. Furthermore, since wj, ...;, is harmonic we have

(52 |Vwi1...ik|2

Av5 =
3
Us

>0

— )

proving that vs is a positive, subharmonic function on all of R™. The usual mean
value inequality tells us that for every xp € R™ and for every ball Bg (zo),

0< | |(x ) <w (x ) < 1 / v
Wi < [ .
> 1 0 5 \L0 vol (BR (-130)) Br(zo) ’
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Whence, using Holder inequality and letting 6 — 0+ we deduce, for every p > 1,

1 1/p
0< |wi1...i,€| (.130) < - 1 / |wi1~~~ik|p .
vol (Bg (20))? | /Br(z0)

From this latter, since |w;,..;,| € LP (R™), letting R — 400 we conclude that
Wiy i, (o) = 0. This proves the first part of (B.19).
Now we consider the case p = +o0. Since wj,...;, is bounded from below,
setting
U = Wiqevgy, — iRI}fwil“'ikv

we have that u > 0 is a harmonic function on R™ satisfying

infu=0.

R77L
The Harnack inequality then tells us that there exists a universal constant C' > 0
such that, on every ball Br (0),

0< sup u<C inf wu.
Br(0) Br(0)

Letting R — 400 we therefore conclude v = 0, i.e., wj,...;, = const, completing
the proof of (B.19).

Remark B.12. As already noted, a theorem by S.T. Yau, [168], shows that, on a
generic complete Riemannian manifold (M, (,)) of infinite volume, the only non-
negative subharmonic function u satisfying u € LP (M), for some 1 < p < +00, is
the null function v = 0.

It should be stressed that the endpoint cases p = 1 and p = 400 give rise
to substantial problems of non-technical nature. In general, constancy results are
false without some further geometric assumption on the underlying manifold.

B.3 Harmonic forms and L”72-cohomology

A natural question is whether or not LP harmonic forms may be used to describe
the LP-cohomology even for p # 2.

In general, the answer is negative. Indeed, as we mentioned in Remark B.8,
hyperbolic space H™,, m > 3, supports non-trivial LP-harmonic k-forms which are
not closed, for some p > 2 and 1 < k < (m — 1) /2, see [4]. Clearly, these harmonic
forms represent no cohomology class at all. As we shall soon see, the range p > 2
is, in a sense, sharp.

In the affirmative direction, only partial results are known. Here is a brief
account.
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B.3.1 The LP-Hodge decomposition for Euclidean space

The following result is due to T. Iwaniec and G. Martin, [85]. The original proof
relies on classical singular integral methods. In particular, LP-estimates of the
Riesz transform are used.

Theorem B.13. For every 1 < p < 400, we have the topological splitting
LpAk (an) _ dWl,pAk—l (an) o 5W1,pAk+1 (Rm) ,

differential and co-differential being understood in the sense of distributions.

Note that, in the above decomposition, LP harmonic forms do not appear.
This is in accordance with the Liouville properties obtained in Example B.11
above. The next vanishing result for the non-reduced cohomology is an immediate
consequence of the theorem.

Corollary B.14. For every 1 < p < +o0o and for every k =0,...,m,

LPH* (R™) = 0.

B.3.2 The case of manifolds with bounded geometry

Roughly speaking, a manifold is said to have bounded geometry if its Riemannian
invariants (metric tensor, Christoffel symbols, Riemann curvature etc.) are locally
uniformly controlled. The following definition employs a locally uniform bound of
the metric coefficients in normal coordinates.

A complete Riemannian manifold (M, (,)) is said to have bounded geometry
at order s € [0, +o0] if the following hold.

(Inj) The injectivity radius of M satisfies inj (M) =14 > 0, i.e., for every x € M, the
exponential map exp, : B; (0) C T, M = R™ — B; (z) is a diffeomorphism.

(Gs) For every « € M, fix an orthonormal frame {e;} of T, M = R™, and consider
the pull-back metric tensor on B; (0),

9i7 = ((exp,), €i, (exp,), €;) -
Then, both the matrix g;; and its inverse g% are bounded in the C*-topology
of B’L'/Q (0)
Besides these conditions, consider the following further property which turns
out to be very important in applications.

(Ri) The covariant derivatives of the Riemann tensor up to order k are uniformly
bounded, i.e., !’D(j)Riem|’Loo(M) < C, for every j = 0,...,k and for some

constant C' > 0.
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The following result shows how conditions (Inj), (Gs) and (Rg) are related
to each other. See Theorem 4.7 in [33] and Lemma 5.2 in [166] for the injectivity
radius estimates; and [49], [145] for equivalent definitions of bounded geometry.

Theorem B.15. Let (M, (,)) be a complete Riemannian manifold.
(1) Assume that M satisfies condition (Ro) and, for some ro > 0,

xlél& volBy, (z) > 0.

Then M enjoys property (Inj).
(2) Suppose M satisfies condition (Inj). Then
(Rs) = (Gs) = (Rs—2).

Remark B.16. From the topological viewpoint, it is a fundamental result by R.
Greene, [65], that there is no obstruction for a smooth manifold to support a
complete Riemannian metric of bounded geometry.

Remark B.17. An interesting aspect of bounded geometry is that we can mimic
the “from-local-to-global” procedure which is typical of the compact realm. In
fact, very often, for a compact manifold, a global result is achieved from its local
version (in a neighborhood of each point) by using a finite covering argument.
For a manifold of bounded geometry, the extension is obtained by using infinite
coverings with controlled intersection multiplicity. Clearly, since the covering could
be infinite, one is forced to start with “uniformly controlled” local objects, and
this is certainly the case if the objects at hand depend continuously on the metric
and its derivatives.

Now, we come back to LP harmonic forms. The next theorem is due to D.
Alexandru-Rugina, [5]. The idea behind the proof is a reduction procedure to the
L? situation via a Sobolev imbedding result and a (pairing) argument similar to
that due to Gromov described in Example B.1 . The bounded geometry assump-
tion enters in a crucial way in order to obtain that local Sobolev constants are
independent of the chosen point.

Theorem B.18. Let (M, (,)) be a complete manifold of bounded geometry at the
order s =2 and let 1 < p < 2. Then, there is a continuous imbedding

LPH* (M) — LrH* (M).

An obvious consequence of the theorem is that, if LPH* (M) is infinite-
dimensional, then so is LPH* (M). This is the way Alexandru-Rugina employs
her result.

It is an interesting problem to investigate the validity of the opposite impli-
cation, namely,

dim LPH* (M) < +o00 = dim LPH* (M) < +oc.
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B.4 Some topological aspects of the theory

It is well known that the de Rham cohomology of a compact, smooth manifold
M is isomorphic to the simplicial cohomology induced by any chosen smooth
triangulation of M. In particular, the de Rham spaces turn out to be homotopy
invariants of the manifold. Different proofs of this fact are available, ranging from
the very concrete construction by H. Whitney, [164], up to the abstract theory
of sheaf cohomology, [162]. Both these approaches have been developed in the
setting of the LP cohomology of non-compact spaces. The former was first used
in the seminal paper [43] by J. Dodziuk (see also [46]) concerning the L? reduced
theory of manifolds with sufficiently bounded geometry, and was subsequently used
by V.M. Gol’dshtein, V.I. Kuz’'minov and I.A. Shvedov to establish the definitive
result in the LP unreduced setting (see Theorem B.22 below). The latter has
been recently reconsidered by P. Pansu in his investigation on the quasi-isometric
invariance of the LP (unreduced) cohomology spaces, see, e.g., [127].

We shall focus our attention on the Whitney-type approach developed by
Dodziuk, Gol’dshtein, Kuz’minov, and Shvedov. Our purpose is to emphasize the
topological content of the LP de Rham cohomology. This is accomplished by re-
lating the LP? de Rham spaces with a suitable, global simplicial theory on the
underlying triangulated manifold: the ¢P simplicial cohomology. So, let (M, (,))
be a geodesically complete, non-compact Riemannian manifold of dimension m.
Recall that a smooth triangulation of (M, (,)) is a couple (K, t) where

(1) K is a (locally finite) simplicial complex of dimension dim K = m which we
may assume to be geometrically realized in some Euclidean space.

(2) t:|K| — M is a homeomorphism such that, for every k-dimensional sim-
plex 0 € K, the restriction t; = t[,, : [¢| — M is a smooth imbedding.

This means that t, extends smoothly in a neighborhood U of ¢ C R* and,
furthermore, the differential (t,)., : T.U — Ty, M is injective, for every
x € lo|.

The Dodziuk—Gol’dshtein—-Kuz'minov—Shvedov theory involves the special class of
triangulations described in the next definition.

The smooth triangulation (K, t) of (M, (,)) is said to be of bounded geometry
(BG for short) if the following further conditions are satisfied:

(3) K is a BG simplicial complex, i.e., a finite-dimensional, locally finite (geomet-
ric) simplicial complex for which there is an (absolute) integer N > 0 such
that every k-dimensional simplex of K is the face of at most N simplices of
dimension k + 1. Equivalently, the 1-skeleton of K is a graph with uniformly
bounded vertex degrees.

(4) There exists a universal constant C' > 1 such that, for every k-dimensional
simplex o € K, and for every v € Ty, |o| (in the sense of (2))

c! (0, V)gre < ((te)4, v, (to)s,v) < C (v, V) -
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The following existence result is attributed to E. Calabi. For a somewhat
complete proof, we refer the reader to the paper [8] by O. Attie.

Theorem B.19. Let the manifold (M,(,)) have bounded geometry at the order
s = 2. Then, there exists a smooth BG triangulation (K,t) of M satisfying the
further property

(5) D=t <vol(s) <D and D~!<diam(c) <D

for some universal constant D > 1 and for every o € K of maximal dimension
dimo = m.

In particular, we have

Corollary B.20. FEvery Riemannian covering of a compact Riemannian manifold
has a BG smooth triangulation.

Infinite simplicial complexes of bounded geometry are suitable for a global
extension to the non-compact realm of the ordinary simplicial cohomology of a
compact polyhedron.

Let K be a BG complex of dimension dim (K) = m. Set Sy (K) for the
(countable) collection of all the oriented, k-dimensional simplices of K. Let also
(Ck (K) ,8’“) be the ordinary simplicial cochain complex. We fix ¢ > 1, and,
for any k, we introduce the vector space (PC* (K) of (P simplicial cochains of
dimension k, by setting

ok (K) = {/\ € C*(K) : Mlper) < +oo}

where
1/q

H)‘HZPC’C(K) = Z A ()]

c€SKL(K)

Obviously, /C* (K) is a Banach space topologically isomorphic to ¢* (Z). Fur-
thermore, restricting the action of the ordinary coboundary operator 9% to k-
dimensional #P-cochains, yields a bounded operator 9 : (?C* (K) — ¢2CF+1 (K)
(here the BG assumption enters the game). Because of the (restricted) identity

Fod =0

the family of Banach spaces and bounded operators {KPC’“ (K), 0% } defines a
cochain-complex , the complex of the €P simplicial cochains. Set (P Z* (K) = ker 9%
and (P B* (K) = Im 0*~! for the spaces of the ¢? cocycles and the ¢? coboundaries,
respectively. Since this latter space is not necessarily closed, then, as we did in
the Sobolev setting of differential forms, we introduce the unreduced P simplicial
cohomology of K,

PH" (K) = *Z" (K) /¢° B* (K)
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and its (Banach) reduced version
rH (K) = (7% (K) /t? B* (K).
Obviously
H* (K) C (PH" (K)
and, every topological isomorphism f : /?H* (K;) — (?H* (K5) induces a topo-
logical isomorphism between reduced spaces.

Definition B.21. Suppose the complete manifold (M, (,)) has a BG triangulation
(K, t). The ¢P simplicial cohomology of the triangulated manifold (M, K,t) is de-
fined as the /P simplicial cohomology of the BG simplicial complex K. Accordingly,
we set

PHI (M, K, t)=(PH’ (K) and (PHI (M,K,t) = (?HI (K).

We are now in a position to state the far-reaching extension due to Gol’d-
shtein—Kuz’minov—Shvedov of the classical de Rham theorem. The philosophy un-
derlying the clever and quite complicated proof resemble the original one by Whit-
ney. Indeed, with some oversimplification, their aim is to show that integration of
(non-smooth) forms over simplexes establishes the desired isomorphism.

Theorem B.22. Let (M, (,)) be a complete m-dimensional manifold admitting a
smooth BG triangulation (K,t). Then, for p > 1 and for any k € N, there is a
topological isomorphism

LPH* (M) ~ ¢?H* (M, K, 1)

between unreduced cohomologies.

It is worth noting that, unlike the compact case, the ¢P simplicial cohomology
is not a continuous homotopy invariant of BG polyhedra. For instance, one can
appeal to Theorem B.22 and recall Corollary B.14 and Example B.1. Accordingly,
the Riemannian manifolds R™ and H™; have different ¢7 simplicial cohomologies.

A natural question is whether there are situations where the topology of the
BG polyhedron is reflected in the P cohomology of a triangulation. In this respect,
we first recall the following result due to Dodziuk, [43].

Theorem B.23. Let K be a connected simplicial complez of dimension m and let '
be a discrete group of simplicial homeomorphisms acting freely on K. Suppose also
that the orbit space K = K/T is an m-dimensional, finite simplicial complex so
that the quotient projection is a simplicial map. Then K is a BG simplicial complex
and the P simplicial cohomology off( s a continuous-homotopy invariant of the
couple (K, T).

Combining this result with Theorem B.22, and using also the equivariant
triangulation theory by S. Illman, [84], yields the following fundamental
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Theorem B.24. Let (M, (,)) and (N, (,)) be compact Riemannian manifolds. De-

note by (M, (,)) and (N, (,)) the respective Riemannian universal coverings. If M
and N are (continuously) homotopic, then, for every k € N and for every p > 1,
there is a topological isomorphism

LPH®(M) ~ LPH*(N).
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